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ARTICLE INFO ABSTRACT
Keywords: In this work, we investigate a Thermo-Hydro-Mechanical (THM) model describing compressible
Thermo-hydro-mechanical (THM) model flow in deformable porous media. Such models play a significant role in various areas of ge-

Energy estimates
Compressible flow
Finite volume method

omechanics, with applications ranging from underground energy storage to oil and gas reservoir
engineering. The simulations of THM models are essential for the analysis and design of safe
and efficient energy storage cavities. We begin by presenting the mathematical formulation of
the model, which consists of a system of parabolic partial differential equations governing the
conservation of fluid mass, entropy, and skeleton momentum. First, we derive energy estimates
for the compressible model. Next, we focus in particular on the development of numerical dis-
cretizations that preserve the energy estimates of the continuous system at the discrete level. To
this end, we employ the backward Euler scheme for the time discretization together with the
finite volume two-point flux approximation (TPFA) method for the spatial discretization. Numer-
ical experiments are presented to validate the proposed approach and to illustrate its accuracy,
efficiency, and robustness.

1. Introduction

The rapid deployment of offshore wind farms has increased concerns regarding the management of excess electricity production
during peak generation periods. Among the potential solutions, water electrolysis offers a promising solution by converting the
excess of renewable electricity during off-peak periods into green hydrogen. The produced hydrogen can be stored in an underwater
cemented cavity within a porous geological formation for later use, providing a clean, large-scale, long-term, and potentially cost-
effective energy storage solution [1,2].

However, when hydrogen infiltrates the surrounding construction materials, several complications may occur, such as chemical
degradation, alterations in porosity and permeability of the porous medium, structural damage, embrittlement induction, and loss of
mechanical strength, each of which may significantly increase the risk of gas leakage [3-6].

These challenges highlight the need for rigorous mathematical and numerical modeling approaches to capture the coupled physical
processes that describe the hydrogen flow and its behavior in porous media, while taking into account the thermal and mechanical
effects. Such models provide a framework to evaluate potential risks, such as gas leakage and structural weakening, and to assess
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$L^2$


$p$


$T$


$u$


$\Omega \subset \R ^d$


$d\geq 1$


$t_F > 0$


$Q_T := (0,t_F) \times \Omega $


$\Omega $


$T_{\text {ref}}$


$p$


$T$


$\bb {u}$


$\phi $


$\mathbb {K}$


$\mu $


$\rho $


\begin {align}&\partial _t(\rho (p) \phi (\bb {u},p,T)) + \divv (\rho (p) {\bm V}(p)) = h_m &\, \text {in }Q_T , \label {eq:conservation:mass} \\ & \partial _t (S_s + \rho (p) \phi (\bb {u},p,T) s) + \divv \left (\rho (p) s {\bm V}(p) + \frac {1}{T_{\text {ref}}} {\bm q}(T)\right ) = \frac {h_e}{T} &\, \text {in }Q_T, \label {eq:conservation:entropy}\\ & m_0 \partial _{tt}^2 \bb {u} - \divv ({\boldsymbol {\sigma }}(\bb {u},p,T)) = \bb {h} &\, \text {in }Q_T, \label {eq:momentum:balance}\\ &\nab p \cdot \bb {n} = 0, \quad \nab T \cdot \bb {n} = 0, \quad \bb {u} = 0 &\, \text {in } (0,t_F)\times \partial \Omega ,\\ &p(., 0) = p^0,\quad T(., 0) =T^0, \quad \bb {u}(., 0) =\bb {u}^0 &\, \text {in } \Omega ,\end {align}


$S_s$


$s$


$m_0$


$h_m$


$h_e$


$\bb {h}$


$\bb {n}$


$\Omega $


$\bm V$


\begin {equation}\label {eq:Darcy:velocity} {\bm V} := -\frac {\mathbb {K}}{\mu } \left ( \nab {p} - \rho \grav \nab {\bm z} \right ),\end {equation}


$\grav $


$\bm q$


\begin {equation}\label {eq:heat:flux} \bm {q} := -\lambda \nab {T},\end {equation}


$\lambda $


$\bb {\sigma }$


${\bm \sigma }^{e}$


\begin {equation}\label {eq:total:stress:tensor} \begin {split} {\bm \sigma }({\bm u}, p, T) & := {\bm \sigma }^{e}({\bm u}) - b p \mathbb {I}_{d} - 3 \alpha _s K_s (T - T_{\text {ref}}) \mathbb {I}_d, \\ {\bm \sigma }^{e}({\bm u}) & := \frac {\E }{1 + \nu } \left ( \bb {\epsilon }(\bb {u}) + \frac {\nu }{1 - 2 \nu } \divv \bb {u} \mat {I}_{d} \right ), \end {split}\end {equation}


$\E $


$\nu $


$b$


$K_s$


$3 \alpha _s$


$\bb {\epsilon }(\bb {u})$


$\bb {\epsilon }(\bb {u}) := \frac {1}{2}(\nab \bb {u} + (\nab \bb {u}) ^{\top }),$


$\mat {I}_d$


$d \times d$


$\nab {\bb {u}}$


$\mathbb {R}^{d,d}$


$(\nab \bb {u})_{ij} := \frac {\partial u_i}{\partial x_j},\text { for all } 1 \leq i, j \leq d$


$\mathbb {A} \in \mathbb {R}^{d,d}$


$\mathbb {A}$


$\divv \mat {A} \in \mathbb {R}^d$


$(\divv \mathbb {A})_i := \sum _{k = 1}^{d} \frac {\partial A_{ik} }{\partial x_k}, \text { for all } 1 \leq i \leq d$


$\bb {u} \in \R ^d$


$|\bb {u}| := \left (\sum _{i=1}^d |u_i|^2\right )^{1/2}$


$\phi $


$S_s$


\begin {equation}\label {eq:porosity:temp:p} \begin {split} \partial _t \phi &= b \partial _t(\divv \bb {u}) - 3 \alpha _{\phi } \partial _t T + \frac {1}{N} \partial _t p, \\ \partial _t S_s &= 3 \alpha _s K_s \partial _t(\divv \bb {u}) - 3 \alpha _{\phi }\partial _t p + \frac {C_s}{T_{\text {ref}}} \partial _t T, \end {split}\end {equation}


$N$


$3 \alpha _{\phi }$


$C_s$


\begin {equation}\label {eq:relation:entropy:energy} \begin {split} \partial _t e = T \partial _t s - p \partial _t\left (\frac {1}{\rho }\right ), \quad \nab e = T \nab {s} - p \nab \left (\frac {1}{\rho }\right ) \end {split}\end {equation}


$s$


$e$


$\rho $


\begin {equation}\label {eq:conservation:entropy:reformulated} \begin {split} & \partial _t(S_s)+ \frac {\rho (p) \phi (\bb {u},p,T)}{T}\partial _t e - \frac {p \phi (\bb {u},p,T)}{T\rho (p)}\partial _t\rho +\frac {\rho (p)\bb {V}(p)}{T}\cdot \nab e - \frac {p \bb {V}(p)}{T\rho (p)} \cdot \nab \rho \\ &+ \frac {1}{T_{\text {ref}}} \divv q = \frac {h_e}{T} - sh_m. \end {split}\end {equation}


\begin {equation*}\begin {split} &\partial _t S_s(\bb {u},p,T)+ \rho (p) \phi (\bb {u},p,T)\left (\frac {1}{T}\partial _t e + \frac {p}{T}\partial _t\left (\frac {1}{\rho (p)}\right )\right )+ s \partial _t(\rho (p)\phi (\bb {u},p,T)) \\ &+ s\, \divv (\rho (p) \bb {V}(p))+\frac {1}{T}\rho (p)\bb {V}(p)\cdot \left (\nab e + p \nab \left (\frac {1}{\rho (p)}\right )\right ) \\ &+ \frac {1}{T_{\mathrm {ref}}} \divv \bb {q}(T) = \frac {h_e}{T}. \end {split}\end {equation*}


$\phi _* \in \mathbb {R}_{+}^{*}$


$\phi (\bb {u}, p, T) \geq \phi _*>0$


$e(p,T)\geq 0 \quad \forall (p,T) \in \mathbb {R}_{+} \times \mathbb {R}_{+}$


$e - T s$


\begin {equation*}\displaystyle \lim _{|(p,T)|\to +\infty } \displaystyle \frac { e(p,T) - T s(p,T)}{|p|^2 + |T|^2} =0.\end {equation*}


$h_m$


$\bb {h}$


$h_e$


$C_s>0$


$\frac {1}{N}>0$


$\alpha _\phi \geq 0$


$\E >0$


$\nu \in (0,\frac {1}{2})$


$m_*>0$


$m_0\geq m_* >0$


$\rho (p)$


$\gamma $


$\rho ^{\prime }(p) = \gamma \rho (p)$


$g$


\begin {equation}\label {eq:def:g} g(p):=\int _{0}^p\frac {1}{\rho (z)}\,dz.\end {equation}


$tr : \mathbb {R}^{m,m} \rightarrow \mathbb {R}$


$tr(\mathbb {A}) \rev {:=} \sum _{i=1}^{m} a_{ii,}$


$\mathbb {A} :=(a_{ij})_{1 \leq i, j \leq m}$


$\mathbb {A}$


$\mathbb {B}$


$n$


$\mathbb {A} \cdot \mathbb {B}$


$\left (\mathbb {A}\cdot \mathbb {B}\right )_{ij} := \sum _{k=1}^{n} a_{ik}b_{kj}$


$\mathbb {A}$


$\mathbb {B}$


$\mat {A}: \mat {B}$


$\mat {A}: \mat {B}:= tr\left (\mathbb {A}\cdot \mathbb {B} \right ) = \sum _{i,j=1}^{n} a_{ij}b_{ij}$


$\bb {v}$


$\bb {w}$


$\in \mathbb {R}^m$


$\bb {v}\otimes \bb {w}$


$m \times m$


$(i,j)$


$(\bb {v}\otimes \bb {w})_{ij} := v_i w_j$


$\mathbb {A}$


$|\mathbb {A}|$


$|\mathbb {A}| := \left (\mathbb {A}:\mathbb {A}\right )^{1/2}$


$(\bb {u}, p, T)$


$0$


\begin {equation}\label {eq:energy_estimates:continuous} \begin {split} & \int _{Q_T} \partial _t E \, \dx \dt + \int _{Q_T} \frac {m_0}{2} \partial _t (|\partial _t \bb {u}|^2)\, \dx \dt - \int _{Q_T} \phi (\bb {u}, p, T) \frac {\rho ^\prime (p)}{\rho (p)}p \partial _t p \, \dx \dt \\ &+ \int _{Q_T} \rev {\frac {1}{\mu }\mathbb {K} \nab p \cdot \nab p} \, \dx \dt + \int _{Q_T} \frac {\lambda }{T_{\mathrm {ref}}} |\nab T|^2 \, \dx \dt + \int _{Q_T} \rev {\frac {\rho ^{\prime }(p)}{\mu \rho (p)} p \mathbb {K}\nab p \cdot \nab p} \, \dx \dt \\ &= \int _{Q_T} \left (h_m (g(p) + e - s T) + h_e + \bb {h} \cdot \partial _t \bb {u}\right ) \, \dx \dt , \end {split}\end {equation}


$E$


\begin {equation}\label {eq:def:E} \begin {split} E(\bb {u}, p, T) & := \phi (\bb {u}, p, T) \left (\rho (p) g(p) - p + \rho (p) e \right ) +\frac {1}{2} \begin {bmatrix} p & T \end {bmatrix} \mat {M}\begin {bmatrix} p \\ T \end {bmatrix} \\ &\qquad + \frac {\E }{2(1+\nu )}\left [|\bb {\epsilon }(\bb {u})|^2 + \frac {\nu }{1-2\nu }(\divv \bb {u})^2\right ], \end {split}\end {equation}


$\mat {M}$


\begin {equation}\label {eq:def:M} \mathbb {M} := \begin {bmatrix} \frac {1}{N} & -3\alpha _{\phi } \\ -3\alpha _{\phi } & \frac {C_s}{T_{\mathrm {ref}}} \end {bmatrix}.\end {equation}


$(g(p)+e)$


$Q_T$


\begin {equation}\label {eq:mass:energy:estimates} \begin {split} & \int _{Q_T} \partial _t(\rho (p) \phi (\bb {u}, p, T)) g(p)\, \dx \dt + \int _{Q_T} \partial _t(\rho (p) \phi (\bb {u}, p, T)) e \, \dx \dt \\ &- \int _{Q_T} \rho (p) \bb {V}( p)\cdot \nab g(p) \, \dx \dt - \int _{Q_T} \rho (p)\bb {V}(p) \cdot \nab e \, \dx \dt \\ &= \int _{Q_T} h_m(g(p)+e)\, \dx \dt . \end {split}\end {equation}


$T$


$Q_T$


\begin {equation}\label {eq:entropy:energy:estimates} \begin {split} & \int _{Q_T} T \partial _t(S_s) \, \dx \dt + \int _{Q_T} \rho (p) \phi (\bb {u}, p, T) \partial _t e \, \dx \dt \\ & - \int _{Q_T} \frac {p \phi (\bb {u}, p, T)}{\rho (p)}\partial _t\rho (p) \, \dx \dt + \int _{Q_T} \rho (p)\bb {V}(p)\cdot \nab e \, \dx \dt \\ &- \int _{Q_T} \frac {p \bb {V}(p)}{\rho (p)} \cdot \nab \rho (p) \, \dx \dt - \int _{Q_T} \frac {1}{T_{\text {ref}}} \bb {q}(T) \cdot \nab {T} \, \dx \dt \\ &= \int _{Q_T} (h_e - s T h_m) \, \dx \dt . \end {split}\end {equation}


$\partial _t \bb {u}$


$\displaystyle Q_T$


$\divv (\sigma ^e(\bb {u})) \cdot \partial _t \bb {u} = -\sigma ^e(\bb {u}) : \epsilon (\partial _t(\bb {u}))+ \divv (\epsilon (\bb {u})\partial _t \bb {u}) + \frac {\nu }{1-2\nu } \divv ((\divv \bb {u})(\partial _t\bb {u}))$


\begin {equation}\label {eq:displacement:energy:estimates} \begin {split} & \int _{Q_T} m_0 \partial _{tt}^2 \bb {u} \cdot \partial _t \bb {u}\, \dx \dt + \int _{Q_T} \sigma ^e(\bb {u}):\epsilon (\partial _t \bb {u})\, \dx \dt \\ &- \int _{Q_T}\left (bp + 3\alpha _s K_s T\right ) \divv (\partial _t \bb {u})\, \dx \dt = \int _{Q_T} \bb {h}\cdot \partial _t \bb {u} \, \dx \dt . \end {split}\end {equation}


\begin {equation}\label {eq:sum:energy:estimates} \begin {split} & \int _{Q_T} \partial _t(\rho (p) \phi (\bb {u}, p, T)) g(p)\, \dx \dt + \int _{Q_T} \partial _t(\rho (p) \phi (\bb {u}, p, T) e) \, \dx \dt \\ &+ \int _{Q_T} T \partial _t(S_s) \, \dx \dt - \int _{Q_T} \frac {p \phi (\bb {u}, p, T)}{\rho (p)}\partial _t\rho (p) \, \dx \dt +\int _{Q_T} m_0 \partial _{tt}^2 \bb {u} \cdot \partial _t \bb {u}\, \dx \dt \\ & - \int _{Q_T} \rho (p) \bb {V}( p)\cdot \nab g(p) \, \dx \dt - \int _{Q_T} \frac {p \bb {V}(p)}{\rho (p)} \cdot \nab \rho (p) \, \dx \dt \\ &- \int _{Q_T} \frac {1}{T_{\text {ref}}} \bb {q}(T) \cdot \nab {T} \, \dx \dt + \int _{Q_T}\sigma ^e(\bb {u}):\epsilon (\partial _t \bb {u})\, \dx \dt \\ &- \int _{Q_T}\left (bp + 3\alpha _s K_s T\right ) \divv (\partial _t \bb {u})\, \dx \dt \\ & =\int _{Q_T} (h_m(g(p)+e-sT) + h_e + \bb {h}\cdot \partial _t \bb {u}) \dx \dt . \end {split}\end {equation}


$g$


\begin {equation}\label {eq:energy:estimates:proof:g} \begin {split} \partial _t(\rho (p) \phi (\bb {u}, p, T)) g(p) = \partial _t(\rho (p) \phi (\bb {u}, p, T)g(p)) - \partial _t (\phi (\bb {u}, p, T) p) + p \partial _t \phi . \end {split}\end {equation}


$\dps v\partial _t v = \frac {1}{2} \partial _t (v^2)$


\begin {equation}\label {eq:energy:estimates:proof:time:rho} \begin {split} \frac {p \phi (\bb {u}, p, T)}{\rho (p)}\partial _t\rho (p) & = \frac {{\rho ^{\prime } (p)}\phi {(\bb {u}, p, T)}}{\rho {(p)}}p \partial _t p . \end {split}\end {equation}


\begin {equation}\label {eq:energy:estimates:proof:time:u} m_0 \partial _{tt}^2 \bb {u} \cdot \partial _t \bb {u} = \frac {m_0}{2}\partial _t(\partial _t \bb {u} \cdot \partial _t \bb {u}) = \frac {m_0}{2} \partial _t \left (|\partial _t \bb {u}|^2\right ).\end {equation}


\begin {equation}\label {eq:energy:estimates:proof:gradient} \begin {split} & \rho (p) \bb {V}( p)\cdot \nab g(p) = -\frac {\mathbb {K}}{\mu } \nab p \cdot \nab p, \\ & \frac {p \bb {V}(p)}{\rho (p)} \cdot \nab \rho (p) = - \frac {\mathbb {K} \rho ^\prime (p)}{\mu \rho (p)} p \nab p \cdot \nab p, \\ & \frac {1}{T_{\text {ref}}} \bb {q}(T) \cdot \nab T = -\frac {\lambda }{T_{\text {ref}}} \nab T \cdot \nab T. \end {split}\end {equation}


\begin {equation}\label {eq:energy:estimates:proof:strain:tensor} \begin {split} \sigma ^e(\bb {u}):\epsilon (\partial _t \bb {u}) & = \frac {\E }{2(1 + \nu )} \partial _t \left (|\epsilon (\bb {u})|^2\right ) + \frac {\E \nu }{2(1+\nu )(1 - 2 \nu )} \partial _t (\divv {\bb {u}})^2. \end {split}\end {equation}


\begin {equation}\label {eq:sum:enegy:2} \begin {split} & \int _{Q_T} \partial _t \left (\rho (p) \phi (\bb {u}, p, T)g(p) - \phi (\bb {u}, p, T) p +\rho (p) \phi (\bb {u}, p, T)e \right )\, \dx \dt \\ & + \int _{Q_T} \frac {m_0}{2} \partial _t \left (|\partial _t \bb {u}|^2\right ) \, \dx \dt + \int _{Q_T} \frac {\E }{2(1 + \nu )} \partial _t \left (|\epsilon (\bb {u})|^2 + \frac {\nu }{(1 - 2 \nu )} (\divv {\bb {u}})^2 \right ) \, \dx \dt \\ & - \int _{Q_T} \phi (\bb {u}, p, T) \frac {\rho ^\prime (p)}{\rho {(p)}} p\partial _t p \, \dx \dt + \int _{Q_T} \rev {\frac {1}{\mu } \mathbb {K}\nab p \cdot \nab p }\, \dx \dt + \int _{Q_T} \frac {\lambda }{T_{\text {ref}}} |\nab T|^2 \, \dx \dt \\ &+ \int _{Q_T} T \partial _t (S_s) + p\partial _t \phi - \left (bp + 3\alpha _s K_s (T)\right ) \divv (\partial _t \bb {u}) \, \dx \dt \\ & + \int _{Q_T} \rev {\frac {\rho ^{\prime }(p)}{\mu \rho (p)} p \mathbb {K}\nab p \cdot \nab p} \, \dx \dt = \int _{Q_T} (h_m (g(p) + e - s T) + h_e + \bb {h} \cdot \partial _t \bb {u}) \, \dx \dt . \end {split}\end {equation}


\begin {equation}\label {eq:energy:estimates:proof:time:phi} \begin {split} & T \partial _t (S_s) + p\partial _t \phi - \left (bp + 3\alpha _s K_s T\right ) \divv (\partial _t \bb {u}) \\ & = -3\alpha _{\phi } p \partial _t{ T} - 3\alpha _{\phi } T \partial _t{p} + \frac {1}{2N}\partial _t{ p}^2 + \frac {C_s}{2T_{\mathrm {ref}}}\partial _t{ {T}}^2\\ &= \partial _t \left [\frac {1}{2} \begin {bmatrix} p & T \end {bmatrix} \begin {bmatrix} \frac {1}{N} & -3\alpha _{\phi } \\ -3\alpha _{\phi } & \frac {C_s}{T_{\mathrm {ref}}} \end {bmatrix} \begin {bmatrix} p \\ T \end {bmatrix}\right ]. \end {split}\end {equation}


\begin {equation}\begin {split} &E(\bb {u},p,T):= \rho (p) \phi (\bb {u}, p, T)g(p) - \phi (\bb {u}, p, T) p +\rho (p) \phi (\bb {u}, p, T)e \\ &+\frac {1}{2} \begin {bmatrix} p & T \end {bmatrix} \mathbb {M} \begin {bmatrix} p \\ T \end {bmatrix}+|\epsilon (\bb {u})|^2 + \frac {\nu }{(1 - 2 \nu )} (\divv {\bb {u}})^2,\text {with} \,\mat {M}\, {\text {defined by}}~\eqref {eq:def:M}, \end {split}\end {equation}


$(\bb {u},p,T)$


$e$


$\phi =\phi (p)$


$\phi _* \gamma $


\begin {equation}\label {eq:control:compressible} \begin {split} &\displaystyle \left \|{\partial _t{\bb {u}}}\right \|_{ L^{\infty }(0,T;L^2(\Omega )^{\rev {d}})} + \left \| p \right \|_{ L^{\infty }(0,T;L^2(\Omega ))} + \left \| T\right \|_{ L^{\infty }(0,T;L^2(\Omega ))} + \left \| e\right \|_{ L^{\infty }(0,T;L^1(\Omega ))}\\ & \displaystyle + \left \|\bb {u} \right \|_{ L^{\infty }(0,T;H^1(\Omega )^{\rev {d}})} + \left \|\nab p\right \|_{ L^{2}(0,T;L^2(\Omega )^{\rev {d}})} + \left \|\nab T\right \|_{ L^{2}(0,T;L^2(\Omega )^{\rev {d}})} \leq C. \end {split}\end {equation}


$y : (0, t_F) \rightarrow \mathbb {R}$


\begin {equation*}\dps y(t) := \int _{\Omega } \left ({E}(x,t)+ {\frac {m_0}{2}}|\partial _t \bb {u}(x,t)|^2-R(p)\right ) \, \dx ,\end {equation*}


$R(p)$


\begin {equation}\label {eq:def:R} R(p) := \int \phi (p) \frac {\rho ^\prime (p)}{\rho (p)}p \,dp.\end {equation}


$k_1 : (0, t_F) \rightarrow \mathbb {R}$


$k_2 : (0, t_F) \rightarrow \mathbb {R}$


\begin {equation*}\int _0^{t_F}y'(t) \, \dt \leq \int _0^{t_F}(k_1(t) + k_2(t)y(t))\,\dt ,\end {equation*}


$R(p)$


\begin {equation}\label {eq:partial:derivative:R} \partial _t R(p) = \frac {dR}{dp} \partial _t p = \phi (p) \frac {\rho ^\prime (p)}{\rho (p)} p \partial _t p.\end {equation}


$y(t)$


$R(p)$


$p\geq 0$


\begin {equation}\label {eq:control:proof:ineq:y} \begin {split} &\int _0^{t_F} y^{\prime }(t) \,\dt = \int _0^{t_F} \int _{\Omega } \partial _t E \, \dx \dt + \int _0^{t_F} \int _{\Omega } \frac {m_0}{2} \partial _t (|\partial _t \bb {u}|^2)\, \dx \dt \\ & - \int _0^{t_F} \int _{\Omega } \partial _t R(p)\, \dx \dt \leq \int _{Q_T} (h_m (g(p) + e - s T) + h_e + \bb {h} \cdot \partial _t \bb {u}) \, \dx \dt . \end {split}\end {equation}


$C_1$


$C_2$


$C_3$


$C_4 \in \mathbb {R}_+$


\begin {equation}\label {eq:proof:control:bound:source:terms} |h_{m}| \leq C_1, \quad |h_{e}| \leq C_2, \quad |\bb {h}|\leq C_3 \quad \text {and}\quad e - sT \leq C_4(|p|^2+|T|^2).\end {equation}


\begin {equation}\label {ineq:cauchy:schwarz} \int _{\Omega } \bb {h} \cdot \partial _t \bb {u}\, \dx \leq \left (\int _{\Omega }|\bb {h}|^2 \, \dx \right )^{\frac {1}{2}}\left (\int _{\Omega }|\partial _t \bb {u}|^2 \, \dx \right )^{\frac {1}{2}} = \norm {\bb {h}}{L^2(\Omega )} \norm {\partial _t \bb {u}}{L^2(\Omega )}.\end {equation}


$\dps g(p)$


$C_5 \in \mathbb {R}_+$


\begin {equation}\label {eq:proof:control:bound:g} g(p) \leq C_5 p \quad \text {for all} \quad p\in \R _+.\end {equation}


\begin {equation}\label {eq:proof:control:bound:rhs} \begin {split} &\int _{Q_T} (h_m (g(p) + e - s T) + h_e + \bb {h} \cdot \partial _t \bb {u}) \, \dx \dt \\ &\leq \int _{Q_T} \left (C_1(C_5 p+C_4(|p|^2+|T|^2)) + C_2 +\bb {h} \cdot \partial _t \bb {u}\right )\,\dx \dt \\ &\leq C_1C_5 \int _{Q_T}\frac {1}{2}\left (|p|^2+1\right )\,\dx \dt +\int _{Q_T}C_1C_4(|p|^2+|T|^2)\,\dx \dt \\ &\quad +\int _{Q_T}C_2\,\dx \dt +\int _{Q_T} \frac {1}{2}\left (|\bb {h}|^2+|\partial _t \bb {u}|^2\right )\,\dx \dt \\ & \leq \int _{Q_T} \left (C_6(|p|^2+|T|^2)+C_7+\frac {1}{2}|\partial _t\bb {u}|^2\right )\,\dx \dt , \end {split}\end {equation}


$C_6$


$C_7$


$\dps C_6 \rev {:=} \max \left (\frac {C_1C_5}{2},C_1C_4\right )$


$\dps C_7 \rev {:=} \frac {C_1C_5}{2}+C_2+\frac {C_3^2}{2}$


$\dps \mathbb {M}$


\begin {equation}\label {eq:bound:M} \lambda _{\text {min}} \rev {|(p, T)| ^2} \leq \begin {bmatrix} p & T \end {bmatrix} \mat {M} \begin {bmatrix} p \\ T \end {bmatrix} \leq \lambda _{\text {max}} \rev {|(p, T)| ^2},\end {equation}


$\dps \lambda _{\text {min}}, \lambda _{\text {max}} \in \R _+$


$\mat {M}$


$H : \R \rightarrow \R $


\begin {equation*}H(p) := \rho {(p)} g(p) - p \quad \text {where} \quad g(p):=\dps \int _0^{p} \frac {1}{\rho (z)}\,\dz .\end {equation*}


$H$


$\dps H^\prime (p) = \rho ^{\prime }(p) g(p)$


$H(0) = 0$


$H(p) \geq 0$


$p$


$H(p)\geq 0$


$E(\bb {u},p,T)$


\begin {equation*}\begin {split} &E(\bb {u}, p, T) = \phi (p) \left (\rho (p) g(p) - p + \rho (p) e(p,T) \right ) +\frac {1}{2} \begin {bmatrix} p & T \end {bmatrix} \mat {M}\begin {bmatrix} p \\ T \end {bmatrix} \\ & + \frac {\E }{2(1+\nu )}\left [|\bb {\epsilon }(\bb {u})|^2 + \frac {\nu }{1-2\nu }(\divv \bb {u})^2\right ] \geq \phi _* H(p) + C_0 e + \frac {1}{2} \lambda _{\text {min}} \rev {|(p, T)| ^2}. \end {split}\end {equation*}


\begin {equation}\label {ineq:lower:bound:E} C_0 (|p|^2+| {T}|^2 +e) \leq E,\end {equation}


$C_0 = \text {min}\left (\frac {1}{2}\lambda _{\rev {\mathrm {min}}}, \rho \phi _*\right )>0$


\begin {equation*}\begin {split} & \int _{0}^{t_F} y^\prime (t) \,\dt \leq \int _{Q_T} \left (C_6(|p|^2+|T|^2)+C_7+\frac {1}{2}|\partial _t\bb {u}|^2\right )\,\dx \dt \\ &\rev {\leq \int _{Q_T} \left (C_6(|p|^2+|T|^2)+C_7+\frac {1}{2}|\partial _t\bb {u}|^2 + \frac {1}{2} \gamma p^2-\frac {1}{2} \gamma p^2\right )\,\dx \dt }\\ &\rev {\leq \int _{Q_T} k_2\left (E(\bb {u},p,T)+\frac {m_0}{2}|\partial _t\bb {u}|^2-R(p)\right )+C_7\,\dx \dt }\\ &\rev {\leq \int _{0}^{t_F}( k_2 y(t) + k_1)} \,\dt , \end {split}\end {equation*}


$\dps k_2 = \text {max}\left (\frac {2C_6+\gamma }{2C_0},\frac {1}{m_0}\right )$


$k_1 = C_7 |\Omega |$


\begin {equation}\label {eq:proof:control:bound:y} y(t_F) \leq y(0) + \int _{0}^{t_F}( k_2 y(t) + k_1) \,\dt .\end {equation}


$C>0$


\begin {equation}\label {eq:bound:y} \int _{\Omega } \left (E + \frac {m_0}{2}|\partial _t\bb {u}|^2-R(p)\right )\,\dx \leq C .\end {equation}


$R(p)$


$p\geq 0$


$R(p) \geq \phi _* \gamma \int p \,dp = \frac {1}{2} \phi _* \gamma p^2$


$\phi _* \gamma $


${E} \in L^{\infty }(0,t_F;L^1(\Omega ))$


$\partial _t \bb {u}\in L^{\infty }(0,t_F;L^2(\Omega )^{\rev {d}})$


$p\in L^{\infty }(0,t_F;L^2(\Omega ))$


${T}\in L^{\infty }(0,t_F;L^2(\Omega ))$


${e} \in L^{\infty }(0,t_F;L^1(\Omega ))$


${E}(\bb {u},p,T)$


$\epsilon (\bb {u})$


$\epsilon (\bb {u}) \in L^{\infty }(0,t_F;L^2(\Omega )^{\rev {d,d}})$


$\nab \bb {u} \in L^{\infty }(0,t_F;L^2(\Omega )^{\rev {d,d}})$


$\bb {u}\in L^{\infty }(0,t_F;H^1(\Omega )^{\rev {d}})$


$p\geq 0$


$E \in L^{\infty }(0,t_F;L^1(\Omega ))$


$\partial _t \bb {u}\in L^{\infty }(0,t_F;L^2(\Omega )^{\rev {d}})$


$p,T\in L^{\infty }(0,t_F;L^2(\Omega ))$


\begin {equation}\label {eq:proof:control:bound:gradient} \int _{\Omega } \rev {\frac {1}{\mu } \mathbb {K}\nab p \cdot \nab p \, \dx } + \int _{\Omega } \frac {\lambda }{T_{\mathrm {ref}}} \left |\nab T\right |^2 \, \dx +\int _{\Omega } \rev {\frac {\rho ^\prime (p)}{\rho (p)} p \mathbb {K}\nab p \cdot \nab p} \, \dx \leq C,\end {equation}


$\nab p \in L^2(0,t_F;L^2(\Omega )^{\rev {d}})$


$\nab T \in L^2(0,t_F;L^2(\Omega )^{\rev {d}})$


$\mathbb {K} = k\mathbb {I}_d$


$k$


$\mat {I}_d$


$(t^n)_{0 \leq n \leq N_T}$


$t^0 :=0$


$t^{N_T} = t_F$


$I_n:= (t^{n-1}, t^n)$


$\tau ^n := t^{n} - t^{n-1}$


$1 \leq n \leq N_T$


$\tau ^n = \delta t >0$


$f$


$f^n := f(t^n )$


$0 \leq n \leq N_T$


$1 \leq n \leq N_T$


\begin {equation*}\partial ^n_t f := \frac {f^{n}-f^{n-1}}{\delta t}.\end {equation*}


$\mathcal {T}$


$\Omega $


$\overline {\Omega } = \bigcup _{K \in \mathcal {T}} \overline {K}$


$K$


$\Eh $


$\Ehext := \left \{ \sigma \in \Eh ; \, \sigma \subset \partial \Omega \right \}$


$\Ehint = \Eh \setminus \Ehext $


$K \in \mathcal {T}$


$\EK $


$\EKint $


$\EKext $


$K \in \mathcal {T}$


$\bb {x}_K$


$K$


$\NK (K)$


\begin {equation*}\NK (K) := \{L \in \mathcal {T}; \exists \,\sigma _{K L} \in \EK , \,{\sigma _{KL}} = \overline {K} \cap \overline {L} \} = \NK _{\text {int}}(K) \cup \NK _{\text {ext}}(K),\end {equation*}


$\NK _{\text {int}}(K)$


$K$


$\T $


$\NK _{\text {ext}}(K)$


$K$


$\partial {\Omega } = \partial {K} \cap \partial {\Omega }$


$\sigma _{KL}\in \EK $


$K$


$L$


$d_{KL} := \mathrm {dist}(\bb {x}_K, \bb {x}_L)$


$\tau _{KL} := \displaystyle \frac {|\sigma _{KL}|}{d_{KL}}$


$\sigma _{KL}$


\begin {equation*}L_h := \left \{v_h \in L^2(\Omega ), \, v_h|_K = v_K \, \forall K \in \mathcal {T} \right \}.\end {equation*}


$L_h$


\begin {equation*}(w_h, v_h)_{L_h(\Omega )} := \sum _{K\in \mathcal {T}} |K|w_K v_K, \quad \text {and} \quad \|{v_h}\|_{L_h(\Omega )} := \left (\sum _{K\in \mathcal {T}} |K||v_K|^2\right )^{\frac {1}{2}}.\end {equation*}


$\sigma _{KL}$


$\bb {x}_K$


$\bb {x}_L$


$\DK _{KL}$


$d$


$|\DK _{KL}|$


$\DK _{KL}$


\begin {equation*}|\DK _{KL}|:=\frac {1}{d}|\sigma _{KL}|d_{KL}.\end {equation*}


$\DK _{KL}$


$\sigma _{KL}$


$K$


$L$


$\sigma \subset \partial \Omega $


$\DK _{K\sigma }$


\begin {equation*}\DK _{\text {int}} := \{\DK _{KL}, K \in \mathcal {T} \text {and} \, L \in \mathcal {N}(K)\}, \quad \DK _{\text {ext}} := \{\DK _{K\sigma }, K \in \mathcal {T} \text {and}\, \sigma \in \EKext \}.\end {equation*}


$\overline {\Omega } = \DK _{\intt } \cup \DK _{\extt } ,$


$v_h \in L_h$


$\nab _h v_h \in \R ^d$


\begin {equation}\label {eq:def:discrete:gradient} \nab _h v_h(x) := \begin {cases} d\frac {v_L - v_K}{d_{KL}} \bb {n}_{KL} & \text {if } \bb {x} \in \DK _{KL}, \\ d \frac {v_\sigma - v_K}{d_{K\sigma }} \bb {n}_{K\sigma } & \text {if } \bb {x} \in \DK _{K\sigma }. \end {cases}\end {equation}


$\bb {w}_h \in L_h^d$


$\nab _h \bb {w}_h \in \rev {\R ^{d , d}}$


\begin {equation}\label {eq:def:discrete:gradient:vector} \nab _h \bb {w}_h(x) := \begin {cases} d\frac {\bb {w}_L - \bb {w}_K}{d_{KL}} \otimes \bb {n}_{KL} & \text {if } \bb {x} \in \DK _{KL}, \\ d \frac {\bb {w}_\sigma - \bb {w}_K}{d_{K\sigma }} \otimes \bb {n}_{K\sigma } & \text {if } \bb {x} \in \DK _{K\sigma }. \end {cases}\end {equation}


$\sum _{\sigma _{KL}\in \Eh }$


$(w_h, v_h) \in \left (L_h\right )^2$


$H_0^1$


\begin {equation*}\langle w_h, v_h \rangle _{H_h(\Omega )} := d \sum _{\sigma _{KL}\in \Eh } \frac {|\sigma _{KL}|}{d_{KL}} (w_L - w_K)(v_L - v_K),\end {equation*}


$H_0^1$


\begin {equation*}\norm {v_h}{H_h(\Omega )} := \left (\langle v_h, v_h \rangle _{H_h(\Omega )}\right )^{1/2} = \left (d\sum _{\sigma _{KL}\in \Eh } \frac {|\sigma _{KL}|}{d_{KL}}(v_L-v_K)^2\right )^{1/2}.\end {equation*}


$\norm {v_h}{H_h}$


$L^2(\Omega )$


$\nab _h v_h$


\begin {equation*}\begin {split} & \norm {\nab _h v_h}{L^2(\Omega )}^2 =\int _{\Omega } \left |\nab _h v_h\right |^2\,\dx = \sum _{\sigma _{KL}\in \Eh } \int _{\DK _{KL}} |\nab _h v_h|^2 \dx \\ & = d \sum _{\sigma _{KL}\in \Eh } \frac {|\sigma _{KL}|}{d_{KL}} |v_L - v_K|^2 := \norm {v_h}{H_h}^2. \end {split}\end {equation*}


$\bb {G}_{KL}$


\begin {equation*}\dps \bb {G}_h = \sum _{\sigma _{KL}\in \Eh } \bb {G}_{KL} \mathbb {1}_{\DK _{KL}}\rev {,}\end {equation*}


$\mathbb {1}_{\DK _{KL}}$


$\DK _{KL}$


$\bb {G}_h$


\begin {equation}\label {eq:def:discrete:divergence} \divv _{\rev {K}} \bb {G}_h := \frac {1}{|K|} \sum _{L \in \NK (K)} |\sigma _{KL}| \bb {G}_h \cdot \bb {n}_{KL} .\end {equation}


$\Dv $


$\Omega \times (0,t_F)$


\begin {equation*}\Dv := \left (\T , \Eh , (\bb {x}_K)_{K\in \T }, N_T, (t^n)_{n\in [1,N_T]}\right ).\end {equation*}


$\mathrm {size}(\Dv ):=\mathrm {max}(\mathrm {size}(\T ),\delta t)$


$(v_K^n)_{K\in \T ,n\in [1,N_T]}$


$v_\Dv $


$\Omega \times (0, t_F)$


\begin {equation*}v_{\mathscr {D}}(t,\bb {x}) := v_K^n, \, \text {for a.e $(t,\bb {x}) \in (t^{n-1},t^n)\times K$, $\forall K \in \T $},\, \forall n\in [1,N_T].\end {equation*}


$K \in \mathcal {T}$


$[t^{n-1},t^{n}] \times K$


\begin {equation}\begin {split} \label {eq:conservation:mass:discrete:1} &\int _K ( (\rho (p)\phi (\bb {u},p,T)) (t^{n},x) - (\rho (p)\phi (\bb {u},p,T)) (t^{n-1},x)) dx \\ & + \delta t\int _{t^{n-1}}^{t^{n}}\int _{\partial K}\rho (p) {\bm V}(p)\cdot {\bf n} \, d\sigma dt = \delta t\int _{t^{n-1}}^{t^{n}}\int _K h_m \, dxdt. \end {split}\end {equation}


$n=1, \ldots , N_T$


\begin {equation}\begin {split} \label {eq:conservation:mass:discretisized} &|K|\left (\rho (p_K^n) \phi (\bm {u}_K^n,p_K^n,T_K^n) - \rho (p_K^{n-1}) \phi (\bm {u}_K^{n-1},p_K^{n-1},T_K^{n-1})\right ) \\ & + \delta t \sum _{L \in \NK (K)} \mathcal {F}_{1,KL}(p^n) = \delta t |K| h_{m,K}^n. \end {split}\end {equation}


$h_{m,K}^n$


\begin {equation*}h_{m,K}^n := \rev {\frac {1}{|K| \delta t}\int _{I_n} \int _K h_{m} \, dx \, dt.}\end {equation*}


$\sigma _{KL} \in \Ehint $


$\sigma _{KL} =\partial K \cap \partial L$


\begin {equation*}\mathcal {F}_{1, KL}(p^n) :=\rho _{KL}^n \frac {k}{\mu } \tau _{KL} \left (p_K^n - p_L^n\right ),\end {equation*}


$\rho _{KL}^n$


\begin {equation}\label {eq:def:density:interface} \frac {1}{\rho _{KL}^n} := \begin {cases} \displaystyle \frac {1}{p_K^n - p_L^n} \int _{p_L^n}^{p_K^n} \frac {1}{\rho (z)} dz &\text {if} \quad p_K^n \neq p_L^n,\\ \frac {1}{\rho _{K}^n} &\text {otherwise}. \end {cases}\end {equation}


$\mathcal {F}_{1, KL}(p^n)$


\begin {equation*}\mathcal {F}_{1, LK}(p^n) = -\mathcal {F}_{1, KL}(p^n).\end {equation*}


$K \in \mathcal {T}$


$[t^{n-1},t^{n}] \times K$


$n=1, \ldots , N_T$


\begin {equation}\begin {split} \label {eq:entropy:balance:discretisized} & |K| \left (S_{s,K}^n + \rho _K^n \phi _K^n s_K^n - S_{s,K}^{n-1} - \rho _K^{n-1} \phi _K^{n-1} s_K^{n-1}\right )\\ &+\delta t \sum _{L \in \NK (K)} \mathcal {F}_{2,KL}(p^n,T^n) = \delta t |K| \frac {{h}_{e,K}^n}{T_K^n}. \end {split}\end {equation}


$L \in \NK (K)$


\begin {equation*}\begin {split} \mathcal {F}_{2,KL}(p^n,T^n) &:=\rho _{KL}^n s_{KL}^n \frac {k}{\mu } \tau _{KL} \left (p_K^n - p_L^n\right ) + \frac {\lambda }{T_{\mathrm {ref}}} \tau _{KL} \left ( T_K^n - T_L^n \right ), \end {split}\end {equation*}


\begin {equation*}s_{KL}^n := \frac {s_K^n + s_L^n}{2}.\end {equation*}


$h_{e,K}^n$


\begin {equation*}h_{e,K}^n := \rev {\frac {1}{|K| \delta t}\int _{I_n} \int _K h_{e} \, dx \, dt.}\end {equation*}


$\mathcal {F}_{2, LK}(p^n,T^n) = -\mathcal {F}_{2, KL}(p^n,T^n)$


$K \in \mathcal {T}$


$[t^{n-1},t^{n}] \times K$


\begin {equation}\label {eq:balance:momentum:discrete:1} \begin {split} & \int _K m_0 \left (\partial _{t} \bb {u}(t^n, x) - \partial _{t} \bb {u}(t^{n-1}, x) \right )\, dx \\ &- \delta t \int _{\partial K} \frac {\E }{1 + \nu } \left ( \bb {\epsilon }(\bb {u}^n) + \frac {\nu }{1 - 2 \nu } \divv \bb {u}^n \mat {I}_{d} \right ) \bb {n} \, d\sigma \\ &+ \delta t \int _{\partial K} \left ( b p^n \mathbb {I}_{d} + 3 \alpha _s K_s (T^n - T_{\mathrm {ref}}) \mathbb {I}_d \right )\bb {n} \, d\sigma = \delta t\int _{t^{n-1}}^{t^{n}} \int _K \bb {h} \, dx \dt . \end {split}\end {equation}


\begin {equation}\label {eq:discrete:strain:tensor} \begin {split} & \int _{\partial K} \epsilon (\bb {u}^n) \bb {n} \,d\sigma = \sum _{L\in \NK _{\intt }(K)}\int _{\sigma _{KL}} \epsilon (\bb {u}^n) \bb {n}_{KL} \,d\sigma +\sum _{\sigma \in \NK _{\extt }(K)}\int _{\sigma _{K\sigma }} \epsilon (\bb {u}^n) \bb {n}_{K\sigma } \,d\sigma \\ &=\sum _{L\in \NK _{\intt }(K)}\int _{\sigma _{KL}} \frac {1}{2}\left (\nab \bb {u}^n+(\nab \bb {u}^n)^\top \right ) \bb {n}_{KL} \,d\sigma \\ &\quad +\sum _{\sigma \in \NK _{\extt }(K)}\int _{\sigma _{K\sigma }} \frac {1}{2}\left (\nab \bb {u}^n+(\nab \bb {u}^n)^\top \right ) \bb {n}_{K\sigma } \,d\sigma \\ & = \frac {1}{2}\sum _{L\in \NK (K)}\tau _{KL} \left (\left (\left [\bb {u}_L^n - \bb {u}_K^n\right ] \otimes \bb {n}_{KL}\right ) \bb {n}_{KL} +\left (\left [\bb {u}_L^n - \bb {u}_K^n\right ] \otimes \bb {n}_{KL}\right )^\top \bb {n}_{KL}\right ). \end {split}\end {equation}


\begin {equation}\label {eq:discrete:divergence:displacement} \begin {split} &\int _{\partial K} (\divv (\bb {u}^n)\mat {I}_d) \bb {n} \,d\sigma \\ & =\sum _{L\in N_{\intt }(K)}\int _{\sigma _{KL}} (\divv (\bb {u}^n)\mat {I}_d) \bb {n}_{KL} \,d\sigma +\sum _{\sigma \in N_{\extt }(K)}\int _{\sigma _{K\sigma }} (\divv (\bb {u}^n)\mat {I}_d) \bb {n}_{K\sigma } \,d\sigma \\ &=\sum _{L\in N_{\intt }(K)}|\sigma _{KL}|(\divv (\bb {u}^n)\mat {I}_d)_{KL} \bb {n}_{KL} +\sum _{\sigma \in N_{\extt }(K)}|\sigma _{K\sigma }|(\divv (\bb {u}^n)\mat {I}_d)_{K\sigma } \bb {n}_{K\sigma }\\ &=\sum _{L\in \NK (K)}|\sigma _{KL}|(\divv (\bb {u}^n)\mat {I}_d)_{KL} \bb {n}_{KL}, \end {split}\end {equation}


$\dps (\divv (\bb {u}^n)\mat {I}_d)_{KL} := \frac {(\divv (\bb {u}^n)\mat {I}_d)_{K}+(\divv (\bb {u}^n)\mat {I}_d)_{L}}{2}$


$\dps (\divv (\bb {u}^n)\mat {I}_d)_{K}$


\begin {equation*}\dps ((\divv (\bb {u}^n)\mat {I}_d)_{K})_{ij}:= \divv _K \bb {u}_{\rev {h}}^n (\mat {I}_d)_{ij},\end {equation*}


$\divv _K\bb {u}_{\rev {h}}^n$


$\bb {u}_{\rev {h}}^n$


\begin {equation}\label {eq:momentum:balance:discretisized} |K|\frac {\bb {u}^{n}_K+\bb {u}^{n-2}_K-2\bb {u}^{n-1}_K}{\delta t} + \delta t \sum _{L \in \NK (K)} \mathcal {F}_{3,KL}(\bm {u}^n,p^n,T^n) = \delta t |K| \bb {h}_K^n.\end {equation}


\begin {equation*}\begin {split} \mathcal {F}_{3,KL}(\bm {u}^n,p^n,T^n):= &\frac {\E }{(1+\nu )}\frac {\tau _{KL}}{2} \left [\left (\left (\bb {u}_K^n - \bb {u}_L^n\right ) \otimes \bb {n}_{KL}\right ) \bb {n}_{KL} +\left [\left (\bb {u}_K^n - \bb {u}_L^n\right ) \otimes \bb {n}_{KL}\right ]^\top \bb {n}_{KL}\right ] \\ &- \frac {\E \nu }{(1+\nu )(1-2\nu )} |\sigma _{KL}| \left (\divv \bb {u}^n \mat {I}_d\right )_{KL} \bb {n}_{KL} +b |\sigma _{KL}| p_{KL}^n \mat {I}_d \bb {n}_{KL} \\ & + |\sigma _{KL}| 3\alpha _s K_s \left (T_{KL}^n - T_{\mathrm {ref}} \right )\mat {I}_d \bb {n}_{KL}, \end {split}\end {equation*}


\begin {equation*}(\divv \bb {u}^n\mat {I}_d)_{KL} := \frac {\divv _K \bb {u}_{\rev {h}}^n + \divv _L \bb {u}_{\rev {h}}^n }{2}\mat {I}_d, \, \ p_{KL}^n := \frac {p_K^n + p_L^n}{2}, \,\ T_{KL}^n := \frac {T_K^n + T_L^n}{2}.\end {equation*}


$\bb {h}_{K}^n$


\begin {equation*}\bb {h}_{K}^n := \rev {\frac {1}{|K| \delta t}\int _{I_n} \int _K \bb {h} \, dx \, dt.}\end {equation*}


$\mathcal {F}_{3,KL}(\bm {u}^n,p^n,T^n) = - \mathcal {F}_{3,LK}(\bm {u}^n,p^n,T^n)$


$[t^{n-1},t^n]\times K$


$(\phi _h^n)_{n=1,\ldots .,N_T}$


$(S_{s,h}^n)_{n=1,\ldots ,N_T}$


\begin {equation}\label {eq:porosity:entropy:discrete:comp} \begin {split} & \frac {\phi _h^n - \phi _h^{n-1}}{\delta t} = b \, \divv _K \partial _t^n \bb {u}_{\rev {h}} -3\alpha _{\phi } \frac {T_h^n - T_h^{n-1}}{\delta t} + \frac {1}{N} \frac {p_h^n - p_h^{n-1}}{\delta t}, \\ & \frac {S_{s,h}^n - S_{s,h}^{n-1}}{\delta t} = 3 \alpha _s K_s \, \divv _K \partial _t^n \bb {u}_{\rev {h}} -3\alpha _{\phi } \frac {p_h^n - p_h^{n-1}}{\delta t} + \frac {C_s}{T_{\mathrm {ref}}} \frac {T_h^n - T_h^{n-1}}{\delta t}. \end {split}\end {equation}


$K \in \mathcal {T}$


$[t^{n-1},t^{n}] \times K$


\begin {equation}\label {eq:relation:entropy:energy:discrete:first:eq} s_K^n - s_K^{n-1} = \frac {1}{T_K^n} \left (e_K^n - e_K^{n-1}\right ) + \frac {p_K^n}{T_K^n} \left (\frac {1}{\rho _K^n} - \frac {1}{\rho _K^{n-1}}\right ).\end {equation}


$\psi \in H^1(\Omega )$


$\rho \psi $


\begin {equation}\label {eq:relation:energy:entropy:space:gradient} \begin {split} \divv \left (\rho \psi \nab s\right ) = \divv \left (\frac {\rho \psi }{T} \nab e\right ) + \divv \left (\frac {p\rho \psi }{T}\nab \left (\frac {1}{\rho }\right )\right ). \end {split}\end {equation}


$K \in \mathcal {T}$


$[t^{n-1},t^{n}] \times K$


\begin {equation}\begin {split} \label {eq:relation:entropy:energy:discrete:second:eq} \sum _{L \in \NK (K)} \rho _{KL}^n \psi _{KL}\tau _{KL}(s_L^n - s_K^n) =& \sum _{L \in \NK (K)} \frac {\tau _{KL}\rho _{KL}^n \psi _{KL}}{T_{KL}^n} (e_L^n - e_K^n) \\ &+ \sum _{L \in \NK (K)} \tau _{KL}\frac {p_{KL}^n\rho _{KL}^n \psi _{KL}}{T_{KL}^n} \left (\frac {1}{\rho _L^n} - \frac {1}{\rho _K^n}\right ), \end {split}\end {equation}


$\dps T_{KL}^n:=\frac {T_{K}^n+T_{L}^n}{2}$


$\dps p_{KL}^n:=\frac {p_{K}^n+p_{L}^n}{2}$


$\dps \psi _{KL}:= \frac {\psi _{K}+\psi _{L}}{2}$


$\rho _{KL}$


$1 \leq n \leq N_T,$


$\bm {\mathcal {U}}_h^n = (\bm {u}_h^n,p_h^n,T_h^n) \in \mathbb {R}^{(2+d) |\mathcal {T}_h|}$


$\Omega $


$\R ^d$


$\T $


$F_{KL},\, K \in \T $


$L \in \NK (K)$


$\R $


$K$


$L$


$F_{KL} = -F_{LK}$


$\varphi $


$K \in \T $


$\varphi (\bb {x}) = \varphi _K$


$\bb {x} \in K$


\begin {equation}\label {eq:integration:by:parts:discrete} \sum _{K\in \T } \sum _{L\in \NK (K)} F_{KL} \varphi _K = -\sum _{\sigma _{KL} \in \Eh } F_{KL} (\varphi _L - \varphi _K) = -\frac {1}{2} \sum _{K\in \T } \sum _{L\in \NK (K)} F_{KL} (\varphi _L - \varphi _K) .\end {equation}


$\psi _h \in H_h$


\begin {equation*}\begin {split} &\sum _{K\in \T }\sum _{L \in \NK (K)} \rho _{KL}^n (s_{L}^n -s_K^n) \frac {k}{\mu } \tau _{KL} \left (p_L^n - p_K^n\right ) \psi _K \\ &= \sum _{K\in \T }\sum _{L \in \NK (K)}\frac {k}{\mu } \frac {\tau _{KL}\rho _{KL}^n}{T_{KL}^n} \left ((e_{L}^n -e_K^n) + p_{KL}^n\left (\frac {1}{\rho _L^n}-\frac {1}{\rho _K^n}\right )\right )(p_L^n - p_K^n)\psi _{KL}. \end {split}\end {equation*}


$\dps \rho _{KL}^n (s_{L}^n - s_K^n) \tau _{KL} \left (p_L^n - p_K^n\right )$


\begin {equation}\label {eq:prop5:discrete:3} \begin {split} & \sum _{K\in \T }\sum _{L \in \NK (K)} \rho _{KL}^n (s_{L}^n -s_K^n) \frac {k}{\mu } \tau _{KL} \left (p_L^n - p_K^n\right ) \psi _K \\&= \frac {1}{2}\sum _{K\in \T }\sum _{L \in \NK (K)} \rho _{KL}^n (s_{L}^n -s_K^n) \frac {k}{\mu } \tau _{KL} \left (p_L^n - p_K^n\right ) (\psi _K +\psi _L). \end {split}\end {equation}


$\dps \rho _{KL}^n (s_{L}^n -s_K^n) \tau _{KL} (\psi _K+\psi _L)$


\begin {equation}\label {eq:prop5:discrete:4} \begin {split} & \frac {1}{2}\sum _{K\in \T }\sum _{L \in \NK (K)} \rho _{KL}^n (s_{L}^n -s_K^n) \frac {k}{\mu } \tau _{KL} \left (p_L^n - p_K^n\right ) (\psi _K +\psi _L)\\ &=2\sum _{K\in \T }\sum _{L \in \NK (K)} \rho _{KL}^n (s_{K}^n -s_L^n) \frac {k}{\mu } \tau _{KL} \psi _{KL} p_K^n, \text { with } \psi _{KL} := \frac {\psi _K + \psi _L}{2}. \end {split}\end {equation}


\begin {equation}\label {eq:prop5:discrete:5} \begin {split} & 2\sum _{K\in \T }\sum _{L \in \NK (K)} \rho _{KL}^n (s_{K}^n -s_L^n) \frac {k}{\mu } \tau _{KL} \psi _{KL} p_K^n \\ &= 2\sum _{K\in \T }\frac {k}{\mu } \times \left ( \sum _{L \in \NK (K)} \frac {\tau _{KL}\rho _{KL}^n \psi _{KL}}{T_{KL}^n} (e_K^n - e_L^n) + \sum _{L \in \NK (K)} \tau _{KL}\frac {p_{KL}^n\rho _{KL}^n \psi _{KL}}{T_{KL}^n} \left (\frac {1}{\rho _K^n} - \frac {1}{\rho _L^n}\right )\right )p_K^n. \end {split}\end {equation}


$\frac {\tau _{KL}\rho _{KL}^n \psi _{KL}}{T_{KL}^n} (e_K^n - e_L^n)$


$\tau _{KL}\frac {p_{KL}^n\rho _{KL}^n \psi _{KL}}{T_{KL}^n} \left (\frac {1}{\rho _K^n} - \frac {1}{\rho _L^n}\right )$


\begin {equation}\label {eq:prop5:discrete:6} \begin {split} &2\sum _{K\in \T }\frac {k}{\mu }\left ( \sum _{L \in \NK (K)} \frac {\tau _{KL}\rho _{KL}^n \psi _{KL}}{T_{KL}^n} (e_K^n - e_L^n)\right )p_K^n\\ &+2\sum _{K\in \T }\frac {k}{\mu }\left ( \sum _{L \in \NK (K)} \tau _{KL}\frac {p_{KL}^n\rho _{KL}^n \psi _{KL}}{T_{KL}^n} \left (\frac {1}{\rho _K^n} - \frac {1}{\rho _L^n}\right )\right )p_K^n\\ & = \sum _{K\in \T }\sum _{L \in \NK (K)}\frac {k}{\mu } \frac {\tau _{KL}\rho _{KL}^n \psi _{KL}}{T_{KL}^n} (e_L^n - e_K^n)(p_L^n - p_K^n)\\ &\quad + \sum _{K\in \T }\sum _{L \in \NK (K)}\frac {k}{\mu } \tau _{KL}\frac {p_{KL}^n\rho _{KL}^n \psi _{KL}}{T_{KL}^n} \left (\frac {1}{\rho _L^n} - \frac {1}{\rho _K^n}\right )(p_L^n-p_K^n) . \end {split}\end {equation}


$\psi _h \in H_h$


\begin {equation}\label {eq:entropy:energy:reformulation:discrete} \begin {split} & \sum _{K\in \T }|K| \left (S_{s,K}^n - S_{s,K}^{n-1} + \frac {\rho _K^{n-1}\phi _K^{n-1}}{T_K^n} \delta t \left (\partial _t^n e_K + p_K^n \partial _t^n \left (\frac {1}{\rho _K}\right ) \right )\right ) \psi _K \\ & +\frac {1}{2} \delta t\sum _{K \in \T }\sum _{L \in \NK (K)} \frac {\rho _{KL}^n}{T_{KL}^n} \left (e_{L}^n -e_K^n \right ) \frac {k}{\mu } \tau _{KL} \left (p_K^n - p_L^n\right )\frac {\psi _L+\psi _K}{2}\\ &+ \frac {1}{2} \delta t\sum _{K \in \T }\sum _{L \in \NK (K)} \frac {\rho _{KL}^n p_{KL}^n}{T_{KL}^n} \left (\frac {1}{\rho _L^n}-\frac {1}{\rho _K^n}\right )\frac {k}{\mu } \tau _{KL} \left (p_K^n - p_L^n\right ) \frac {\psi _L+\psi _K}{2}\\ &+ \delta t \sum _{K \in \T }\sum _{L \in \NK (K)} \frac {\lambda }{T_{\mathrm {ref}}} (T_K^n - T_L^n) \psi _K\\ &= \delta t \sum _{K \in \T }|K| \frac {{h}_{e,K}^n}{T_K^n}\psi _K - \delta t\sum _{K \in \T } |K| s_K^n h_{m,K}^n \psi _K. \end {split}\end {equation}


$\psi _h \in H_h$


$\psi _K$


$K$


\begin {equation}\label {eq:entropy:balance:discrete:sum:over:K} \begin {split} & \sum _{K\in \T } |K| \left (S_{s,K}^n + \rho _K^n \phi _K^n s_K^n - S_{s,K}^{n-1} - \rho _K^{n-1} \phi _K^{n-1} s_K^{n-1}\right )\psi _K\\ &+\delta t \sum _{K\in \T }\sum _{L \in \NK (K)} \rho _{KL}^n s_{KL}^n \frac {k}{\mu } \tau _{KL} (p_K^n - p_L^n)\psi _K \\ &+\delta t \sum _{K\in \T }\sum _{L \in \NK (K)} \frac {\lambda }{T_{\mathrm {ref}}} \tau _{KL} \left ( T_K^n - T_L^n \right )\psi _K = \delta t \sum _{K\in \T }|K| \frac {{h}_{e,K}^n}{T_K^n} \psi _K. \end {split}\end {equation}


\begin {equation}\label {eq:prop:5:discrete:1} \begin {split} &\sum _{K\in \T } |K|\left ( \rho _K^n \phi _K^n s_K^n - \rho _K^{n-1}\phi _K^{n-1}s_K^{n-1}\right )\psi _K\\ &= \sum _{K\in \T } |K|\delta t \left ( s_K^n \partial _t^n(\rho _K \phi _K) + \rho _K^{n-1}\phi _K^{n-1} \partial _t^n s_K \right )\psi _K\\ & =\sum _{K\in \T } |K|\delta t\left ( s_K^n \partial _t^n(\rho _K \phi _K) + \frac {\rho _K^{n-1}\phi _K^{n-1}}{T_K^n} \left (\partial _t^n e_K + p_K^n \partial _t^n \left (\frac {1}{\rho _K}\right ) \right )\right )\psi _K. \end {split}\end {equation}


\begin {equation}\label {eq:prop5:discrete:2} \begin {split} & \sum _{K\in \T } \sum _{L \in \NK (K)} \rho _{KL}^n s_{KL}^n \frac {k}{\mu } \tau _{KL} \left (p_K^n - p_L^n\right )\psi _K \\ &=\sum _{K\in \T }\sum _{L \in \NK (K)} \rho _{KL}^n (s_{KL}^n -s_K^n) \frac {k}{\mu } \tau _{KL} \left (p_K^n - p_L^n\right )\psi _K + \sum _{K\in \T }\sum _{L \in \NK (K)} \rho _{KL}^n s_K^n \frac {k}{\mu } \tau _{KL} \left (p_K^n - p_L^n\right )\psi _K\\ & =\frac {1}{2}\sum _{K\in \T }\sum _{L \in \NK (K)} \rho _{KL}^n (s_{L}^n -s_K^n) \frac {k}{\mu } \tau _{KL} \left (p_K^n - p_L^n\right ) \psi _K+ \sum _{K\in \T }\sum _{L \in \NK (K)} \rho _{KL}^n s_K^n \frac {k}{\mu } \tau _{KL} \left (p_K^n - p_L^n\right )\psi _K. \end {split}\end {equation}


\begin {equation}\label {eq:proof:reformulation:entropy:discrete:combine:1:2:terms} \begin {split} & \sum _{K\in \T } |K| \left (S_{s,K}^n -S_{s,K}^{n-1}\right )\\ &+ \sum _{K\in \T } |K|\delta t\left ( s_K^n \partial _t^n(\rho _K \phi _K) + \frac {\rho _K^{n-1}\phi _K^{n-1}}{T_K^n} \left (\partial _t^n e_K + p_K^n \partial _t^n \left (\frac {1}{\rho _K}\right ) \right )\right )\psi _K\\ &+\frac {\delta t}{2} \sum _{K\in \T }\sum _{L \in \NK (K)} \rho _{KL}^n (s_{L}^n -s_K^n) \frac {k}{\mu } \tau _{KL} \left (p_K^n - p_L^n\right ) \psi _K\\ &+ \delta t\sum _{K\in \T }\sum _{L \in \NK (K)} \rho _{KL}^n s_K^n \frac {k}{\mu } \tau _{KL} \left (p_K^n - p_L^n\right )\psi _K \\ &+\delta t \sum _{K\in \T }\sum _{L \in \NK (K)} \frac {\lambda }{T_{\mathrm {ref}}} \tau _{KL} \left ( T_K^n - T_L^n \right )\psi _K = \delta t \sum _{K\in \T }|K| \frac {{h}_{e,K}^n}{T_K^n} \psi _K. \end {split}\end {equation}


\begin {equation}\label {eq:proof:reformulation:entropy:discrete:substitute:mass:eq} \begin {split} & \sum _{K\in \T } |K| \left (S_{s,K}^n -S_{s,K}^{n-1}\right ) + \sum _{K\in \T } |K|\delta t\left ( \frac {\rho _K^{n-1}\phi _K^{n-1}}{T_K^n} \left (\partial _t^n e_K + p_K^n \partial _t^n \left (\frac {1}{\rho _K}\right ) \right )\right )\psi _K\\ &+\frac {\delta t}{2} \sum _{K\in \T }\sum _{L \in \NK (K)} \rho _{KL}^n (s_{L}^n -s_K^n) \frac {k}{\mu } \tau _{KL} \left (p_K^n - p_L^n\right ) \psi _K\\ &+\delta t \sum _{K\in \T }\sum _{L \in \NK (K)} \frac {\lambda }{T_{\mathrm {ref}}} \tau _{KL} \left ( T_K^n - T_L^n \right )\psi _K =\delta t \sum _{K\in \T }|K| \left (\frac {{h}_{e,K}^n}{T_K^n} -s_K^n h_{m,K}^n\right )\psi _K. \end {split}\end {equation}


$(h_{m,h}^0, h_{e,h}^0, \bb {h}_h^0)\in L_h^{2+d}$


$(p_h^0,T_h^0,\bb {u}_h^0) \in L_h^{2+d}$


$(p_h^n,T_h^n,\bb {u}_h^n)\in L_h^{2+d}$


$(\varphi _h, \psi _h, \bb {\omega }_h)\in H_h^{2+d}$


\begin {equation}\label {eq:mass:variational} \int _{\Omega } \frac {\rho _h^n \phi _h^n - \rho _h^{n-1} \phi _h^{n-1}}{\delta t} \varphi _h \, \dx +\frac {1}{d} \int _{\Omega } \rho _h^n \frac {k}{\mu }\nab _h p_h^n \cdot \nab _h \varphi _h \, \dx = \int _{\Omega } h_{m,h}^n \varphi _h \, \dx .\end {equation}


\begin {equation}\label {eq:entropy:variational} \begin {split} &\int _{\Omega } \frac {S_{s,h}^n - S_{s,h}^{n-1}}{\delta t} \psi _h \, \dx + \int _{\Omega } \frac {\rho _h^{n-1}\phi _h^{n-1}}{T_h^n} \left (\partial _t^n e_h + p_h^n \partial _t^n \left (\frac {1}{\rho _h}\right ) \right ) \psi _h \, \dx - \frac {1}{d}\int _{\Omega } \frac {\rho _h^n k}{T_h^n \mu } \nab _h p_h^n \cdot \nab _h e_h^n \psi _h \, \dx \\ &- \frac {1}{d} \int _{\Omega } \frac {\rho _h^n p_h^n}{T_h^n} \frac {k}{\mu } \nab _h \left (\frac {1}{\rho _h^n}\right )\cdot \nab _h p_h^n \psi _h \, \dx + \frac {1}{d}\int _{\Omega } \frac {\lambda }{T_{\mathrm {ref}}} \nab _h T_h^n \cdot \nab _h \psi _h \, \dx = \int _{\Omega } \left (\frac {h_{e,h}^n}{T_h^n} + s_h^n h_{m,h}^n \right ) \psi _h \, \dx \end {split}\end {equation}


\begin {equation}\label {eq:momentum:variational} \begin {split} &\int _{\Omega } \partial _{tt}^n \bb {u}_h \cdot \bb {\omega }_h \, \dx + \frac {1}{d}\int _{\Omega } \frac {\E }{(1+\nu )} \epsilon (\bb {u}_h^n) : \epsilon (\bb {\omega }_h) \, \dx +\int _{\Omega } \frac {\E \nu }{(1+\nu )(1-2\nu )} \divv _h \bb {u}_h^n \mat {I}_d: \epsilon (\bb {\omega }_h) \, \dx \\ & - \int _{\Omega } \left (bp_h^n + 3 \alpha _s K_s (T_h^n -T_{\mathrm {ref}})\right ) \divv _h (\bb {\omega }_h) \, \dx = \int _{\Omega } \bb {h}_h^n \cdot \bb {\omega }_h \, \dx . \end {split}\end {equation}


$\varphi _h \in H_h$


$\varphi _K$


$K$


\begin {equation*}\begin {split} & \sum _{K \in \mathcal {T}} |K|\left (\rho (p_K^n) \phi (\bm {\mathcal {U}}_K^n) - \rho (p_K^{n-1}) \phi (\bm {\mathcal {U}}_K^{n-1})\right ) \varphi _K + \delta t\sum _{K \in \mathcal {T}} \sum _{L \in \NK (K)} \rho _{KL}^n \frac {k}{\mu } \tau _{KL}\left (p_K^n - p_L^n \right ) \varphi _K = \delta t \sum _{K \in \mathcal {T}} |K| h_{m,K}^n \varphi _K. \end {split}\end {equation*}


\begin {equation*}\begin {split} &\sum _{K \in \mathcal {T}} |K|\frac {\rho _K^n \phi _K^n - \rho _K^{n-1} \phi _K^{n-1}}{\delta t } \varphi _K = \int _{\Omega } \frac {\rho _h^n \phi _h^n - \rho _h^{n-1} \phi _h^{n-1}}{\delta t } \varphi _h \, \dx , \\ & \sum _{K \in \mathcal {T}} |K| h_{m,K}^n \varphi _K = \int _{\Omega } h_{m,h}^n \varphi _h \, \dx . \end {split}\end {equation*}


\begin {equation*}\begin {split} \sum _{K \in \mathcal {T}} \sum _{L \in \NK (K)} \rho _{KL}^n \frac {k}{\mu } \tau _{KL}\left (p_K^n - p_L^n \right ) \varphi _K &= \sum _{\sigma _{KL} \in \Eh } d \rho _{KL}^n \frac {\mathbb {K}}{\mu } |\DK _{KL}| \frac {p_L^n - p_K^n}{d_{KL}} \frac {\varphi _L^n - \varphi _K^n}{d_{KL}} \\ & = \sum _{\sigma _{KL} \in \Eh } d \rho _{KL}^n \frac {k}{\mu } |\DK _{KL}| \left (\frac {p_L^n - p_K^n}{d_{KL}}\bb {n}_{KL}\right ) \cdot \left (\frac {\varphi _L^n - \varphi _K^n}{d_{KL}}\right ) \bb {n}_{KL}\\ & = \frac {1}{d}\sum _{\sigma _{KL} \in \Eh } \rho _{KL}^n \frac {k}{\mu } |\DK _{KL}| {\nab _h p_h^n}_{|\DK _{KL}} \cdot {\nab _h \varphi _h}_{|\DK _{KL}}\\ & = \frac {1}{d}\int _{\Omega } \rho _{h}^n \frac {k}{\mu } \nab _h p_h^n \cdot \nab _h \varphi _h \, \dx \end {split}\end {equation*}


\begin {equation*}\begin {split} & \sum _{K \in \mathcal {T}} |K| \left (\frac {S_{s,K}^n - S_{s,K}^{n-1}}{\delta t} + \frac {\rho _K^{n-1}\phi _K^{n-1}}{T_K^n}\delta t \left (\partial _t^n e_K + p_K^n \partial _t^n \left (\frac {1}{\rho _K}\right ) \right )\right )\psi _K\\ & = \int _{\Omega } \frac {S_{s,h}^n - S_{s,h}^{n-1}}{\delta t} \psi _h + \frac {\rho _h^{n-1} \phi _h^{n-1}}{T_h^n} \delta t \left (\frac {e_h^n - e_h^{n-1}}{\delta t} + \frac {p_h^n}{\delta t} \left (\frac {1}{\rho _h^n}-\frac {1}{\rho _h^{n-1}}\right )\right )\psi _h \, \dx , \end {split}\end {equation*}


\begin {equation*}\begin {split} \sum _{K \in \mathcal {T}}|K|\left (\frac {{h}_{e,K}^n}{T_K^n} - s_K^n h_{m,K}^n\right ) \psi _K = \int _{\Omega } \left (\frac {h_{e,h}^n}{T_h^n} - s_h^n h_{m,h}^n \right ) \psi _h \, \dx . \end {split}\end {equation*}


\begin {equation*}\begin {split} &\frac {1}{2}\sum _{K \in \mathcal {T}}\sum _{L \in \NK (K)} \frac {\rho _{KL}^n}{T_{KL}^n} \left (e_{L}^n -e_K^n \right ) \frac {k}{\mu } \tau _{KL} \left (p_K^n - p_L^n\right ) \psi _{KL} = - \frac {1}{d}\int _{\Omega } \frac {\rho _{h}^n}{T_{h}^n} \frac {k}{\mu } \nab _h {e_h^n} \cdot \nab _h {p_h^n} \psi _h \, \dx . \end {split}\end {equation*}


\begin {equation*}\begin {split} & \sum _{K \in \mathcal {T}}\sum _{L \in \NK (K)} \frac {\rho _{KL}^n p_{KL}^n}{T_{KL}^n} \left (\frac {1}{\rho _L^n}-\frac {1}{\rho _K^n}\right )\frac {k}{\mu } \tau _{KL} \left (p_K^n - p_L^n\right ) \psi _K = -\frac {1}{d} \int _{\Omega } \frac {\rho _{h}^n p_{h}^n}{T_{h}^n} \frac {k}{\mu } \nab _h \left (\frac {1}{\rho _h^n}\right ) \cdot \nab _h p_h^n \psi _h \, \dx . \end {split}\end {equation*}


\begin {equation*}\begin {split} \sum _{K \in \mathcal {T}}\sum _{L \in \NK (K)} \frac {\lambda }{T_{\mathrm {ref}}} \tau _{KL}(T_K^n - T_L^n) \psi _K =\frac {1}{d}\int _{\Omega } \frac {\lambda }{T_{\mathrm {ref}}} \nab _h T_h^n \cdot \nab _h \psi _h \, \dx . \end {split}\end {equation*}


$\bb {\omega }_h \in H_h^d$


$\bb {\omega }_K$


$K$


\begin {equation}\label {eq:discrete:momentum:balance:multiplied:test:func} \begin {split} &\sum _{K \in \mathcal {T}} |K|\frac {\bb {u}^{n}_K+\bb {u}^{n-2}_K-2\bb {u}^{n-1}_K}{\delta t} \cdot \bb {\omega }_K\\ &+\delta t \sum _{K \in \mathcal {T}} \sum _{L \in \NK (K)}\frac {\E }{(1+\nu )}\frac {\tau _{KL}}{2} \times \left [\left (\left (\bb {u}_K - \bb {u}_L\right ) \otimes \bb {n}_{KL}\right ) \bb {n}_{KL} +\left [\left (\bb {u}_K - \bb {u}_L\right ) \otimes \bb {n}_{KL}\right ]^\top \bb {n}_{KL}\right ]\cdot \bb {\omega }_K \\ &- \delta t \sum _{K \in \mathcal {T}} \sum _{L \in \NK (K)}\frac {\E \nu }{(1+\nu )(1-2\nu )} |\sigma _{KL}| \left (\divv \bb {u}^n \mat {I}_d\right )_{KL} \bb {n}_{KL}\cdot \bb {\omega }_K \\ &+\delta t \sum _{K \in \mathcal {T}} \sum _{L \in \NK (K)}|\sigma _{KL}| \left (bp_{KL}^n \mat {I}_d +3\alpha _s K_s \left (T_{KL}^n - T_{\mathrm {ref}} \right )\mat {I}_d \right )\bb {n}_{KL} \cdot \bb {\omega }_K \\ & = \delta t \sum _{K \in \mathcal {T}} |K| \bb {h}_K^n \cdot \bb {\omega }_K . \end {split}\end {equation}


\begin {equation*}\begin {split} &\sum _{K \in \mathcal {T}} |K|\frac {\bb {u}^{n}_K+\bb {u}^{n-2}_K-2\bb {u}^{n-1}_K}{\delta t^2} \cdot \bb {\omega }_K = \int _{\Omega } \delta _{tt}^n \bb {u}_h \cdot \bb {\omega }_h \, \dx ,\\ &\sum _{K \in \mathcal {T}} |K| \bb {h}_K^n \cdot \bb {\omega }_K = \int _{\Omega } \bb {h}_h^n \cdot \bb {\omega }_h \, \dx . \end {split}\end {equation*}


\begin {equation}\label {eq:proof:varia:form:1} \begin {split} &\frac {1}{2}\sum _{K \in \mathcal {T}}\sum _{L\in \NK (K)}\frac {\E }{(1+\nu )}\tau _{KL}\times \left (\left (\left [\bb {u}_K^n - \bb {u}_L^n\right ] \otimes \bb {n}_{KL} \right ) \bb {n}_{KL} +\left (\left [\bb {u}_K^n - \bb {u}_L^n\right ] \otimes \bb {n}_{KL}\right )^\top \bb {n}_{KL}\right )\cdot \bb {\omega }_K\\ & = d \sum _{\sigma _{KL}\in \DK _{KL}} \frac {\E }{(1+\nu )}|\DK _{KL}|\times \left [\frac {1}{2 d_{KL}}\left (\left [\bb {u}_L^n - \bb {u}_K^n\right ] \otimes \bb {n}_{KL} \right ) \bb {n}_{KL} +\frac {1}{2 d_{KL}}\left (\left [\bb {u}_L^n - \bb {u}_K^n\right ] \otimes \bb {n}_{KL}\right )^\top \bb {n}_{KL}\right ] \cdot \frac {\bb {\omega }_L - \bb {\omega }_K}{d_{KL}}\\ &=d \sum _{\sigma _{KL}\in \DK _{KL}} \frac {\E }{(1+\nu )}\frac {|\DK _{KL}|}{2 d_{KL}}\times \sum _{i,j=1}^d \left [\left (u_{i,L}^n - u_{i,K}^n\right ) n_{j,KL} +\left (u_{j,L}^n - u_{j,K}^n\right ) n_{i,KL}\right ] \frac { \omega _{i,L} - \omega _{i,K}}{d_{KL}}n_{j,KL}. \end {split}\end {equation}


$2 \sum _{i,j} a_i b_j = \sum _{i,j} a_i b_j + \sum _{i,j} a_j b_i$


$a_i, b_j \in \R $


$a_i =(u_{i,L}^n - u_{i,K}^n)( \omega _{i,L} - \omega _{i,K})$


$b_j = n_{j,KL}n_{j,KL}$


$a_i =(\omega _{i,L} - \omega _{i,K})n_{i,KL}$


$b_j = (u_{j,L}^n - u_{j,K}^n)n_{j,KL}$


\begin {equation*}\begin {split} &\frac {1}{2}\sum _{K \in \mathcal {T}}\sum _{L\in \NK (K)}\frac {\E }{(1+\nu )}\tau _{KL}\times \left (\left (\left [\bb {u}_K^n - \bb {u}_L^n\right ] \otimes \bb {n}_{KL} \right ) \bb {n}_{KL} +\left (\left [\bb {u}_K^n - \bb {u}_L^n\right ] \otimes \bb {n}_{KL}\right )^\top \bb {n}_{KL}\right )\cdot \bb {\omega }_K\\ &=\frac {1}{d}\sum _{\sigma _{KL}\in \DK _{KL}} \frac {\E }{(1+\nu )}\frac {|\DK _{KL}|}{4d_{KL}^2}\sum _{i,j=1}^d \left [\left (\nab _h \bb {u}_h^n \otimes \bb {n}_{KL}\right )_{i,j}+\left (\nab _h\bb {u}_h^n \otimes \bb {n}_{KL} \right )_{j,i} \right ]_{|\DK _{KL}}\times \left [\left (\nab _h \bb {\omega }_h \otimes \bb {n}_{KL}\right )_{i,j}+\left (\nab _h\bb {\omega }_h \otimes \bb {n}_{KL} \right )_{j,i} \right ]_{|\DK _{KL}}\\ & = \frac {1}{d} \sum _{\sigma _{KL}\in \DK _{KL}} \frac {\E }{(1+\nu )}|\DK _{KL}| \sum _{i,j=1}^d {\epsilon (\bb {u}_h^n)_{i,j}}_{|\DK _{KL}} {\epsilon (\bb {\omega }_h)_{i,j}}_{|\DK _{KL}}\\\
& = \frac {1}{d} \int _{\Omega } \frac {\E }{(1+\nu )} \epsilon (\bb {u}_h^n) : \epsilon (\bb {\omega }_h) \, \dx . \end {split}\end {equation*}


\begin {equation*}\begin {split} & -\sum _{K \in \mathcal {T}} \sum _{L \in \NK (K)}\frac {\E \nu }{(1+\nu )(1-2\nu )} |\sigma _{KL}| (\divv \bb {u}^n)_{KL}\mat {I}_d \bb {n}_{KL} \cdot \bb {\omega }_K = \int _{\Omega } \frac {\E \nu }{(1+\nu )(1-2\nu )} \divv _h \bb {u}_h^n \mat {I}_d : \epsilon (\bb {\omega }_h) \, \dx . \end {split}\end {equation*}


\begin {equation*}\begin {split} \sum _{K \in \mathcal {T}} \sum _{L \in \NK (K)}b |\sigma _{KL}| p_{KL}^n \mat {I}_d \bb {n}_{KL}\cdot \bb {\omega }_K &= - \frac {1}{2} \sum _{K \in \mathcal {T}} \sum _{L \in \NK (K)}| \sigma _{KL}| b\left [ p_{KL}^n(\bb {\omega }_L - \bb {\omega }_K) \right ] \cdot \bb {n}_{KL}\\ &= - \frac {1}{4} \sum _{K \in \mathcal {T}} \sum _{L \in \NK (K)}| \sigma _{KL}| b \left [2(p_L^n \bb {\omega }_L - p_K^n \bb {\omega }_K)- (\bb {\omega }_K+\bb {\omega }_L)(p_L^n - p_K^n)\right ] \cdot \bb {n}_{KL}\\ &= - \frac {1}{4} \sum _{K \in \mathcal {T}} \sum _{L \in \NK (K)} |\sigma _{KL}|b \left [2(p_L^n \bb {\omega }_L - p_K^n \bb {\omega }_K)\cdot \bb {n}_{KL} + 2 p_K^n (\bb {\omega }_K+\bb {\omega }_L)\cdot \bb {n}_{KL}\right ]\\ &=- \sum _{K \in \mathcal {T}} |K| b p_K^n \divv _K \bb {\omega }_{h}. \end {split}\end {equation*}


\begin {equation*}\begin {split} &\sum _{K \in \mathcal {T}} \sum _{L \in \NK (K)} |\sigma _{KL}| (3\alpha _s K_s (T_{KL}^n -T_{\mathrm {ref}})) \bb {n}_{KL}\cdot \bb {\omega }_K = - \sum _{K \in \mathcal {T}} |K| 3 \alpha _s K_s (T_K^n-T_{\mathrm {ref}}) \divv _K \bb {\omega }_{h}. \end {split}\end {equation*}


\begin {equation*}\begin {split} &\sum _{K \in \mathcal {T}} \sum _{L \in \NK (K)}\left [b |\sigma _{KL}| p_{KL}^n + |\sigma _{KL}| 3\alpha _s K_s (T_{KL}^n -T_{\mathrm {ref}}) \right ] \bb {n}_{KL}\cdot \bb {\omega }_K = -\int _{\Omega } (b p_h^n + 3\alpha _s K_s (T_h^n-T_{\mathrm {ref}})) \divv _{\rev {K}} \bb {\omega }_h \, \dx , \end {split}\end {equation*}


$(\bb {u}_h^n, p_h^{n}, T_h^{n})$


\begin {equation}\label {eq:energy:estimate:comp:case1} \begin {split} & \int _{\Omega } \partial _t^{n} E_h \, \dx + \int _{\Omega } \frac {m_0}{2} \partial _t^n |\partial _t^n \bb {u}_h|^2 \, \dx - \int _{\Omega } \phi _h^{n-1}\frac {\Tilde {\rho }_h^{\prime }}{\rho _h^n} p_h^n \partial _t^n p_h \, \dx \\ & +\frac {k}{d\,\mu } \norm {\nab _h p_h^n}{L^2(\Omega )}^2 + \frac {\lambda }{d\,T_{\mathrm {ref}}} \norm {\nab _h T_h^n}{L^2(\Omega )}^2 + \frac {1}{d}\int _{\Omega } \frac {k \overline {\rho }_h^{\prime }}{\mu \rho _{h}^n} p_{h}^n\left |\nab _h p_h^n \right |^2 \, \dx \\ &\leq \int _{\Omega } \left (h_{m,h}^{n}(g_h^{n} + e_h^{n} - s_h^{n} T_h^{n}) + h_{e,h}^{n} + \bb {h}_{h}^n \cdot \partial _t^n \bb {u}_h \right )\, \dx . \end {split}\end {equation}


$E_h^n$


\begin {equation*}\begin {split} &E_h^n := \rho _h^n \phi _h^n g_h^n - \phi _h^n p_h^n + \rho _h^n \phi _h^n e_h^n + \frac {1}{2} \begin {bmatrix} p_h^n & T_h^n \end {bmatrix} \mathbb {M} \begin {bmatrix} p_h^n \\ T_h^n \end {bmatrix}+ \frac {\E }{2d(1+\nu )} |\epsilon (\bb {u}_h^n)|^2+ \frac {\E \nu }{2(1+\nu )(1-2\nu )} (\divv _h \bb {u}_h^n)^2 , \end {split}\end {equation*}


$\Tilde {\rho _h} = \rho (c_h)$


$c_h \in ]p_h^{n-1}, p_h^n[$


$\overline {\rho }_h = \rho (z_h^n)$


$z_h^n \in ]p_K^{n}, p_L^n[$


$\mat {M}$


$g$


$\displaystyle \varphi _h = (g(p_h^n) + e_h^n)\in H_h$


$g$


$\dps g(p_h^n) :=\int _{0}^{p_h^n} \frac {1}{\rho (\zeta )} \, d\zeta $


$\psi _h = T_h^n \in H_h$


$\bb {\omega }_h = \partial _t^n\bb {u}_h \in H_h^d$


\begin {equation}\label {eq:sum:energy:estimates:discrete:compressible} E_1 + E_2 + E_3 + E_4 + E_5 + E_6 = E_7,\end {equation}


\begin {equation*}\begin {split} E_1 &\rev {:=} \int _{\Omega } \frac {\rho _h^n \phi _h^n - \rho _h^{n-1} \phi _h^{n-1}}{\delta t} (g(p_h^n)+e_h^n) \, \dx + \int _{\Omega } \rho _h^{n-1}\phi _h^{n-1} \left (\partial _t^n e_h + p_h^n \partial _t^n \left (\frac {1}{\rho _h}\right ) \right ) \, \dx ,\\ E_2 &\rev {:=} \int _{\Omega } \frac {S_{s,h}^n - S_{s,h}^{n-1}}{\delta t} T_h^n \, \dx ,\\ E_3 & \rev {:=} \frac {1}{d}\int _{\Omega } \rho _h^n \frac {k}{\mu }\nab _h p_h^n \cdot \nab _h g(p_h^n) \, \dx + \frac {1}{d}\int _{\Omega } -\rho _h^n p_h^n \frac {k}{\mu } \nab _h \left (\frac {1}{\rho _h^n}\right )\cdot \nab _h p_h^n \, \dx ,\\ E_4 &\rev {:=} \frac {\lambda }{d\,T_{\mathrm {ref}}} \norm {\nab _h T_h^n}{L^2(\Omega )}^2, \\ E_5 &\rev {:=} \int _{\Omega } \partial _{tt}^n \bb {u}_h \cdot \partial _t^n\bb {u}_h \, \dx +\frac {1}{d} \int _{\Omega } \frac {\E }{(1+\nu )} \epsilon (\bb {u}_h^n) : \epsilon (\partial _t \bb {u}_h^n) \, \dx +\int _{\Omega } \frac {\E \nu }{(1+\nu )(1-2\nu )} \divv _h \bb {u}_h^n \mat {I}_d: \epsilon (\partial _t \bb {u}_h^n) \, \dx ,\\ E_6 &\rev {:=} - \int _{\Omega } \left (bp_h^n + 3 \alpha _s K_s (T_h^n-T_{\mathrm {ref}})\right ) \divv _h (\partial _t \bb {u}_h^n) \, \dx ,\\ E_7 &\rev {:=} \int _{\Omega } \left (h_{m,h}^n (g(p_h^n)+e_h^n-s_h^n T_h^n) +h_{e,h}^n+ \bb {h}_h^n \cdot \partial _t \bb {u}_h^n\right ) \, \dx . \end {split}\end {equation*}


$E_1$


\begin {equation*}\begin {split} &E_1= \int _{\Omega } \partial _t^n (\rho _h \phi _h e_h+\rho _h \phi _h g(p_h)) \, \dx + \frac {1}{\delta t}\int _{\Omega } \rho _h^{n-1} \phi _h^{n-1} (g(p_h^{n-1}) - g(p_h^{n})) \, \dx \\ &\qquad +\int _{\Omega } \rho _h^{n-1}\phi _h^{n-1} p_h^n \partial _t^n \left (\frac {1}{\rho _h}\right ) \,\dx := E_{1,1} + E_{1,2} + E_{1,3}. \end {split}\end {equation*}


$g$


$g^{\prime \prime } \leq 0$


\begin {equation*}g(p_h^{n}) - g(p_h^{n-1}) \leq g^{\prime }(p_h^{n-1}) (p_h^{n} - p_h^{n-1}).\end {equation*}


$E_{1,2}$


\begin {equation*}\begin {split} E_{1,2} \geq \frac {1}{\delta t} \int _{\Omega } \left [p_h^n (\phi _h^n - \phi _h^{n-1}) - \delta t\partial _t^n (\phi _h p_h)\right ] \, \dx . \end {split}\end {equation*}


\begin {equation*}\rho _h^{n} - \rho _h^{n-1} = (\Tilde {\rho }_h)^{\prime }(p_h^{n} - p_h^{n-1}),\end {equation*}


$\Tilde {\rho }_h = \rho (c_h)$


$c_h \in ]p_h^{n-1},p_h^n[$


$E_{1,3}$


\begin {equation*}\begin {split} \rho _h^{n-1}\phi _h^{n-1} p_h^n \partial _t^n \left (\frac {1}{\rho _h}\right ) =-\phi _h^{n-1} \frac {(\Tilde {\rho }_h)^{\prime }}{\rho _h^n} p_h^n\partial _t^n p_h. \end {split}\end {equation*}


$E_1$


\begin {equation}\begin {split} \label {eq:proof:bound:E1:case1} &E_1 \geq \int _{\Omega } \partial _t^n\left (\rho _h \phi _h e_h + \rho _h \phi _h g(p_h) - \phi _h p_h\right )\, \dx \\ &\qquad + \frac {1}{\delta t} \int _{\Omega } p_h^n (\phi _h^n - \phi _h^{n-1})\, \dx - \int _{\Omega } \phi _h^{n-1} \frac {(\Tilde {\rho }_h)^{\prime }}{\rho _h^n} p_h^n\partial _t^n p_h \,\dx . \end {split}\end {equation}


\begin {equation*}\begin {split} &\int _{\Omega } p_h^n \frac {\phi _h^n - \phi _h^{n-1}}{\delta t} \,\dx + \int _{\Omega }T_h^n \frac {S_{s,h}^n - S_{s,h}^{n-1}}{\delta t} \, \dx - \int _{\Omega } \left (bp_h^n + 3 \alpha _s K_s (T_h^n)\right ) \divv _h \partial _t^n(\bb {u}_h) \, \dx \\ &=\int _{\Omega } \left (-3\alpha _{\phi } p_h^n \frac {T_h^n - T_h^{n-1}}{\delta t} + \frac {1}{N} p_h^n \frac {p_h^n - p_h^{n-1}}{\delta t} -3\alpha _{\phi } T_h^n \frac {p_h^n - p_h^{n-1}}{\delta t} + \frac {C_s}{T_{\mathrm {ref}}} T_h^n \frac {T_h^n - T_h^{n-1}}{\delta t}\right )\, \dx \\ &=\int _{\Omega } \frac {1}{\delta t} \left [ \begin {bmatrix} p_h^n & T_h^n \end {bmatrix} \mathbb {M} \begin {bmatrix} p_h^n - p_h^{n-1} \\ T_h^n - T_h^{n-1} \end {bmatrix} \right ] \,\dx . \end {split}\end {equation*}


$\mat {M}$


\begin {equation*}\begin {split} \frac {1}{\delta t} \left [ \begin {bmatrix} p_h^n & T_h^n \end {bmatrix} \mathbb {M} \begin {bmatrix} p_h^n - p_h^{n-1} \\ T_h^n - T_h^{n-1} \end {bmatrix} \right ] &\geq \frac {1}{2\delta t} \left [ \begin {bmatrix} p_h^n & T_h^n \end {bmatrix} \mathbb {M} \begin {bmatrix} p_h^n \\ T_h^n \end {bmatrix} - \begin {bmatrix} p_h^{n-1} & T_h^{n-1} \end {bmatrix} \mathbb {M} \begin {bmatrix} p_h^{n-1} \\ T_h^{n-1} \end {bmatrix} \right ] \\ & = \frac {1}{2} \partial _t^n \left [\begin {bmatrix} p_h & T_h \end {bmatrix} \mathbb {M} \begin {bmatrix} p_h \\ T_h \end {bmatrix}\right ]. \end {split}\end {equation*}


\begin {equation}\label {eq:discrete:energy:estimates:proof:bound:E1:E2:E6} E_{1,2} + E_2 + E_6 \geq -\int _{\Omega } \partial _t^n (\phi _h p_h) \, \dx + \frac {1}{2} \int _{\Omega } \partial _t^n \left [\begin {bmatrix} p_h & T_h \end {bmatrix} \mathbb {M} \begin {bmatrix} p_h \\ T_h \end {bmatrix}\right ]\, \dx .\end {equation}


$\dps a(a-b) \geq \frac {1}{2}(a^2-b^2)$


$a,b \in \R $


\begin {equation}\label {eq:term:8:THM:incomp} \begin {split} \partial _{tt}^n \bb {u}_h \cdot \partial _t^n \bb {u}_h = \frac {1}{\delta t}\left (\partial _t^n \bb {u}_h - \partial _t^{n-1} \bb {u}_h\right )\cdot \partial _t^n \bb {u}_h \geq \frac {1}{2} \partial _t^n |\partial _t^n \bb {u}_h|^2. \end {split}\end {equation}


$E_5$


\begin {equation}\label {eq:term:9:THM:incomp} \begin {split} \epsilon (\bb {u}_h^n) : \epsilon (\partial _t^n\bb {u}_h) = \frac {1}{\delta t} \epsilon (\bb {u}_h^n) : \epsilon (\bb {u}_h^n - \bb {u}_h^{n-1}) \geq \frac {1}{2} \partial _t^n (|\epsilon (\bb {u}_h)|^2), \end {split}\end {equation}


$E_5$


\begin {equation}\label {eq:term:10:THM:incomp} \begin {split} \divv _h \bb {u}_h^n \mat {I}_d: \epsilon (\partial _t^n \bb {u}_h) & = \frac {1}{\delta t}\left (\divv _h \bb {u}_h^n \mat {I}_d:\epsilon (\bb {u}_h^n - \bb {u}_h^{n-1})\right ) \geq \frac {1}{2} \partial _t^n(\divv _h \bb {u}_h)^2. \end {split}\end {equation}


\begin {equation}\label {eq:proof:bound:E5} E_5 \geq \frac {1}{2} \int _{\Omega } \left [\partial _t^n |\partial _t^n \bb {u}_h|^2+ \frac {\E }{d (1+\nu )}\partial _t^n (|\epsilon (\bb {u}_h)|^2)+ \frac {\E \nu }{(1+\nu )(1-2\nu )} \partial _t^n(\divv _h \bb {u}_h)^2\right ]\, \dx .\end {equation}


\begin {equation*}g(p_L^n) - g(p_K^n) = \int _{p_K^n}^{p_L^n} \frac {1}{\rho (\zeta )} d\zeta ,\end {equation*}


\begin {equation*}\rho _{KL}^n (g(p_L^n)-g(p_K^n)) = p_L^n - p_K^n.\end {equation*}


$g_h^{n} = (g(p_K^n))_{K \in \mathcal {T}}$


\begin {equation*}\rho _h^n {\nab _h g_h^n}_{|\DK _{KL}} = d \rho _{KL} \frac {g(p_L^n) - g(p_K^n)}{d_{KL}} \bb {n}_{KL} = d \frac {p_L^n - p_K^n}{d_{KL}} \bb {n}_{KL} = {\nab _h p_h^n}_{|\DK _{KL}},\end {equation*}


\begin {equation*}{\rho _h^n \nab _h p_h^n \cdot \nab _h g_h^n}_{|\DK _{KL}} = {\left (\nab _h p_h^n \cdot \nab _h p_h^n\right )}_{|\DK _{KL}}.\end {equation*}


$E_3$


\begin {equation}\label {eq:proof:comp:simp:3} \begin {split} &-{\rho _h^n p_h^n \nab _h \left (\frac {1}{\rho _h^n}\right )\cdot \nab _h p_h^n}_{|\DK _{KL}} = -d^2\frac {\rho _{KL}^n p_{KL}^n}{d_{KL}} \left (\frac {1}{\rho _L^n}-\frac {1}{\rho _K^n} \right ) \frac {p_L^n - p_K^n}{d_{KL}} \\ &= d^2 \overline {\rho }_h^{\prime } \frac {\rho _{KL}^n p_{KL}^n}{\rho _L^n \rho _K^n} \left (\frac {p_L^n - p_K^n}{d_{KL}} \right ) \frac {p_L^n - p_K^n}{d_{KL}}=\overline {\rho }_h^{\prime } \frac {\rho _{KL}^n p_{KL}^n}{\rho _L^n \rho _K^n} (\nab _h p_h^n \cdot \nab _h p_h^n)_{|\DK _{KL}}, \end {split}\end {equation}


$\overline {\rho }_h^{\prime } = \rho ^{\prime }(z_h^n)$


$z_h^n \in (p_K^n, p_L^n)$


$g$


\begin {equation}\label {eq:g:concave:p_K:p_L} g(p_K^n) - g(p_L^n) \leq g^{\prime }(p_L^n)(p_K^n-p_L^n).\end {equation}


\begin {equation*}\begin {split} \rho _{KL}^n = \frac {p_K^n - p_L^n}{g(p_K^n)-g(p_L^n)} \geq \frac {1}{g^{\prime }(p_L^n)} = \rho (p_L^n). \end {split}\end {equation*}


$\rho _{KL}$


$\rho _{KL}^n\geq \rho (p_K^n)$


\begin {equation*}- \int _{\Omega } \rho _h^n p_h^n \frac {\mathbb {K}}{\mu } \nab _h \left (\frac {1}{\rho _h^n}\right )\cdot \nab _h p_h^n \, \dx \geq \int _{\Omega } \frac { \overline {\rho }_h^{\prime }}{ \rho _{h}^n}p_{h}^n \left |\nab _h p_h^n \right |^2 \, \dx .\end {equation*}


$E_3$


\begin {equation}\label {eq:proof:bound:E3} E_3 \geq \frac {k}{d\mu }\norm {\nab _h p_h^n}{L^2(\Omega )}^2 + \frac {1}{d}\int _{\Omega } \frac {k\overline {\rho }_h^{\prime }}{ \mu \rho _{h}^n} p_{h}^n\left |\nab _h p_h^n \right |^2 \, \dx .\end {equation}


$(\bb {u}_h^n,p_h^n,T_h^n)$


$\phi _h^n = \rev {\phi }_0$


$\phi _0 \gamma $


\begin {equation}\label {eq:control:incompressible:discrete} \begin {split} &\displaystyle \left \|{\partial _t {\bb {u}_\mathscr {D}}}\right \|_{ L^{\infty }(0,t_F;L^2(\Omega )^{\rev {d}})} + \left \| p_\mathscr {D} \right \|_{ L^{\infty }(0,t_F;L^2(\Omega ))} + \left \| T_\mathscr {D}\right \|_{ L^{\infty }(0,t_F;L^2(\Omega ))} \\ &+ \left \| e_\mathscr {D}\right \|_{ L^{\infty }(0,t_F;L^1(\Omega ))}+ \displaystyle + \left \|\bb {u}_\mathscr {D} \right \|_{ L^{\infty }(0,t_F;H^1(\Omega )^{\rev {d}})} + \left \|\nab _h p_\mathscr {D}\right \|_{ L^{2}(0,t_F;L^2(\Omega )^{\rev {d}})} \\ &+ \left \|\nab _h T_\mathscr {D}\right \|_{ L^{2}(0,t_F;L^2(\Omega )^{\rev {d}})} \leq C. \end {split}\end {equation}


$(\bb {u}_h^n, p_h^n, T_h^n)$


$n=1,\ldots ,N_T$


\begin {equation}\label {eq:discrete:energy:estimate:comp:case1:sum:over:n} \begin {split} & \int _{\Omega } \left (E_h^{N_T}-E_h^0\right ) \, \dx + \int _{\Omega } \frac {m_0}{2} \left ( \left |\partial _t^{N_T} \bb {u}_h\right |^2-\left |\partial _t^0 \bb {u}_h\right |^2\right ) \, \dx \\ &-\sum _{n=1}^{N_T}\int _{\Omega } \phi _h^{n-1}\frac {\Tilde {\rho }_h^{\prime }}{\rho _h^n} p_h^n (p_h^n - p_h^{n-1}) \,\dx + \frac {\delta t}{d}\sum _{n=1}^{N_T} \int _{\Omega } \frac {k}{\mu } \left |\nab _h p_h^{n}\right |^2 \, \dx \\ &+\frac {\delta t}{d} \sum _{n=1}^{N_T}\int _{\Omega } \frac {\lambda }{T_{\mathrm {ref}}} \left |\nab _h T_h^{n}\right |^2 \, \dx +\frac {\delta t}{d} \sum _{n=1}^{N_T}\int _{\Omega } \frac {k\overline {\rho }_h^{\prime } }{ \mu \rho _{h}^n}p_{h}^n \left |\nab _h p_h^n \right |^2 \, \dx \\ &\leq \delta t \sum _{n=1}^{N_T}\int _{\Omega } \left (h_{m,h}^{n}\left (g(p_h^n) + e_h^{n} - s_h^{n} T_h^{n}\right ) + h_{e,h}^{n} + \bb {h}_{h}^n \cdot \partial _t^n \bb {u}_h \right )\, \dx . \end {split}\end {equation}


$\bf (A6)$


$p_h^n \geq 0$


$p_h^n - p_h^{n-1} \geq 0$


\begin {equation*}-\phi _h^{n-1} \frac {\Tilde {\rho }_h^{\prime }}{\rho _h^n} p_h^n (p_h^n - p_h^{n-1}) = -\phi _0 \gamma ((p_h^n)^2 - p_h^n p_h^{n-1}) \geq -\phi _0 \gamma ((p_h^n)^2 - (p_h^{n-1})^2).\end {equation*}


$p_h^n - p_h^{n-1} < 0$


\begin {equation*}-\phi _h^{n-1} \frac {\Tilde {\rho }_h^{\prime }}{\rho _h^n} p_h^n (p_h^n - p_h^{n-1}) \geq 0 \geq \phi _0 \gamma ((p_h^n)^2 - (p_h^{n-1})^2).\end {equation*}


\begin {equation}\label {eq:bound:third:term:two:cases} -\phi _h^{n-1} \frac {\Tilde {\rho }_h^{\prime }}{\rho _h^n} p_h^n (p_h^n - p_h^{n-1}) \geq -\text {sgn}(p_h^n - p_h^{n-1}) \phi _0 \gamma ((p_h^n)^2 - (p_h^{n-1})^2),\end {equation}


$\text {sgn}(p_h^n - p_h^{n-1}):=\begin {cases} 1 \quad &\text {if }p_h^n - p_h^{n-1} \geq 0,\\ -1 \quad &\text {otherwise}. \end {cases}$


$\{y^{N_T}\}_{N_T=1}^{\infty }$


\begin {equation*}y^{N_T} := \int _{\Omega } \left (E_h^{N_T} + \frac {m_0}{2}\left |\partial _t^{N_T} \bb {u}_h\right |^2-\text {sgn}(p_h^n - p_h^{n-1})\phi _0 \gamma \left (p_h^{N_T}\right )^{2}\right )\dx .\end {equation*}


$\{a^{N_T}\}_{N_T=1}^{\infty }$


$\{b^{N_T}\}_{N_T=1}^{\infty }$


$\dps y^{N_T} \leq a^{N_T} + \sum _{n=1}^{N_T} y^n b^n$


$y^{N_T}$


\begin {equation}\label {eq:proof:klkl} \begin {split} & y^{N_T}-y^0 = \int _{\Omega } \left (E_h^{N_T}-E_h^0\right ) \, \dx + \int _{\Omega } \frac {m_0}{2} \left ( \left |\partial _t^{N_T} \bb {u}_h\right |^2-\left |\partial _t^0 \bb {u}_h\right |^2\right ) \, \dx \\ &\qquad \qquad \qquad -\int _{\Omega }\text {sgn}(p_h^n - p_h^{n-1})\phi _0 \gamma \left (\left (p_h^{N_T}\right )^{2}-\left (p_h^{0}\right )^{2}\right )\,\dx \\ &\leq \delta t \sum _{n=1}^{N_T}\int _{\Omega } \left (h_{m,h}^{n}\left (g(p_h^n) + e_h^{n} - s_h^{n} T_h^{n}\right ) + h_{e,h}^{n} + \bb {h}_{h}^n \cdot \partial _t^n \bb {u}_h \right )\, \dx . \end {split}\end {equation}


\begin {equation}\label {eq:discrete:cauchy:shwarz:comp} \int _{\Omega } \bb {h}_{h}^n \cdot \partial _t^n \bb {u}_h \dx \leq \norm {\bb {h}_h^n}{L^2(\Omega )} \norm {\partial _t^n \bb {u}_h}{L^2(\Omega )}.\end {equation}


$C_1$


$C_2$


$C_3$


$C_4 \in \mathbb {R}_+$


\begin {equation}\label {eq:proof:discrete:bound:source:comp} |h_{m,h}^n| \leq C_1, \quad |h_{e,h}^n| \leq C_2, \quad |\bb {h}_h^n|\leq C_3 \quad \text {and}\quad e_h^n - T_h^n s_h^n \leq C_4(|p_h^n|^2+|T_h^n|^2).\end {equation}
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\begin {equation}\label {eq:bound:g:discrete} g(p_h^n) \leq C_5 p_h^n .\end {equation}
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\begin {equation}\label {eq:proof:discrete:boundyhyh} \begin {split} y^{N_T} &\leq y^0+ \delta t \sum _{n=1}^{N_T} \int _{\Omega } \rev {b\left (E_h^n+\frac {m_0}{2}|\partial _t^n\bb {u}_h|^2 -\text {sgn}(p_h^n - p_h^{n-1})\phi _0 \gamma (p_h^{n})^{2}\right )+C_7}\,\dx \\ &= a^{N_T} + b\sum _{n=1}^{N_T} y^n, \end {split}\end {equation}


$\rev {b := \delta t \,\text {max}\left (\frac {C_6+\text {sgn}(p_h^n - p_h^{n-1})\phi _0 \gamma }{C_0},\frac {1}{m_0}\right )}$


$\rev {a^{N_T}:=y^0+\delta t N_T \,C_7 |\Omega |=y^0+t_F C_7|\Omega |}$


$b$


\begin {equation*}y^{N_T} \leq a_{\theta } \prod _{n=1}^{N_T} (1+b) = a_{\theta }(1+b)^{N_T},\end {equation*}


$\theta \in S(1,N_T)=\{k \, \,\text {where } y^K(\prod _{j=1}^{k-1}(1+b_j))^{-1}\, \text { is maximized in}\{1,\dots , N_T\} \}$


$C>0$


\begin {equation}\label {eq:bound:y:discrete:comp:case1} \int _{\Omega } \left (E_h^n + \frac {m_0}{2}|\partial _t^n\bb {u}_h|^2-\text {sgn}(p_h^n - p_h^{n-1})\phi _0 \gamma \left (p_h^{n}\right )^{2}\right )\,\dx \leq C \quad \text {for all }n=1,\dots ,N_T.\end {equation}
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\begin {equation}\label {eq:bound:gradient:discrete:incomp} \frac {\delta t}{d}\sum _{n=1}^{N_T} \int _{\Omega } \frac {\rev {k}}{\mu } \left |\nab _h p_h^{n}\right |^2 + \frac {\delta t}{d} \sum _{n=1}^{N_T}\int _{\Omega } \frac {\lambda }{T_{\mathrm {ref}}} \left |\nab _h T_h^{n}\right |^2 \, \dx +\frac {\delta t}{d} \sum _{n=1}^{N_T}\int _{\Omega }\overline {\rho }_h^{\prime } \frac { p_{h}^n}{ \rho _{h}^n} \left |\nab _h p_h^n \right |^2 \, \dx \leq C,\end {equation}
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different risk mitigation strategies. In this work, we address these issues through numerical simulations based on the finite volume
method. Our aim is to establish a robust computational framework that contributes to a safer, more efficient, and more sustainable
hydrogen storage.

Thermo-Hydro-Mechanical (THM) models are essential for analyzing fluid flow in deformable porous materials, as they capture
the complex interactions between fluid transport, heat transfer, and mechanical deformations within the subsurface. The theoretical
foundation for THM models was initially established by Terzaghi [7], who introduced the effective stress principle, and later gen-
eralized by Biot through the theory of poroelasticity [8,9]. Relying on these pioneering works, a more comprehensive framework
for multiphase flows in deformable porous media was developed by Coussy in [10], where the model is reformulated using the first
and second principles of thermodynamics. This framework serves as a keystone for the model presented in this work, where small
deformations, porosity variations, and linear thermo-poro-elastic behavior of the porous rocks are assumed. In addition, we consider
a compressible fluid flow, which represents the main novelty of this study. Compressible flows have been extensively investigated in
the context of compositional multiphase flows in porous media, mainly due to their ability to capture the effects of fluid transport in
the medium and associated volume changes [11,12]. Nevertheless, incorporating compressibility within the flow introduces several
difficulties into the mathematical model. Indeed, it involves high nonlinearities arising from pressure-dependent density, high com-
putational cost, and potential numerical instabilities due to degeneracies in space and time. The underlying difficulties of such models
make their mathematical studies very complex and we mention, for the sake of completeness, the recent contributions [13-15]. This
model consists of three nonlinear partial differential equations modeling the fluid mass conservation equation, the fluid entropy
conservation equation, and the skeleton momentum balance equation. This nonlinear and strongly coupled system poses significant
analytical and computational challenges, particularly in ensuring stability and energy consistency at the discrete level.

In recent years, an important amount of work has focused on the numerical analysis of THM models. For instance, Droniou et
al. [16] studied incompressible single-phase flow in non-fractured deformable porous media, employing the Hybrid Finite Volume
(HFV) method [17] combined with the finite element method for the numerical discretization. In the context of fractured porous
media, we mention [18,19] where the authors employed a HFV approach to discretize the flow and heat transfer equations, com-
bined with a finite element approach for the mechanical equation. In contrast, finite volume methods based on the Two-Point Flux
Approximation (TPFA) [20] have been widely applied to multiphase flow in rigid porous media, where mechanical deformations
are neglected, due to their computational efficiency and conservation properties [14,21-24]. While this approach has demonstrated
efficiency and accuracy in rigid porous media, its extension to fully coupled THM problems remains challenging, particularly in
maintaining energy stability and robustness under large parameter scales.

In the present work, we extend the THM model originally formulated in [10] and previously analyzed for incompressible single-
phase flow in [16], to the more realistic case of a compressible fluid, where the density depends on the pressure. To the best of our
knowledge, this methodology has never been developed before. A key challenge in this setting is the derivation of energy estimates
for the compressible system, due to the additional nonlinearities induced by the pressure-dependant density, and the development of
a numerical scheme that preserve these estimates at the discrete level.

To this end, we adapt the two-point flux approximation (TPFA) finite volume scheme, commonly employed for multiphase flows
in rigid porous media, to the setting of deformable porous materials. The coupled THM system is discretized using the cell-centered
finite volume method in space and the implicit backward Euler scheme in time. A particular difficulty arises in the treatment of
the discrete density, especially its definition on the interfaces of the mesh, in order to obtain the appropriate energy estimates. This
motivates the use of a non-classical formulation to ensure that the discrete scheme inherits the energy stability properties of the
continuous model. The proposed definition of the discrete density is also essential for ensuring that the scheme remains consistent
with the thermodynamic structure of the continuous model.

Our paper is organized as follows. In Section 2, we present the mathematical model for our problem, where an energy-based
reformulation of the entropy conservation equation is also presented. Next, in Section 3, we derive the energy estimates for the
continuous model. Furthermore, in Section 4, we introduce the discretization for our system with the implicit Euler scheme in time,
and the cell-centered finite volume scheme in space. Then, we demonstrate that the finite volume scheme is equivalent to a discrete
variational formulation. Furthermore, the discrete energy estimates are derived in Section 5. Finally, in Section 6, we present some
numerical experiments, showing the robustness of our approach. The effects of the skeleton displacement and the fluid compressibility
on the numerical solution are also presented in this section.

2. Thermo-hydro-mechanical model

Let Q c RY, d > 1, be an open bounded connected domain representing a porous medium characterized by small strains, displace-
ments, and variations in the porous medium. We denote by 7 > 0 the final simulation time and we set Oy := (0,1;) X Q.

We consider a Thermo-Hydro-Mechanical (THM) model for a non-isothermal, single-phase compressible flow in the porous medium
Q. Linear isotropic thermo-poro-elastic constitutive laws are considered for the skeleton, assuming small variations of temperature
around the reference temperature T, and thermal equilibrium is assumed between the fluid and the skeleton.

The primary unknowns of the model are the fluid pressure p, the temperature T, and the displacement of the skeleton u. Fur-
thermore, the porous medium is characterized by its porosity ¢, which is a nonlinear function, and its absolute permeability tensor
denoted by K. Additionally, the viscosity of the fluid is denoted by u and the molar density of the gas phase is denoted by p. The
governing system of partial differential equations consists of the mass conservation for the fluid, the fluid entropy conservation under
the assumption of reversible mechanical deformations, and the momentum balance equation for the skeleton. Moreover, we con-
sider homogeneous Neumann boundary conditions for the pressure and temperature variables, and homogeneous Dirichlet boundary
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conditions for the displacement of the skeleton. The model is described by:

9, (p(p)p(u, p, T)) + div(p(p)V (p)) = h,, in Oy, (2.1a)
h
0,(S; + p(p)p(u, p, T)s) + div <p(p)sV(p) + Tqu(T)> = ?e in Qr, (2.1b)
re!
mod>u — div(e(u, p,T)) = h in Or, (2.1¢)
Vp-n=0, VI-n=0, u=0 in (0,1) X 0Q, (2.1d)
PO =p" T =T u(,0)=u inQ, (2.1¢)

where S is the volumetric skeleton entropy, s is the fluid specific entropy, m, is the specific average fluid-rock density, 4,,, h,, and
h are the source terms and n is the outward normal vector to Q.
The Darcy velocity V for the gas phase is defined by

V= —%(Vp — pgVz), (2.2)
where g is the gravitational acceleration constant.
The conductive heat flux g is defined by Fourier’s law as
q :=—AVT, (2.3)
where 1 is the fluid rock average thermal conductivity.

The skeleton stress is modeled using a linear isotropic thermo-poro-elastic constitutive relation. The symmetric total-stress tensor,
o, is defined from the effective stress tensor ¢ by

o(u,p,T) := o) - bply = 3a,K (T — Tieply,
(2.4)

v

(e(u) +

E
e .
o) = 1+v

where £ is the effective Young modulus, v is the Poisson coefficient, b is the Biot coefficient, K| is the bulk modulus, and 3« is the
volumetric skeleton thermal dilatation coefficient. In addition, e(u) denotes the strain tensor, defined by e(u) : = %(Vu +(Vw)"), and I,

l_zvdivuﬂd),

is the d x d identity matrix. The gradient Vu is a matrix in R*“, with entries given by (Vu), ;= :% for all 1 <i,j < d. Moreover, for
j

any matrix A € R%4, the divergence of A denoted divA € R, is the vector defined componentwise by (divA), := ZZ_ . ';AT“, forall 1 <
- k

1/2
i < d. We also define the norm of a vector u € R? as |u| := <E;1=1 |u,-|2) .

The porosity ¢ and the volumetric skeleton entropy .S, can be modeled as

0,¢ = bo,(divu) — 3040, T + %611),

c (2.5)

0,8, = 3a,K 0,(divu) — 3a40,p + —09,T,
Tref

where N is the Biot modulus, 3a, is the volumetric thermal dilatation coefficient related to the porosity, and C; is the skeleton
volumetric heat capacity.

Furthermore, the energy balance in the system is governed by the laws of thermostatics, which relate entropy, energy, and density
variations. Specifically, we have the following entropy-energy relation:

0,e=T0,s—p0,<l>, Ve=TVs—pV<l> (2.6)
p P

where s denotes the fluid-specific entropy, e its internal energy, and p its density.
Consequently, the entropy conservation equation (2.1b) can be reformulated as:

p(p)p(u,p,T) . popu,p,T) V) o, PV @)

9,(S) + e p e
! T ! Tp(p) T T p(p)

Vo

1 h (2.7)
+ T—divq = ?e - sh,,.

ref

In fact, substituting the fluid entropy-energy relation (2.6) into the entropy conservation equation (2.1b), we obtain:

0,5, p.T) + p(p)u p. T)(%a,e + §a<$>> + 50,(p(p) b, p. TY)

1

+5div(p(PV (D) + = p(D)V () - <Ve +pV < —) )
T p(p)

+

L divg(T) = he
ref T
Moreover, expanding the temporal and spatial derivatives and applying the mass conservation equation (2.1a), we recover the refor-
mulated entropy conservation equation (2.7).

Furthermore, we present some key assumptions on the physical data in order to obtain energy estimates on the system.
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Assumption 1.

(A1) The porosity remains strictly positive i.e. there exists ¢, € R} such that ¢(u,p,T) 2 ¢, > 0.
(A2) The energy satisfies e(p,T) >0 V(p,T) € R, x R, and the function e — T's is sub-quadratic in the sense that

im e@.T)-Ts@,T) _
[(p.T)|=+e0 |p|2 + T2

(A3) The source terms h,,, h and h, are bounded.

(A4) The thermo-poro-elastic coefficients satisfy C; > 0, % >0,a520,E>0andve (O, %).

(A5) There exists a constant m,, > 0 such that my > m, > 0.

(A6) The density p(p) is a strictly increasing function and there exists a positive constant y such that p’'(p) = yp(p).

3. Energy estimates for the continuous model

In this section, we derive energy estimates for our unknowns, namely the pressure, the temperature, the displacement of the
skeleton, and their respective gradients. To this end, we define the function g by

14
g(p)::/ Lz (3.1)
o p(2)

Following the notations in [25], we recall that the trace operator ¢r : R™" — R is defined by tr(A):=Y", a;; With A :=(a;)1; j<m

is a square matrix. The contracted product of two tensors A and B, both of order #, is denoted by A - B and defined as the tensor with
entries (A - B);; := Y;_, a;by;. The double contracted product of A and B, denoted by A : B, is a scalar givenby A : B :=1r(A-B) =
Z;’J.=l a;;b;;. For any two vectors v and w € R™, we define their tensor product v ® w as the m x m matrix whose (i, j)th entry is given
by (v ® w);; := v;w;. Finally, the norm of a tensor A is denoted by |A| and is defined by |A| := (A : A2,

The following lemma provides a key identity that will be used to derive the energy estimates.

Lemma 1. Let (u, p, T) be the solution of the system (2.1). We assume that system (2.1) is subject to Neumann boundary conditions for the
fluxes and Dirichlet boundary condition for the displacement of the skeleton. We also assume that the gravity vector is equal to 0. We have
the following equality:

My 2 o)
0,E dxdr + —0,(|0,u|”) dxdr — ¢(u, p, T)——= pod,p dxdt
Or Or 2 Or p(p)
/
+ / lKVp - Vpdxdr + / A |VT|? dxdt + / MpKVp - Vpdxdt (3.2)
oy H o7 Trer o, Hp(p)

= / (hu(gp) +e—sT) +h, + h - 0,u) dxdt,
Or
where E is the total energy of the system, defined by

E@,p.T) = ¢ p. T)pDgp) — p+ pp)e) + 3 [0 TIM [;]

(3.3)
£ 2 12 . 2
201+v) [Ie(u)l g v ]
where M denotes a real, symmetric, positive definite matrix defined as
1
— —3a,
e [ ~ qua]. 3.4)
—3(l¢ Tef
Proof. Multiplying equation (2.1a) by (g(p) + e) then integrating over Q; and using the divergence theorem, we obtain
/ 9,(p(p)p(u, p, T))g(p) dxdr + / 0,(p(p)p(u, p, T))e dxdt
Or or
- / p(p)V (p) - Vg(p) dxdr — / p(P)V (p) - Ve dxdt (3.5)
QT QT

=/ h,,(g(p) + e)dxdt.

or
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Now, multiplying equation (2.7) by T then integrating over O, and using the divergence theorem, we obtain

/ T9,(S,)dxdr + / p(p)p(u, p, T)o,e dxdt
Or Or

- / pp.p.T) 9,p(p) dxdr + / p(P)V (p) - Ve dxdt
or P or (3.6)

_/ lm-Vp(p)dxdt—/ L gy vrdxdr
o, P or Tref

= (h, — sTh,,)dxdt.
Or

Finally, multiplying equation (2.1c) by o,u then integrating over O, and using the divergence theorem, the definition of the total-stress
tensor (2.4) and the fact that div(c®(w)) - d,u = —6°(w) : €(9,(w)) + div(e(u)o,u) + 1_—”2vdiv((divu)(a,u)), we obtain

/ mod>u - d,u dxdt + / 6°(u) : e(d,u)dxdr
or or

3.7)
- / (bp + 3o, K, T ) div(0,u) dxdt = / h - d,udxdr.
QT QT
Moreover, summing equations (3.5)—(3.7), we obtain
/ 9, (p(p)pu, p, T))g(p) dxdt + / 9,(p(p)d(u, p, T)e) dxdt
QT QT
+ / T0,(S,) dxdr — / pp@p 1), pydxdi + / mod%u - du dxd
Or Or p(p) Or
Vv
- / PPV (p) - Vg(p) dxdt - / 2Y0) g o) dxar
or oy PP (3.8)
- / L gy VT dxdr + / o*(u) + e(du)dxdr
Or ‘ref Oor
- / (bp + 3a,K,T)div(d,u) dxdt
Or
= / (h,(g(p)+e—sT)+ h,+ h - ou)dxdt.
Or
Furthermore, from the definition of the function g, we have
9, (p(p)p(u, p, T))g(p) = 0,(p(P)P(u, p, T)g(p)) — 9,(¢p(u, p, T)p) + po, . (3.9
In addition, using the chain rule formula and the identity vo,v = %a,(uz), we obtain
ppu,p,T) o' (0)p(u,p,T)
[l s Rl =2 b, (3.10)
) ,p(p) 20 pop
Similarly, we have
2 _ Mo _ M 2
Moy - O = —=0,(0,u - Ou) = 7a,(|a,u| )- (3.11)
From the definitions of the Darcy velocity (2.2) and the heat flux (2.3), we have the following equalities:
K
p(P)V (p) - Vg(p) = —;Vp - Vp,
14 Kp'
V0 gy = - 2Dy v, (3.12)
o(p) up(p)
L g -vr=—2vr.vr.
Tref ref
From the definition of the effective stress tensor (2.4), we have
‘w : -_£& N, EV 5 divey?
ct(u) : e(0u) = T o, (lew)?) + ATV a,(divu)?. (3.13)
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Consequently, combining (3.9)-(3.13) together with equation (3.8), we obtain

/Q 0,(p(p)p(u, p, T)g(p) — ¢, p, T)p + p(p)p(u, p, T)e) dxdt

my 2 3 2,
+/QT > 0,(|d,u| )dxdt+/QT a0 <|e(u)| a 2 )(dlvu) >dxdt

- | @ p,T)wpdpdxdt+/ lKvp-vpdxclt+/ VT dxdr (3.14)
Or (P) Or H QOp ‘ref

+ / T0,(S,) + po,¢p — (bp + 3o, K (T))div(d,u) dxdt
Or

+/ LAGRC / (hn(g(p) + e =5T) + h, + h - du) dxdr.
o, HP(D)

Now, from the definitions of the porosity and skeleton entropy (2.5), we get
T,(S,) + pd,p — (bp + 3a,K,T)div(d, u)

1
= —3aypo,T = 3ayTo,p+ - 0,p°

zT, (3.15)

_, [%[p 1] [_f% _i—¢] s H

Setting

E(u,p,T) := p(p)pu, p,T)g(p) — d(u, p, T)p + p(p)p(u, p, T)e
(3.16)

+ %[p T]M["] + le@)? +

Y (divu)?, with M defined by (3.4),
T V)

a-2
we recover from equation (3.14) the desired equality (3.2), which concludes the proof. [
Now, the following result states the energy estimates.

Proposition 1. Let (u, p, T) be the solution of (2.1) and let e be the internal energy of the considered system. Assuming that the fluid pressure
is positive, the porosity depends only on the pressure, i.e., ¢ = ¢(p), Assumption 1 holds, and ¢,y is sufficiently small, we obtain the following
estimate:

0ll Lo 0712000y + PNl Loo.i220) + 1T o022 + el ior:21@) 3.17)
+ ell Lo .71t @y + VPN 2007220000y + IVT 22071200y < C-

Proof. Let y : (0,7;) — R be the function defined by
m,
NORE / (ECen+ ZHoutx.n - Rp) ) dx.
Q
where R(p) is the function defined by

R(p) := / ¢(,,)M dp. (3.18)

We aim to show that there exist two functions k; : (0,7z) > R and k, : (0,7z) — R such that

g tp
/ y@dr < /0 (ky (@) + Ky (Ny() dt,
0

in order to apply Gronwall’s lemma [26] and thereby derive the desired result.
First, employing the chain rule on R(p), we obtain

2’ (p)
0,R —a 2 po 3.19
(p) = dp 0 = d(p) (p)p (D. (3.19)

Next, from the definition of y(f), employing Lemma 1 and the temporal derivative of R(p) (3.19), and using the assumption that p > 0,
we obtain

g tp tp mg
/ y'(t)dt:/ /a,dedt+/ /—a,(|a,u|2)dxdz
0 o Jo o Jo 2

tp (3.20)
- / / 9,R(p) dxdr < / (h,,(g(p) + € — sT) + h, + h - 0,u) dxdr.
0 Q Or

Furthermore, we aim to derive an upper bound for the right-hand side of equation (3.20). Using the assumptions (A2) and (A3), we
have that there exist positive constants C;, C,, C; and C, € R, such that

Iyl SCpo 1RJI<Cy TAISCy and e sT < Cyllpl> +1TP). (3.21)
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Applying the Cauchy-Schwarz inequality [27], we obtain

1 1
2 2
/Q h-dudx < < /Q |h|2dx> < /Q |a,u|2dx> = lIkll 2 10ull 2()- (3.22)

In addition, since the function g(p) is sublinear, it follows that there exists a constant C5 € R, such that
g(p) <Csp forall peR,. (3.23)
Employing inequality (3.22), the bounds (3.21) and (3.23), and applying Young’s inequality, we obtain:

(h(g(p)+e—sT)+ h, + h - d,u) dxdt
Or

5/ (C1(Csp+ Cylpl* +IT 1) + Cy + h - 0,u) dxdr
Oor
1
SClcs/ §(|P|2+1)dxdt+/ C,Cy(Ip)* + |T|*) dxdt (3.24)
Or Or

+/ Czdxdt+/ l(|h|2+|a,u|2)dmz
Oor Oor 2

S/ <C6(|P|2+|T|2)+C7+%Ia,ulz)dxdt,
Or

where Cy4 and C; are two real positive constants such that
2

G, G

2 2"

Now, using the fact that M is a real, symmetric, and positive definite matrix, we have

Cg:=max 3.¢,C, ) and C;:=

Aminl @ DI < [p T]Mm < Amaxl (0. T, (3.25)

where Agin, Amax € R, are respectively the minimum and the maximum eigenvalues of M.
Furthermore, let us define the function H : R - R by

P
1
H(p) := p(p)g(p) —p where g(p) := / —dz
o p(2)
The function H verifies H'(p) = p’(p)g(p), H(0) = 0 and H(p) > 0 for all p.
From Assumption 1 (A1) and (A4), together with (3.25), the fact that H(p) > 0 and the definition of E(u, p, T'), we obtain:

E(u,p,T) = ¢(p)p(p)g(p) — p+ p(ple(p. T)) + % [ TM [;]

. 1
2, 2] > 1. 2
+ s 1@ + 75 @] 2 6. H W) + Coe + 5 .7
This leads to the following lower bound:
Collpl* +ITP* +e) < E, (3.26)

where C) = mm( Ly mins P9, | > 0 is a positive constant.
Employing inequalities (3.24) and (3.26) in equation (3.20), we obtain

Ua
[ yas [ (ool + P+ €k Lo ) axar
0 or

< [ (Cotol + 1T+ €+ SouP 4 1 = L ) axar
Or

< / k2<E(u,p, T+ %|0,u|2 - R(p)) +C, dxdr
Or

tp
< / (ko () + Ky,
0

2C6+y 1

where k, = max
? < 2C, “my

) and k; = C,|Q|. It follows that

F
y(tp) < y(0) +/ (kpy(®) + ky) dr. 3.27)
0
We now apply Gronwall’s Lemma to (3.27). Hence, there exists a constant C > 0 such that

/ (E + 2015u? - R(p)) dx < C. (3.28)
Q 2
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Furthermore, from Assumption 1, the definition of R(p), and the assumption that p >0, we have that R(p) > ¢,y [ pdp=
%d)*ypz. Consequently, from (3.28) and the assumption that ¢,y is sufficiently small, we deduce that E € L*(0,ty; L'(®)) and
du € L®(0,t5; L2(Q)?). Furthermore, using the bound (3.26), we obtain that p € L®(0,t5; L*(Q)), T € L®(0,t5; L*(Q)) and e €
L®(0,1p; L'(Q)). Moreover, by the definition of E(u, p,T), and in particular the presence of the term involving e(u), it follows that
e(w) € L®(0,1p; L2(Q)%9) and thus Vu € L®(0,1,; L*(Q)%). Consequently, we conclude that u € L*(0,5; H'(Q)9).

In addition, employing equality (3.2), the bound (3.24) together with the assumption that p > 0 and since E € L®(0,5; L' (Q)),
du € L®(0,tp; L2(Q)?) and p, T € L®(0,15; L*(Q)), it follows that

/
/lKVp-Vpdx+/ A |VT|2dx+/&pKVp-Vpdx$C, (3.29)
Q H o Tt o r(p)

which implies Vp € L2(0,t5; L*(Q)?) and VT € L%(0,5; L>(Q)%). Finally, we conclude the estimate (3.17). O

4. Discretization

In this section, we present the discretization of our model. Consequently, we employ the backward Euler scheme in time and the
cell-centered two-point flux approximation (TPFA) finite volume scheme in space following [20,21,23] and [14]. In the sequel, we
consider an isotropic and homogeneous porous medium; for that, we suppose K = kl,;, where k is a positive constant and [, is the
identity matrix. We also neglect the gravity term. Moreover, the goal is to show that the energy estimates of Section 3 are preserved
for the discrete model.

4.1. Space and time discretizations

For the time discretization, we employ an implicit Euler scheme. For this purpose, we consider an increasing sequence of points
(")o<ngn, such that 2 := 0 and t*T =, and we introduce the interval I, := ("', ") and the time step ¢" :=¢" — "', 1 <n < Ny.
For the sake of simplicity, we assume the time step to be constant so that " = 5¢ > 0. For a function of time f with sufficient regularity,
we denote f" := f("),0 <n < Ny, and for 1 < n < N, we define the backward differencing operator

n . f " — f -l
0[ f .= T
For the space discretization of our model, we consider 7 an admissible orthogonal mesh of Q called primal mesh such that @ = |J g, K
where K are open and convex polygons called control volumes. We denote by &, the set of mesh edges. Boundary edges are collected
in the set £ := {a e&oC 6!2} and internal edges are collected in the set é‘;l"‘ =&, \ &X' Likewise, the edges of an element K € 7
are collected in the set £, and the latter is decomposed into interior edges S}‘g‘ and boundary edges £". For all K € 7, we denote
by x the cell center of K and N (K) the set of its neighbors defined as

N(K) :={LeT:3og; €Ek.oxg; =KNL}= Nip(K) U Ny (K),

where N,(K) is the set of neighbors of K located in the interior of 7 and N, (K) is the set of edges of K on the boundary 0Q =
0K N oQ . For an edge o ; € & shared by two elements K and L, we define the distance between these elements dy; := dist(xg,x;)
[
and 7y, = ldKLl as the transmissibility coefficient through o .
KL

Fig. 1. Illustration of the primal and dual meshes.

To discretize our unknowns, we introduce the discrete space of cellwise constant functions as follows
Ly :={v, € LXQ), vl = vk VK €T }.
We also define the scalar product on the space L, and its underlying norm by

1
2
Wp vy = D IKlwgvg, and ||vh||Lh<m:=(Z |K||vK|2> :

KeT KeT
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Moreover, we construct the dual diamond cell upon the interface o ; as the polygonal domain having xx and x; as vertices. We
denote it by D, (Fig. 1 provides a quick illustration). The d-dimensional measure |Dg; | of Dy is given by

1
Dkl = Elo'KleKL'

We associate a diamond Dy ; on each interface o ; when the two elements K and L exist, and in the case where ¢ C 0Q, we associate
a half diamond denoted by Dy ;. We also denote

Dy = {Dg,. K € TandL € N(K)}, Dey = {Dg,. K € Tando € £}

Then, we have Q = D;, U Dey,, and the mesh composed of the diamonds is called the dual mesh.
For a piecewise constant function v, € L, defined per control volume, we define on the dual mesh the discrete broken gradient
V, v, € R? as a constant per diamond by

Uy —Ug .
d ie, "KL if x € Dy,

Vy—Ug :
d=—tny, ifx €Dg,.

Ko

V,0,(x) 1= (4.1)

Analogously, for a piecewise constant vector function w;, € LZ defined per control volume, we define on the dual mesh the discrete
broken gradient V,w,, € R%¢ by

dYLK @ ny,  if x € Dy,
Vwpy(x) 1= w"f,;x ] (4.2)
d‘;T ®ng, if x € Dg,.

When there is no confusion, we write
on the boundary of the domain.
Furthermore, for (w,, vy,) € (Lh)z, we define the discrete H,, inner product as follows:

ox e, to be the sum over all diamonds, including the diamonds associated with interfaces

lox |
(Wh, Vp) gy 1=d Z 7 (wp —wg)(vy —vg),

oxEER KL

and the corresponding discrete H(} norm as

1/2 lox sl 172

. OKL

lopll @) <= ((Wzs”h)H,,(Q)) = <d Z 7 (v = UK)2> .
oxEER KL

In addition, the norm [|v,|| H, coincides with the L?(Q) norm of V,,0,. In fact

2
||thh||2LZ(Q)=/|thh| dx = z / |V,,0,]2dx
Q Dk

ok EER

c
gy el

ok EER

2. 2
vy —0 =D, .
T lo = ok o= gl

Additionally, we assimilate a discrete field G ; to the diamond piecewise constant vector function

G = Z Gxilpg,
ox1EER

where 15, is the indicator function of the set Dy . Moreover, we define the discrete divergence of the vector field G, by

1

diVKGh = m

Y lokrlGy - ngy. (4.3)
LEN(K)

Finally, we define the finite volume discretization 2 of Q x (0,7) by
9 = (T, Ep (xgker> Nrs (tn)nE[I,NTJ>-

We also set size(2) := max(size(T), §t). In addition, we associate a space and time piecewise constant function to the sequence
(W) ker nefi,Ny» denoted by vy and defined almost everywhere on Q x (0,15) by

vg(t,x) 1= U}, for a.e (t,x) € (", ") x K, VK € T, Vn € [1, N7].
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4.2. The finite volume scheme

The finite volume scheme is obtained by writing the balance equations on each control volume. First, we discretize the mass
conservation equation (2.1a). Let K € 7. By integrating over ["~!,#"] x K and using the divergence theorem, we obtain

/ (PP, p, A", x) = (p(P)p(u, p, T, x))d x
K

n n
+6t/ / p(p)V(p)-ndadl:&t/ / h,, dxdt.
m=1 Jok m=1 JK

The resulting equation is discretized with the implicit Euler scheme in time, and the normal gradients are discretized with a centered
finite difference scheme, then for n =1,..., Ny, (4.4) reads

IK|(p(Pg) bWl P T) — p(p Dy ' p ' TE)

+6t Y Fuxn (") = SiKI . (4.5)
LEN(K)

(4.4)

Here, the discrete elementwise source term A,  is defined by

1
o = — h, dxdt.
mK = Kt /1/K @

Furthermore, the total flux across ox; € 5;1“‘, ok = 0K NJL, is defined by
1 . n k 1 1
Fixr@") 1= pi; ;TKL(pK -0).
where p} |, is the mean value of the density, and it is defined by,
- / D i g
k7 P
R N e (4.6)
PrL L otherwise.
Pk
We observe that the numerical flux F; x; (p") is conservative in the sense that,
Pl,LK(Pn) = —F1,KL(P")~
Next, we discretize the energy conservation equation (2.1b). Let K € 7. By integrating over ["!,#'] x K, using the divergence
theorem and the implicit Euler scheme in time. Then, for n = 1,..., Ny, we obtain
-1 —1 gn—1 n—1
IKI(SIy + diest = St =i s
R (4.7)
Ty

+6t ) Foxr(@"T") = 8t|K]|
LEN (K)

Here, for L € N'(K), we have

A
T w1 (T¢ = T}).

k
Fox @' T") = o Sk~ ok (P = pp) +
H ref
with
P she +s]
Sk ST

Furthermore, the discrete elementwise source term A’ . is defined by

1
h. o= — h,dxdt.
ek = Kot /I/K e

We observe that , ; x (p", T") = =F, 1 (. T"), which provides a conservative numerical approximation.
Now, we discretize the momentum conservation equation (2.1c). Let K € 7. By integrating over ["~!,#"] x K and using the diver-
gence theorem together with the definition of the total-stress tensor (2.4), we obtain

/ mo (0u(t", x) — du(t" ™", x)) dx
K

_ & n v -
5t/()K 1_'_V(e(u )+ l_2Vd1vu I]d>ndo (4.8)

"

+ 5:/ (bp"y + 3a K (T" = T, p)ly)ndo = 5:/ / hdxdt.
0K m-1 JK
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Furthermore, we have

"ndo = / ") do + / "y, d
/aKe(u ndo z aKLe(u ng; do Z e ng, do

LENine(K) CEN gt (K) ¥ OKo
= > Lvur + vur)Tyny, do
FeNim ()T (4.9)
+ Y / %(Vu” +(Vu") ng, do
6ENext(K) /Ko
1 T
=3 Z TKL(([u’i —u’,’<] ®ngp)ngr + ([u’i —u’,’<] ®ngr) nKL).
LEN(K)
In the same way, we have
/ divu™i)Hn do
oK
= Z (div@"lng do + Z (div@") I )ng, do
LeNp(K) /oKL 6ENt(K) / Oka (4.10)
= Y logrl@ive kg + YL loge vk g,
LNy (K) 6EN et (K)
= D lokol@ivaig ng,.
LEN(K)
div(u™)l + (div(u™)l
where (div(")l,)gp, 1= (vl 5 (vl and the ij-entry of the matrix (div(u")l,)g is defined by
(@ivaly)g)y; = divgu! 1),
with divgu} being the discrete divergence of u; defined by (4.3).
Moreover, using the backward differencing operator, equation (4.8) reads
wh +u'? = 2ut!
|K|KK5—IK + 6t Z Fsx ", p", T") = 5t|K|h'... (4.11)

LEN(K)
Here, employing (4.9) and (4.10), we have

n 1 n . 8 T n n n n
F3 g, p", T") -=(1 +v)%[((uk —u)) @ny g, + [(uy —u)) ®"KL]T"KL]
&

\% .
= m|0’KL|(d1W""d)KL"KL + blo'KLlpr['(L"d"KL
+logp B K (Tr, = Trer)lgng s
where

3 n 3 n 1 n n n
divgu, +divouy 0 '=pK+pL _— T +T)

(divu"ly)gy = 5 d» Pxp = 75 kLT T 45

Furthermore, the discrete elementwise source term h, is defined by

1
n = — hdxd:t.
K Ko /1 /K *

We observe that F; g, (", p",T") = —F5 ; x(", p", T") which provides a conservative numerical approximation.
Integrating the porosity and skeleton entropy equations (2.5) over ["!,#"] X K, using the divergence theorem together with the

discrete divergence definition (4.3). Then, the discrete porosity (¢}),-.....n, and skeleton entropy (S7,),-,.... n, are given by
d)n _ ¢n—l " — Tn—l pn _pn—l
2 Th — pdivedtuy, — 3ay h__h o L% P ,
&t ! &t N &t 4.12)
Sin =S g . divgaty -3, P, G TR T .
e e T, ot

ref

Furthermore, we discretize the energy-entropy relation (2.6). Let K € 7. By integrating the first equation of (2.6) over [¢"~!,#"] x K,
we obtain

S L Pk
g I_ 2 e — el 1 + K = - . (4.13)
K K T" ( K K ) Tlré pr;< p,}(_l
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Let y € H'(Q) be a test function. Multiplying the second equation of (2.6) by py and applying the divergence operator to both sides,
we obtain:

div(pyVs) = div(%Ve) + div(‘%v(%». (4.14)

Let K € 7. By integrating equation (4.14) over ["~!,#"] x K and using the divergence theorem, we obtain
TKLPk VKL
Y, Akvkitki() = s = Y —T’:L (e} —€)
LEN(K) LeN(K) KL
noon (4.15)
+ Y oy, TRLORLYEL (L _ L)
KL )
LeN(K) TI,éL an prll(
Tn + T}'I pl‘l + pn +

where Ty, := %, Py = %, Wi i= % and pg is defined by (4.6).

Finally, at every time step 1 <n < Ny, we are looking for U, = (u?,p!,T}") € R®®ITl a solution to the nonlinear system of
algebraic equations (4.5), (4.7) and (4.11).

We aim to show that the finite volume scheme (4.5)—(4.11) can be reformulated as a discrete variational formulation. To this end,
we recall the discrete integration by parts formula [21] and we introduce a key identity.

Lemma 2 (Discrete integration by parts formula [28, Lemma 4.3.2]). Let Q be an open bounded polygonal subset of R?, T an admissible
finite volume mesh in the sense given in Section 4.1. Let Fx;, K € T and L € N(K) be a value in R depending on K and L such that
Fy; = —F; g (anti-symmetric), and let ¢ be a function which is constant on each cell K € T, that is, ¢(x) = @i if x € K. Then

Z Fyrox =— Z Fyrlop —(PK)=—% Z 2 Fyplop — o) (4.16)

KeT LeN(K) ok EER KeT LeN(K)

Proposition 2. Let y, € H;,. We have the identity:

Y3 skl s~ v

KeT LeN(K)
k TKLP';(L 1 1
= Z Z PR (€] — e ) +py, A ] - Piwke-
KeT LeN(K) KL L Kk

Proof. Starting with the left-hand side. Reorganizing the sum by edges, using the fact that p , (s} — s%)tx (P} — Pl ) is symmetric,
then reorganizing the sum on edges per cell, we obtain

k
Y Y At —so=Tkn (P — P )wk
KeT LeN(K) H

1 k
=5 2 X FhalGp ST (p] - rk) i v,
KET LeN(K) H

(4.17)

Furthermore, since py, (s — s} )7x (wk + ) is antisymmetric, we apply the discrete integration by parts Lemma 2 to obtain

DI ACERRL LA

KET LeN (K)
X " (4.18)
: . Kkt
=2 2 Z P Sk — S =Tk WP, With ygy 1= -
KET LEN(K) H
Now, substituting the discrete entropy-energy relation (4.15) in equation (4.18), we obtain
k
2 Z Z Pk — S =Tk Wk Pk
KeT LeN(K) H
k TPy W P Py W 1 1 (4.19)
KLPgL YKL kLPkLYKL
=2 ;x( > (e €+ > KL m <p_n_p_n>>p'll<'
KeT LEN(K) KL LEN(K) KL K L
Applying the discrete integration by parts Lemma 2, since T’“”Tlf]i(er;( —e})and 7y Lp'"-pT’ﬁ& <p+ - p%) are antisymmetric, we
KL KL K L

obtain

137



M. Mohamad, J. Dabaghi, F. Grondin et al. Applied Numerical Mathematics 230 (2026) 126-151

TP WKL
22 (Z e (e"K—eD)p"K

Ker H LEN(K) KL

PriPrlWkL (11
+2y < 2w o) )k
Ker # \LeNn (k) KL Pk PL

(4.20)
k TKLPK WKL
=y PR A LA 0
KeT LeEN(K) KL
Py PrrVkL (1
+Z Z KL p——p—(PL Py)-
KeT Len(x) # KL L K

Finally, combining (4.17) together with (4.18)—(4.20), we conclude the proof. [

The following proposition provides a reformulation of the discrete entropy conservation equation (4.7), using the discrete entropy-
energy relation (4.13)-(4.15) and the identity stated in Proposition 2.

Proposition 3. Lety, € H,, be a test function. The discrete entropy balance equation (4.7) is equivalent to

]¢n 1 1
Z |1<|<s;',,(—5;{,<1 o §t<6"ek+pK6”< )))WK
K Pk

KeT
/’KL k v vk
+3 5’ DY (e'i—e});fm(p',}—p'i)—z
KeT LeN(K)
P P +
+ s %< L_1 >erL(p'}<—p"L)% (4.21)
Ker LEN(K) KL \PL Pk
+ot ) Z (T" Ty
KeTLe./\f(K) Tret
KeT KeT

Proof. Let y;, € H), be a test function. Multiplying equation (4.7) by yy and summing over K, we obtain

lel( +pK¢nn_Sn1 "1¢n1"1>WK

KeT
k
+ 6t 2 Z prll(Ls;;L_TKL(p’l'( _PI)WK (4.22)
KeT LeN(K) H .
+ ot z TKL (T
KeT LeN(K) " Tef KeT K

Substituting the discrete entropy-energy relation (4.13) in the first term of (4.22), we obtain

2 |K| pK K K_pK1¢n ! sy I)WK

KeT
= K|5t(shor + ot tons
Kél 181 (s% 0" (px i) + Pl I s Yy 4.23)
pnfld)nfl 1
= Y K|t s;a:<pK¢K)+’}—f(a,"eﬁp;{a,"(—)) v
KeT K Pk

Moreover, we can rewrite the second term in (4.22) as follows:

k
) I A AT

KET LeN(K)
k n k
= Z z p'I;L(SnKL_S})_TKL(prI'(_pZ)WK'*' z Z pKL K ‘L'KL(pK pL)y/ (4.24)
KeT LeEN(K) H KeT LeEN(K) H
1 k k
== D P =SS (P = vk + Y, Y, sk =t (P — P ) vk
KET LEN(K) H KET LEN(K) H
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Combining equations (4.23) and (4.24), equation (4.22) becomes

PCPER

KeT

pn—1¢n—l 1
+ 2 |K|ot S',;a,"(ﬂkflﬁl()'*'l(T—,,K(a;leK +P';<5,n<—>> Vi
KeT K Pk
k n n
Z Z Py — K);TKL(pK_pL)WK

KeT LeN(K)
k

+or Y, D p'I;LS%;TKL(an -y )vk

KeT LeN(K)

n
K

+ 6t Z T (T;—TZ’)WK = V-

KeT LeEN(K) KeT K

Substituting the discrete mass conservation equation (4.5) in (4.25), we obtain

ﬂ ¢n 1
_ 1
3 |K|(S£K—S;Kl) ks KoK <a;1ek+p';(a;<—>> Wi
KeT KeT Pk

5t
+3 > A - J 2 - pL)u/
KeT LeN(K)

hn
+ot Y (TR =T} wg =6t ). |1<|< Tﬂ nh >w:<-

KeT LEN(K) T KeT K
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(4.25)

(4.26)

Finally, by applying Proposition 2 for the third term of equation (4.26), we obtain equation (4.21) which is the desired result. O

4.3. Discrete variational formulation

In this section, we show that the finite volume scheme (4.5)-(4.11) is equivalent to a discrete variational formulation. This is

formulated in the following proposition.

Proposition 4. Let (h°

0 whd h, hO) IS L2+" and (pO T0 0) € L2+d be given. The finite volume scheme (4.5)- (4.21)- (4.11) is equivalent

to the variational formulation: Find (v, T . up) € Lf:’d such that for all (¢, vy, @) € Hﬁ”, we have

pn¢n _pn—ld)n—l 1 &
/Q%(phdx+g/ﬂpszhpz‘Vh(phdx:/ﬂh:’n’h(phdx.

sno— gn-l n 1¢n1
s,h s,h 1 1 ph
=k sk dxt [ (e, + pron( — dx — -
[ e [ B (e () Jonoe§ [ 7
1 [ PiPhk 1 1 2 h
_E/Q 7 ;Vh r Vappyndx + o QT—thT;T‘VhlI/hdx= T

re

1 &£ Ev .
oy dx + = "yt dx+ [ —————d "1
/ Uy - @y dx /Q( )e(uh) e(wy,) dx /Q(1+v)(1 o ivu,ly

-/ (bp}, + 3, K (T} - ref))oliv,,(m,,)obc:/h;.mhdx.
Q Q

ko Shhmh>‘/’h dx

(4.27)

V,.p) - Ve w, dx

(4.28)

(4.29)

Proof. Let ¢, € H, be a test function. Multiplying the discrete mass conservation equation (4.5) by ¢ and summing over all cells

K, we obtain

X IKI(pe00 W0 - o W o+t X X di e (v

KeT KeT LeN(K)

From the definition of the discrete functions, we have

PPk — o O e e !
> KA T o [ DT Ty,
Q t

KeT

D IKIRL ok =/th,,,h¢hd><~

KeT
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In addition, applying the discrete integrating by parts Lemma 2 together with the definition of the discrete gradient (4.1), we obtain

pK o - ol
Z Z /’KL TKL Py —Pp) ek 2 dPKL |DKL| -
KET LeN(K) oK LEER KL KL
— Pk P~ P
Z dp, = |DKL|< "KL) : < d ngr
,,KLegh dgp KL

Z PxL= |DKL|Vhph|D Vh(ph\DK,_
oL EER

1/,, .
=~ [ 5y, .V, 0, dx
d Jo Mo TR

which establishes (4.27). To derive the variational formulation (4.28) on entropy, we use the reformulated discrete entropy conser-
vation equation (4.21). From the definition of the discrete functions, we have

— g1 pn—1¢n 1
Z K| Jox =Sk + = nK 5t<6”eK +pK6"< 1 )) Wk
KeT ot TK Pk

snoo_ Snfl n—1¢n—1 n _ ,n—1 n
s,h s,h Pp Py €h % Py 1 1
= v, + ot + = =-— v, dx,
/Q ot T,:' St St pZ pzfl
h" h"

eh

Z |K|< T" - SnKh:'n,K)WK = / <W - S';Zh:'n‘h>lllh dx.

KeT Q h

Additionally, transforming the sum over cells to the sum over edges and using the definition of the discrete gradient, from the second
term of (4.21) we obtain

and

1 P k 1 [ Phk
5 (e — e )=tk (P =P} )k === | =

==V} - V,ply, dx.
T " @ Jo Ty e T

2 KeT LeN(K)
In the same way, from the third term of (4.21) we get

PP (1 1 \k 1 [ PuPh k 1
DD s —TKL(P'k—P'i)WK=—g/ 75 Vel o ) VaPpwn dx.
Q h 4

Ker tenw) Tk \PL P/ H h

Furthermore, using the discrete integration by parts lemma and the definition of the discrete gradient, we get

A 1 A
k(T = TPwg = —/ VT - Vi, dx.

KET LeN(K) ref d Q T;'ef

Finally, let w, € H ;f be a test function. To derive the variational formulation (4.29) on the displacement, we multiply equation (4.11)
by @y then we sum over K to obtain

u +u 2u"l

> |K|— “og
KeT
T
O a +V) IEL x [((”K —up) ®ngp)ngp + [(ug —up) ®"1<L]T"1<L] @k
KeT LeN(K)
£ .
- Zr ; a+ v)(‘l/ oy kel (divaly) iy - o (4.30)
KeT LeN(K)
#0103 okl (lpba 30K (T = gl o
KET LeN(K)
=6t ) |K|Ky - og
KeT

From the definition of the discrete functions, we have

u +u 2u”'
ZI _ wK:/ﬁuh @, dx,
KeT
D |K|h;.w,<=/h;-a>,,dx.
KeT Q
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By applying the discrete integration by parts Lemma 2 together with the definition of the contracted product, from the second term
of (4.30) we obtain

1 & T
2 (1+V)TKLX(([M’;<_”H®nKL)"KL+([ur;<_uH®"KL) "KL)’“’K
KeT LeN(K)
— £ 1 n n 1 n n T D — Ok
= ;3 (1+v)|D“|X[2dKL(["L_"K]®""L)""L+2dKL(["L'"K]®""L) mRL| T (4.31)
kL€DkL
d
& Dkl [( n n ) n n W — O g
= X u., —Uu; "',KL+("' —u; )"',KL]—"',KD
nmé)u (L+v) 2dgy i,JZZI WK ALK dgr

In addition, employing the identity 2}, ; a;b; = ¥, ; a;b; + ¥, ; a;b; for all a;, b; € R on the right-hand side of (4.31). For the first term,
we take a; = (u | —u} )w; ; —o; k) and b; = n; g n; g ; for the second term, we set a; = (@; ;. — @; )n; xr and b; = W —ul k-
Together with the definition of the double contracted product and the stress tensor, this yields

1 £

2 (I +v) KL X ((["7( —u}] ®@ngy)ngy + ([uy —u}] ®"1<L)TnKL) oy
KeT LeN(K)

-1 Z 3 |DKL|i[(Vu”®n ), + (Vyul ®n )] x[(Vm ®ngr),  +(V,0,®n )]
daKLeDKL (1+v) 4‘1?@ ~ n4p KL);j ntp KL)ji]\py, h®p KL);j o %L)5i b,

d
1 £ .,
T4 Z (14v) Dkl [,Z::1 Wi ipg, @iy,

ok L€DkL

1 £ 0 .
= 7 /Q me(uh) : e(wy)dx.
Proceeding analogously, we treat the third term of (4.30) to obtain

B Y J— L P / £y
1 +v)A-2v) d 1

——————div,u;l; : e(w))dx.
KeT LeN(K) o (1+v)(1 -2v)

Finally, for the fourth term of (4.30), we first consider the pressure term. Integrating by parts and applying the definition of the
discrete divergence operator (4.3) together with the boundary conditions, we obtain

1
Z Z blog 1Pk lank L - @k = -3 Z Z lok1b[pk (@1 — o)) - ng
KeT LeN(K) KeT LeN(K)

1
=-7 2 X loxulbp0je, - s - @k + o) = M) -ni,
KeT LeN(K)

1
=-7 YD lokilb2@ e — Pyok) ngp + 20 @k + @) ng,]
KET LeN(K)

=— Z K |bpL divco,.
KeT
Similarly, we obtain

> Y lokilGaK(Tp, —Tengy - ox =— Y |KI3a,K(Tp = Top)divg oy
KeT LeN(K) KeT
Therefore, we obtain
YD [blokilp, +loxrBaK (T, = Top)|ngy - ok = - /(bp; +3a,K (T} = Tyop)divg o, dx,
KET LeN(K) Q
which establishes the desired result. [

5. Discrete energy estimates

In this section, we derive the discrete energy estimates for the model under Assumption 1 on the discrete physical data. The
following lemma provides a key estimate that will be used to derive the discrete energy estimates.

Lemma 3. Let (u},p},T;) be the solution to the system of equations (4.27)—(4.29). Then, the following estimate holds

~r
My —17h
/0,"Ehdx+/ 76;’|6;’uh|2dx—/¢';1 l—npzar"phdx
Q Q Q Ph
i + A 19T + 5 [ e, o (5.1)
du M) T g 2@ T fo gy Pr AR

s/(hZh(gZ+eZ—sZT;)+hZh+hZ-at"uh)dx.
Ui, :
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Where the discrete energy E; is defined by

£ ny2 Ev
230+ @ Sy

with g;, = p(c;,) with ¢, e]pZ",pZ[, Ph = p(z}) with zy €lpy. P}l the matrix M is defined by (3.4) and the function g is defined by (3.1).

1 p .
E} 1= 05,85 — Gypy, + P dhel + 5 [1’71 T:]M[ h] (leh"Z)z’

”
Proof. First, we consider in (4.27)-(4.29), the test functions @, = (g(p}) +e}) € H, where g is defined by g(p}) := / " E d¢,
p
v, =T) € H, and ®, = d/u, € H ,‘f . Then, summing the resulting equations, we obtain
E\+E,+E;+ E;+ Es+ Eg = E, (5.2)
where
pnd)n ¢n 1
E, ;=/ hh—(g(ph) +ell)dx +/ Pt (ot + plhor L)) ax,
Q ot Pn
KL Sn—]
E,:= / b gy,
Ey=L [ Ry, o v, e dx + L kv (L) v,pd
=7/, ph— wPy - Vi8(oy) X+§ phph n E - Vup), dx,
Eyim 9T
Es: /0 uy - 0'uy, dx + = 1 / 2 —e?) : e(au")dx+/ Ldiv ully : e(oull)dx
5 b % h o (L+v) h "k o (L+v)(1—2v)  Moad = BT
Egi=— /ﬂ (b0}, + 3a, K (T} = Tyep))divy,(0,u}) dx,
E :=/Q (e + e = ST + B, + - Oy ) i
Expanding E,, we obtain
E = / 0 (ppdnen + prbpg(py)) dx + — / “lor ey - g(p))) dx
/ A "(—) dx :=E| |+ E, + E 3.
Ph
Since the function g is concave (g”’ < O) then we have
gl =g < g @rhHwh - Py
Consequently, E, , can be bounded as follows
1 _
Epz o /Q (21 — g1") — 5101 (o] dx
Next, from the mean value theorem [29], we have
o= =) Wh - Y,
where g, = p(c,) with ¢, e]pZ", il Consequently, from E, 5, we obtain
‘1¢’;,‘1pZa,"<i> gy )
Ph Ph
We thus obtain the following lower bound for E;:
E; 2 /Qaf(/’hd’heh + Pnbn8(pp) = Pppy) dx
(5.3)

;t/ph(qsn d);tl l)dx /¢n 1(ph) anphdx

Furthermore, from the definition of the discrete porosity and skeleton entropy (4.12), we obtain
¢n _ ¢n—l Sn = S" .
/ p;llhé—th dx + / T;‘T dx — / (bp}, + 3, K (T}))div,,0) () dx
Q Q Q

—1 —1 —1 -1
O L e S WYl PP/ RSPl il S
o PCh 5t N st ¢ThT sy T " ot

ref
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Moreover, since M is a real, symmetric, positive definite matrix, we have the following inequality
1 pn _ pnfl 1 pn ) ) n 1
A [ Y | B [ e B T

sl o]

This yields

Ejp+Ey+Eg2— / O (Bppp) dx + = / a"[ [”h” dx. (5.4)

Furthermore, we recall the inequality a(a — b) > —(a2 — b%) for all a,b € R, which yields the bound
1 -1 2

oluy, - 0wy, = 5 = (0'uy — 0" Muy,) - Ouy, > 20;1|0"uh| . (5.5)

In the same way, the second term of Ej satisfies
1

e(uy) : e(0uy) = Ee(u;'l) De(u) —uy -1y > 2(3t"(|e(u,,)|2), (5.6)

Likewise, the third term of E5 satisfies
: n . 1 . n—1 1 : 2

divjupl, : e(0; uh)— (dlvhu Iy @ e(uy —uy )) > 3% 97 (divyup)”. (5.7)

Combining the three estimates (5.5)-(5.7) yields
1 2 & 2 Ev
E5 > 5 '/S; [0,"|0;’uh| + md:’(le(uh)l )+ W ,(dlvhuh) X. (5.8)

Now, to obtain the estimate on the gradient terms, we note that

) (M—/ﬁ L
g L ng - p';( p(g) B

and from the definition of the density on the interfaces (4.6), we have
P &@]) — gy = p} — P
Then, by considering g = (8P )ker> wWe get
g(p}) — g(py) J Pl — Py

n n _ _ K _ n
ﬂhvhghm“ =dpkL dey ngp = dey ngp = V"ph\DKL’

and

Py Vip), ‘thZmKL = (Vhp;,, : VhpZ)IDKL'

Finally, using the mean value theorem, from E;, we have

pn pn pn _pn
—Phl’hvh< ! >'Vh1’2 = —d? S <Ln_in> T
P Dks dxr \pp k) dke
nooon no_ .n no_ .n (5:9)
- d*7 PrLPkL <pL Px > Py — Pk -7 PPy R A
= = h h
h p']’dan der h prip% h h’|Dkr’

dgr
where E;l =y (z)) with zy € (P, p})- In addition, since g is concave, we have
g(y) — gW}) < & Py — ph). (5.10)
Using the definition of the density on the interface (4.6) and inequality (5.10), we obtain
PkL= P;r['(_P'in 2 /ln
g(py) — 8@} — &W))

Since pg, is symmetric, we also have P = p(p). Hence, from (5.9), we obtain

—r
K 1 p

/p,,p,,—Vh<p )'Vhp'},de/—f,'p'},
h Q Py

This yields the following bound for E;

1 kph
B> A1V, + déﬂﬂﬂ

To conclude, we combine the estimates obtained in (5.3), (5.4), (5.8) and (5.11) which completes the proof. O

= p(p}).

2
V0, (5.11)
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The following proposition establishes discrete energy estimates analogous to those satisfied by the continuous model, therby high-
lighting the energy stability of the numerical scheme.

Proposition 5. Let (u ph,T") be the solution of (4.27)—(4.29). We assume that Assumption 1 holds. We also assume that the discrete
fluid pressure is positive, the porosity is constant (¢} = ¢,) and ¢y is sufficiently small; we obtain the following estimate:

192 [l L0220 + 1P2 | Lo 01p2260) + 172 [l 10012200
e imaspatian + 1l + 190l o2
+ VT ol 201220 < C-

Proof. From Lemma 3, we recall that the solution (uh, ph,T") satisfies the discrete estimate (5.1). Summing inequality (5.1) over
n=1,..., Ny, we obtain
2
ofuy| >dx

/Q (er - ) ax+ [ 22 ([0 -

/¢ —p,,(p,, 1)d>c+ Z/ |Vhp,,
s [ 4 k7,
+E;/QE|V,,T" dx+—2/ np;:

Ny
< 6t Z/Q (h:’mh (gl + e —siT)) + hy, +hy - 6,"u,,) dx.
n=1

dx

(5.13)

2
Vo),

Moreover, using Assumption 1 (A6), and the fact that P20 and the porosity is constant, we obtain the following inequalities from
the third term of (5.13) depending on the monotonicity of the pressure:

. prz —p"_1 >0:

p
0 S, = P = —dor (@) = pp) 2 —dor (@) — (D).
h

o If pf — p}~ 1 <o0:
- l—ph<ph P > 02 gor(()* — (i HY).
Consequently, we obtain

-y l—ph(ph P > —sgn(p), — py Doy (p))* — (), (5.14)
h

1 ifp;'l—p;"_l >0

= Y,

where sgn(p” — p'~!) :=
h “h -1 otherwise.

Let {yNr }§r=l be the sequence defined by

Ny, Mo|Ng |2 _ Nr\?
o :=/Q<EhT+7°‘a, Tug|” = sgnoy - v Obor (n)7) )dx

Our goal is to apply the discrete Gronwall Lemma [30]. To that end, we aim to show that there exist two sequences {a™T }2r=1 and
Np

{bNT }?V°T=1 such that yN7 < o7 + z y"b", which is the required form to apply the Gronwall Lemma and conclude the desired bound.
n=1

Using the definition of yN7 and inequalities (5.13) and (5.14), we obtain:
2 2
YN — 30 :/ (E;IVT - Eg)dx+/ @<‘6[N7uh‘ - ‘d?uh‘ >dx
Q Q 2
_ Np\2 2
- /Q sgn(pj, — ply ‘)¢oy((ph T) - (/) ) dx (5.15)
<ot Z/ (8 + ey = ST) + Bl + I 0wy, ) dx.
h=

Applying the Cauchy-Schwarz inequality, we have

/Qh; - OMuydx < (1R 2o 197U ]l 12 - (5.16)
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From Assumptions (A2) and (A3), there exist positive constants C;, C,, C; and C, € R, such that

I, <Cp IR, 1<Co [ <Cy oand e = T)'sh < Cy(pll? + 1T} 1) (5.17)
In addition, since the function g is sublinear, it follows that there exists a constant C5 € R, such that

g(py) < Cspy. (5.18)

Analogous to the continuous case, we employ inequality (5.16), the bounds (5.17) and (5.18), and we apply Young’s inequal-
ity (ab <l@+P).vabe R) to obtain
2 2 1 2
/ﬂ( W (@) + ¢y = SHTZ) + Bl + By -y, ) dx < /Q (Collpy P+ 1771+ €7 + 3107w ), (5.19)

P C2
where C4 and C; are two real positive constants such that Cq = max (% C, C4) and C; = ‘C5 +C+ 2

Now, using the fact that M is a real symmetric matrix, we have
le
Aninl @ T < [P} T;]M[T’;] < A [0} TN, (5.20)
h

where A;, and A, are respectively the minimum and the maximum eigenvalues of M.
Now, let us define the function H : R - R by

H n . p;:
H®}) = p(py)gpy) — p, with g(p,,)-=/0 © dg.

We have that H () 2 0. Using Assumptions (A1) and (A4), together with inequality (5.20) and the fact that H () 20, we deduce
from the definition of E}, that

EZ = 2 min|(PZ, T:)|2 + p¢*eZ'
This leads to the following lower bound:
Co(lp! 1> + T +¢l) < E, (5.21)

where C) = mm( mins pd)*) > 0 is a positive constant. Employing inequalities (5.19) and (5.21) in equation (5.15), we obtain

m
WV <30 46t Z / + 210 usl? = sgn(v], = ooy (#))? ) + € dx
(5.22)

Nr
=alr +b2y",
n=1

Co+sgn(o—py Nor 1
Cy ’ mg

to (5.22). Since b is constant and non-negative, it follows that

where b := §t max and a1 := )0 + 6tNy C;]Q| = )° + 1C;|Q|. We now apply the discrete Gronwall lemma

Nt
W <ag [T +b) = ap(1 + )M,
n=1
where 6 € S(1, Ny) = {k where yK(H;:ll(l + bj))’l is maximized in{1,..., Ny }}.
Hence, there exists a constant C > 0 such that

/Q (E; n %a,"u,,ﬁ — sgn(p! —p;-l)%y(p;)z) dx<C foralln=1,...,Ny. (5.23)

Therefrom, from the assumption that ¢y is small, we deduce that Eg, € L®(0,15; L'(Q)) and d,ug, € L®(0,15; L*>(Q)?). Furthermore,
using the lower bound (5.21), we get that pg, € L*(0, tr; LA(Q)), Tg € L*(0, tr; L2(Q)) and eqg € L*(0, tr; L1(Q)). Moreover, by
the definition of EZ, and in particular the presence of the term involving e(uZ), it follows that e(ug,) € L®(0,1p; L2(Q)??) and thus
Vg € L®(0,1p; L2(Q)%9). Consequently, we conclude that ug, € L®(0,t5; H'(Q)%).
Given that Egy € L®(0,15; L'(Q)), dugy € L®(0,15; L2(Q)9) and pgy, Ty € L¥(0,15; L*(Q)), we deduce from inequality (5.13) and
the source terms bounds (5.19) that
- 4
2 z - [

5t a [k 2 5 A A
= _Vhp" + = /_
d,;/ﬂﬂ| h d,; Q Trer

which implies V,,pg € L2(0,15; L2(Q)?) and V, Ty, € L*(0,1p; L2(Q)?). Finally, we obtain the estimates (5.12). O

VhT,:'

v ax<c. (5.24)
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6. Numerical experiments

Applied Numerical Mathematics 230 (2026) 126-151

In this section, we present some numerical experiments associated to the proposed numerical scheme. To solve the nonlinear
system of equations (4.5), (4.7) and (4.11), we employ the Newton method to “almost” convergence (the Newton tolerance is set to

10710y,

We consider a one-dimensional homogeneous porous medium of length L . The initial porosity is set to ¢, = 0.2 and the constant
absolute permeability is K = 10~'2m2. The gravitational effects are not taken into account in the numerical tests. We consider the

same simulation parameters as in [18] and they are reported in the following table.

Table 1

Material properties.
Quantity Symbol Value Unit
The Volumetric skeleton thermal dilatation coefficient ag 1.5x 107 K!
Biot’s coefficient b 0.65 -
Thermal Conductivity p) 2 Wm K
Poisson coefficient v 0.15 -
Young modulus E 40.10° Pa

E

Bulk modulus K, W Pa
Biot modulus N Frmrrsvomnt Pa
Skeleton volumetric heat capacity C, 2.10° Jm3K!
Reference temperature Tres 300 K
Reference pressure Dref 10° Pa
The Volumetric thermal dilatation coefficient ay b - ¢V, K!
Average fluid skeleton specific density my 0 Kg m™>

6.1. Test case with exact solutions

First, we analyse the numerical convergence of our scheme for the system of Eq. (2.1) using the following analytical solution:
p(x,1) = e SIn(wX) + propy T(x,1) = Tyep — ¢ ' sin(zx) and  u(x,1) = 107e " x(x — L)

on the domain Q = (0, 1) and time interval (0, ;) with 7 = 1s. Dirichlet boundary conditions are imposed for p, T, and u, and the
source terms h,,, h,, and h are computed from the analytical solution using the parameters from Table 1. We consider a small constant
time step 8¢ = 10~*. Moreover, the density of the fluid is given by

P(D) = Pref(1 + Cref(p — Pref)):

where p¢ = 1000 Kg m™3 is the reference density and c ¢ = 10°°Pa~! is the compressibility coefficient. The fluid viscosity is set to
u = 1073 Pa s. The fluid-specific entropy is given by

T 1 p
s(p,T)=C ]n( >—<—>ln<—>,
4 Tref Pref Dref

where C; = 1000 J.K g 1.K~! is the fluid specific heat capacity.
The relative L? space-time errors for p, T, and u are presented in Fig. 2 as functions of the number of mesh elements N,.

T T T T

-1 | [—e=1lp = pall/lIpll

——[|T = Tu|l/|IT]|
. 2.15 —a— |[u — up|/]|ul|
g 1073} .
=
=
£
& 107° ) a
Q
o
S0 o206 N
0.46 \L\‘
10—944 | L1 =
10! 102

Ny

Fig. 2. Relative L? errors for the pressure p, the temperature T, and the displacement u.
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Fig. 2 shows the relative L? space-time errors for the primary unknowns: fluid pressure p, fluid temperature T and skeleton

displacement u, as a function of the number of spatial mesh elements N,. The relative L? space-time error is defined, for example,
for the pressure, as

1/2
t 2
[lp— Ph”LZ(Q,LZ(O,tf)) _ (A)F fQ(p —Pw dth) D
= 2 .
||P||L2(Q,L2(0,rF)) (/O'F fg P? dxdt)

Similar expressions are used for the variables T and . This figure highlights the different convergence behaviors, which are consistent
with those reported for incompressible fluids in [16]: the pressure and displacement exhibit approximately second-order convergence,
while the temperature shows a slower convergence rate of about 0.5. Moreover, the results are comparable to those observed for a
compressible flow in fractured porous media [18], where the convergence rate of the model is approximately 1.5. Overall, these
results demonstrate the accuracy and robustness of the proposed numerical scheme.

6.2. Dirichlet boundary conditions

We consider a one-dimensional homogeneous porous medium of length L = 10 m. We fix the initial pressure, temperature, and
displacement field to p° = 10 Pa, T? = 300K, and u® = 10~%m, respectively. Dirichlet boundary conditions are imposed on the pres-
sure, with p = 4 x 10° Pa on the left boundary and p = 10° Pa on the right boundary. For the temperature, we fix T = 285K on the
left boundary and T = 300K on the right boundary. The displacement field satisfies homogeneous Dirichlet boundary conditions,
representing a waterproof sample. This configuration is particularly relevant as it enables the investigation of the risk associated with
pressure buildup resulting from the restriction of fluid outflow. In addition, the source terms #,,, h,, and h are set to 0.

We consider a uniform spatial mesh (N, = 100 elements) and let 7, = 1 day be the final simulation time with 6z = 10735 the
constant time step.

In Fig. 3, we show the behavior of our numerical solution through the porous medium at the final simulation time ¢t = 1 day.
More precisely, we displayed the fluid pressure (left), fluid temperature (middle) and skeleton displacement (right). We note that the
pressure decreases rapidly near the left boundary and stabilizes further into the domain. The temperature increases before reaching
a nearly constant value, while the displacement initially increases in the first cells, reaching a maximum around 8.10~> — 9.10 % m,
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Fig. 3. Solution for N, = 100 spatial elements at ¢ = 1 day. Fluid pressure (left), fluid temperature (middle), and skeleton displacement (right).
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Fig. 4. Profile of the numerical solution for N, = 100 spatial elements at different time values. Left: fluid pressure, middle: fluid temperature, right:
skeleton displacement.
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Fig. 5. Numerical solution for diffrent cases depending on the skeleton displacement at ¢ = 1 day. Left: fluid pressure and right: fluid temperature.

and then decreases further into the domain. We observe that negative displacement values were generated; this is due to the fixed
boundaries on both ends of the domain and unrealistic data in this test case. These behaviors are consistent with the applied boundary
conditions and the coupled thermo-poroelastic nature of the system, demonstrating the strength of our approach.

In Fig. 4, we represent the evolution of the numerical solution over time, from ¢ =2 days to ¢+ = 100 days, as a function of the
spatial domain. We observe that the fluid pressure increases over time and gradually approaches a steady, nearly linear profile. An
analogous behavior is observed for the temperature, which stabilizes progressively over time. In contrast, the displacement decreases
and develops a wave-like profile at later times.
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Fig. 6. Numerical solution for different cases depending on the compressibility of the fluid at = 1 hour using N, = 100 spatial elements. Left: fluid
pressure, middle: fluid temperature, and right: skeleton displacement.

6.3. Influence of the displacement

2.
3.

In this section, we investigate the influence of the skeleton displacement on the numerical solution. We consider three cases:

. No displacement (u = 0): we assume that the skeleton undergoes no displacement. As a result, the system of equations (2.1)

contains only the fluid mass conservation equation and the energy balance equation. In addition, we define the porosity as
¢ = ¢(p,T) and the volumetric skeleton entropy as S, = S,(p,T).

Initial displacement u” = 0: We consider the system of equation (2.1) where the initial displacement is equal to zero.

Initial displacement u” = 10~°: We consider the system of equation (2.1) where the initial displacement is equal to 10~° m.

Moreover, we consider the same parameters and boundary conditions mentioned in Section 6.2.

Fig. 5 illustrates the numerical solution (fluid pressure and temperature) under three cases : (1) with no displacement, (2) with

an initial displacement field u® = 0 m, and (3) with u® = 10~ m, for N, = 100 spatial elements at ¢ = | day. We observe that the
behaviors of the temperature for these three configurations are similar. It shows, in particular, that variations of the displacement u
do not affect the evolution of the temperature variable. However, the pressure is slightly higher when the displacement is neglected
in the model, whereas in the other case, the variation of the initial displacement does not affect the evolution of the fluid pressure.

6.4. Influence of the compressibility

In this section, we analyze the influence of compressibility on our numerical solution. We consider three cases:

. Incompressible fluid: In this case, we suppose that the fluid is incompressible with a constant density p = 1000 Kg m~3 and we

set the fluid viscosity to 4 = 10~ Pa s. The fluid-specific entropy is given by s(T) = C r1n <TT >
’ ref

. Weakly compressible fluid: The density of the fluid is given by p(p) = prep(1 + Cref(p — Pref)) Where pre = 1000 Kg m™3 is the

reference density and c,os = 107°Pa~! is the compressibility coefficient. In addition, the fluid viscosity is set to 4 = 107> Pa s. The

fluid-specific entropy is given by s(p,T) = C; In < r ) - <L> In <L>
Trcf Pref Pref
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Fig. 7. Numerical solution at different times using N, = 100 spatial elements. Left: fluid pressure, middle: fluid temperature, and right: skeleton
displacement.

3. Perfect gas case: The density of the fluid is given by p(p) = M, R i where M, = 2.01568 103 Kg.mol~! is the molar mass of the

ref
hydrogen and R = 8.3149 J.mol~1.K! is the perfect gas constant. In addition, the fluid viscosity is set to 4 = 9 x 107 Pa s. The

fluid-specific entropy is given by s(p,T) = C;In < T ) —RIn <L)
Tt Dref

The parameters and boundary conditions used are consistent with those specified in Section 6.2.

In Fig. 6, we show the behavior of the numerical solution under different cases depending on the compressibility of the fluid :
case 1 (black curve) with an incompressible fluid, case 2 (red curve) with a weakly compressible fluid, and case 3 (blue curve) with a
perfect gas. We observe that the pressure in the incompressible case is greater than the pressure in the compressible cases, where it is
nearly the same. In contrast, the compressibility of the fluid does not affect its temperature, which stays similar in all cases. Finally,
we observe that the skeleton displacement is greater for an incompressible fluid than a compressible one. Moreover, in the case of a
weakly compressible fluid, the displacement exceeds that observed for a perfect gas.

6.5. Neumann boundary conditions

In this section, we consider the same parameters mentioned in Section 6.2 with different boundary conditions. We employ homo-
geneous Neumann boundary conditions for the pressure and temperature. For the displacement, we employ homogeneous Dirichlet
on the left boundary and homogeneous Neumann on the right.

Fig. 7 represents the evolution of the numerical solution over time, from day 1 to day 100, through the porous medium. We observe
that, at each time, the fluid pressure decreases progressively when moving further into the domain. However, the temporal evolution
reveals a crossover: at ¢ = 10 and ¢ = 100 days, the pressure is lower than at r = 1 day in the first cells of the domain (approximately
x <2 m), but becomes higher than the pressure at ¢ = 1 day further into the domain. Moreover, at 7 = 100 days the pressure is lower
than at 7 = 10 days in the first half of the domain, but is higher in the second half. This behavior reflects the progressive redistribution
of the fluid, consistent with the imposed boundary conditions, where the pressure gradient is zero at both ends. The same behavior
is observed for the fluid temperature, since identical boundary conditions are imposed for the thermal flow, leading to a similar
redistribution process over time. Finally, for the displacement field, we observe that it increases both with time and along the spatial
domain. This is a consequence of the boundary conditions: no displacement was imposed on the left of the domain, while a Neumann
condition on the right allows displacement to accumulate and grow over time.
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7. Conclusion

In this work, we investigated discretizations that preserve energy estimates for a THM model describing compressible fluid flow in
deformable porous media. We employed the finite volume method with two-point flux approximation for the spatial discretization,
and the implicit Euler scheme for the discretization in time. Particular attention was given to the choice of the fluid density at the
interface, where a non-classical definition was adopted to ensure the preservation of the energy estimates at the discrete level. Energy
estimates were derived and presented at both the continuous and discrete levels. The proposed approach was then tested and validated
through numerical experiments under different boundary conditions, and the influence of fluid compressibility was examined. The
results confirmed the robustness and reliability of the method.

In future work, we aim to extend the model and discretization framework to the case of two-phase flow in deformable porous
media, where additional unknowns and nonlinear couplings will pose new analytical and numerical challenges.
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