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Abstract

In this work, we investigate a Thermo-Hydro-Mechanical (THM) model describing compressible flow
in deformable porous media. Such models play a significant role in various areas of geomechanics, with
applications ranging from underground energy storage to oil and gas reservoir engineering. The sim-
ulations of THM models are essential for the analysis and design of safe and efficient energy storage
cavities. We begin by presenting the mathematical formulation of the model, which consists of a sys-
tem of parabolic partial differential equations governing the conservation of fluid mass, entropy, and
skeleton momentum. First, we derive energy estimates for the compressible model. Next, we focus in
particular on the development of numerical discretizations that preserve the energy estimates of the
continuous system at the discrete level. To this end, we employ the backward Euler scheme for the
time discretization together with the finite volume two-point flux approximation (TPFA) method for
the spatial discretization. Numerical experiments are presented to validate the proposed approach and
to illustrate its accuracy, efficiency, and robustness.

Keywords: Thermo-Hydro-Mechanical (THM) model; Energy estimates; Compressible flow; Finite
volume method.

1 Introduction
The rapid deployment of offshore wind farms has increased concerns regarding the management of excess
electricity production during peak generation periods. Among the potential solutions, water electrolysis
offers a promising solution by converting the excess of renewable electricity during off-peak periods into
green hydrogen. The produced hydrogen can be stored in an underwater cemented cavity within a porous
geological formation for later use, providing a clean, large-scale, long-term, and potentially cost-effective
energy storage solution [15, 28].

However, when hydrogen infiltrates the surrounding construction materials, several complications may
occur, such as chemical degradation, alterations in porosity and permeability of the porous medium, struc-
tural damage, embrittlement induction, and loss of mechanical strength, each of which may significantly
increase the risk of gas leakage [30, 27, 22, 21].

These challenges highlight the need for rigorous mathematical and numerical modeling approaches to
capture the coupled physical processes that describe the hydrogen flow and its behavior in porous media,
while taking into account the thermal and mechanical effects. Such models provide a framework to evaluate
potential risks, such as gas leakage and structural weakening, and to assess different risk mitigation strategies.
In this work, we address these issues through numerical simulations based on the finite volume method.
Our aim is to establish a robust computational framework that contributes to a safer, more efficient, and
more sustainable hydrogen storage.
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Thermo-Hydro-Mechanical (THM) models are essential for analyzing fluid flow in deformable porous
materials, as they capture the complex interactions between fluid transport, heat transfer, and mechanical
deformations within the subsurface. The theoretical foundation for THM models was initially established by
Terzaghi [29], who introduced the effective stress principle, and later generalized by Biot through the theory
of poroelasticity [3, 4]. Relying on these pioneering works, a more comprehensive framework for multiphase
flows in deformable porous media was developed by Coussy in [10], where the model is reformulated using the
first and second principles of thermodynamics. This framework serves as a keystone for the model presented
in this work, where small deformations, porosity variations, and linear thermo-poro-elastic behavior of the
porous rocks are assumed. In addition, we consider a compressible fluid flow, which represents the main
novelty of this study. Compressible flows have been extensively investigated in the context of compositional
multiphase flows in porous media, mainly due to their ability to capture the effects of fluid transport in the
medium and associated volume changes [8, 26]. Nevertheless, incorporating compressibility within the flow
introduces several difficulties into the mathematical model. Indeed, it involves high nonlinearities arising
from pressure-dependent density, high computational cost, and potential numerical instabilities due to
degeneracies in space and time. The underlying difficulties of such models make their mathematical studies
very complex and we mention, for the sake of completeness, the recent contributions [17, 18, 11]. This model
consists of three nonlinear partial differential equations modeling the fluid mass conservation equation, the
fluid entropy conservation equation, and the skeleton momentum balance equation. This nonlinear and
strongly coupled system poses significant analytical and computational challenges, particularly in ensuring
stability and energy consistency at the discrete level.

In recent years, an important amount of work has focused on the numerical analysis of THM models. For
instance, Droniou et al. [13] studied incompressible single-phase flow in non-fractured deformable porous
media, employing the Hybrid Finite Volume (HFV) method [12] combined with the finite element method
for the numerical discretization. In the context of fractured porous media, we mention [14, 5] where the
authors employed a HFV approach to discretize the flow and heat transfer equations, combined with a
finite element approach for the mechanical equation. In contrast, finite volume methods based on the
Two-Point Flux Approximation (TPFA) [16] have been widely applied to multiphase flow in rigid porous
media, where mechanical deformations are neglected, due to their computational efficiency and conservation
properties [25, 18, 1, 6, 2]. While this approach has demonstrated efficiency and accuracy in rigid porous
media, its extension to fully coupled THM problems remains challenging, particularly in maintaining energy
stability and robustness under large parameter scales.

In the present work, we extend the THM model originally formulated in [10] and previously analyzed for
incompressible single-phase flow in [13], to the more realistic case of a compressible fluid, where the density
depends on the pressure. To the best of our knowledge, this methodology has never been developed before.
A key challenge in this setting is the derivation of energy estimates for the compressible system, due to
the additional nonlinearities induced by the pressure-dependant density, and the development of numerical
schemes that preserve these estimates at the discrete level.

To this end, we adapt the two-point flux approximation (TPFA) finite volume scheme, commonly em-
ployed for multiphase flows in rigid porous media, to the setting of deformable porous materials. The
coupled THM system is discretized using the cell-centered finite volume method in space and the implicit
backward Euler scheme in time. A particular difficulty arises in the treatment of the discrete density, es-
pecially its definition on the interfaces of the mesh, in order to obtain the appropriate energy estimates.
This motivates the use of a non-classical formulation to ensure that the discrete scheme inherits the energy
stability properties of the continuous model. The proposed definition of the discrete density is also essential
for ensuring that the scheme remains consistent with the thermodynamic structure of the continuous model.

Our paper is organized as follows. In Section 2, we present the mathematical model for our problem,
where an energy-based reformulation of the entropy conservation equation is also presented. Next, in
Section 3, we derive the energy estimates for the continuous model. Furthermore, in Section 4, we introduce
the discretization for our system with the implicit Euler scheme in time, and the cell-centered finite volume
scheme in space. Then, we demonstrate that the finite volume scheme is equivalent to a discrete variational
formulation. Furthermore, the discrete energy estimates are derived in Section 5. Finally, in Section 6, we
present some numerical experiments, showing the robustness of our approach. The effects of the skeleton
displacement and the fluid compressibility on the numerical solution are also presented in Section 6.
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2 Thermo-Hydro-Mechanical model
Let Ω ⊂ Rd, d ≥ 1, be an open bounded connected domain representing a porous medium characterised by
small strains, displacements, and variations in the porous medium. We denote by tF > 0 the final simulation
time and we set QT := (0, tF )× Ω.

We consider a Thermo-Hydro-Mechanical (THM) model for a non-isothermal, single-phase compressible
flow in the porous medium Ω. Linear isotropic thermo-poro-elastic constitutive laws are considered for
the skeleton, assuming small variations of temperature around the reference temperature Tref, and thermal
equilibrium is assumed between the fluid and the skeleton.

The primary unknowns of the model are the fluid pressure p, the temperature T , and the displacement
of the skeleton u. Furthermore, the porous medium is characterized by its porosity ϕ, which is a nonlinear
function, and its absolute permeability tensor denoted by K. Additionally, the viscosity of the fluid is denoted
by µ and the molar density of the gas phase is denoted by ρ. The governing system of partial differential
equations consists of mass conservation for the fluid, fluid entropy conservation under the assumption
of reversible mechanical deformations, and the momentum balance equation for the skeleton. Moreover,
we consider homogeneous Neumann boundary conditions for the pressure and temperature variables, and
homogeneous Dirichlet boundary conditions for the displacement of the skeleton. The model is described
by:

∂t(ρ(p)ϕ(u, p, T )) + div(ρ(p)V (p)) = hm in QT , (2.1a)

∂t(Ss + ρ(p)ϕ(u, p, T )s) + div

(
ρ(p)sV (p) +

1

Tref
q(T )

)
=
he
T

in QT , (2.1b)

m0∂
2
ttu− div(σ(u, p, T )) = h in QT , (2.1c)

∇p · n = 0, ∇T · n = 0, u = 0 in (0, tF )× ∂Ω, (2.1d)

p(., 0) = p0, T (., 0) = T 0, u(., 0) = u0 in Ω, (2.1e)

where Ss is the volumetric skeleton entropy, s is the fluid specific entropy, m0 is the specific average fluid-rock
density, hm, he, and h are the source terms and n is the outward normal to Ω.

The Darcy velocity V for the gas phase is defined by

V := −K
µ
(∇p− ρg∇z) , (2.2)

where g is the gravitational acceleration constant.
The conductive heat flux q is defined by Fourier’s law as

q := −λ∇T, (2.3)

where λ is the fluid rock average thermal conductivity.
The skeleton’s stress is modeled using a linear isotropic thermo-poro-elastic constitutive relation. The

symmetric total-stress tensor, σ, is defined from the effective stress tensor σe by

σ(u, p, T ) := σe(u)− bpId − 3αsKs(T − Tref)Id,

σe(u) :=
E

1 + ν

(
ϵ(u) +

ν

1− 2ν
divuId

)
,

(2.4)

where E is the effective Young modulus, ν is the Poisson coefficient, b is the Biot coefficient, Ks is the bulk
modulus, and 3αs is the volumetric skeleton thermal dilatation coefficient. In addition, ϵ(u) denotes the
strain tensor, defined by ϵ(u) := 1

2 (∇u + (∇u)⊤), and Id is the d × d identity matrix. The gradient ∇u

is a matrix in Rd,d, with entries given by (∇u)ij := ∂ui

∂xj
, for all 1 ≤ i, j ≤ d. Moreover, for any matrix

A ∈ Rd,d, the divergence of A denoted divA ∈ Rd, is the vector defined componentwise by (divA)i :=∑d
k=1

∂Aik

∂xk
, for all 1 ≤ i ≤ d. We also define the norm of a vector u ∈ Rd as |u| :=

(∑d
i=1 |ui|2

)1/2
.

The porosity ϕ and the volumetric skeleton entropy Ss can be modeled as

∂tϕ = b∂t(divu)− 3αϕ∂tT +
1

N
∂tp,

∂tSs = 3αsKs∂t(divu)− 3αϕ∂tp+
Cs
Tref

∂tT,
(2.5)
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where N is the Biot modulus, 3αϕ is the volumetric thermal dilatation coefficient related to the porosity,
and Cs is the skeleton volumetric heat capacity.

Furthermore, the energy balance in the system is governed by the laws of thermostatics, which relate
entropy, energy, and density variations. Specifically, we have the following entropy-energy relation:

∂te = T∂ts− p∂t

(
1

ρ

)
, ∇e = T∇s− p∇

(
1

ρ

)
(2.6)

where s denotes the fluid-specific entropy, e its internal energy, and ρ its density.
Consequently, the entropy conservation equation (2.1b) can be reformulated as:

∂t(Ss) +
ρ(p)ϕ(u, p, T )

T
∂te−

pϕ(u, p, T )

Tρ(p)
∂tρ+

ρ(p)V (p)

T
·∇e− pV (p)

Tρ(p)
·∇ρ

+
1

Tref
divq =

he
T

− shm.

(2.7)

In fact, substituting the fluid entropy-energy relation (2.6) into the entropy conservation equation (2.1b),
we obtain:

∂tSs(u, p, T ) + ρ(p)ϕ(u, p, T )

(
1

T
∂te+

p

T
∂t

(
1

ρ(p)

))
+ s∂t(ρ(p)ϕ(u, p, T ))

+ sdiv(ρ(p)V (p)) +
1

T
ρ(p)V (p) ·

(
∇e+ p∇

(
1

ρ(p)

))
+

1

Tref
divq(T ) =

he
T
.

Moreover, expanding the temporal and spatial derivatives and applying the mass conservation equation (2.1a),
we recover the reformulated entropy conservation equation (2.7).

Furthermore, we present some key assumptions on the physical data in order to obtain energy estimates
on the system.

Assumption 1. (A1) The porosity remains strictly positive i.e. there exists ϕ∗ ∈ R∗
+ such that ϕ(u, p, T ) ≥

ϕ∗ > 0 .

(A2) The energy satisfies e(p, T ) ≥ 0 ∀(p, T ) ∈ R+ × R+ and the function e− Ts is sub-quadratic in the
sense that

lim
|(p,T )|→+∞

e(p, T )− Ts(p, T )

|p|2 + |T |2
= 0.

(A3) The source terms hm, h and he are bounded.

(A4) The thermo-poro-elastic coefficients satisfy Cs > 0, 1
N > 0, αϕ ≥ 0, E > 0 and ν ∈ (0, 12 ).

(A5) There exists a constant m∗ > 0 such that m0 ≥ m∗ > 0.

(A6) The density ρ(p) is a strictly increasing function and there exists a positive constant γ such that
ρ′(p) = γρ(p).

3 Energy estimates for the continuous model
In this section, we derive energy estimates for pressure, temperature, displacement, and their respective
gradients. To this end, we define the function g by

g(p) :=

∫ p

0

1

ρ(z)
dz. (3.1)

Following the notations in [20], we recall that the trace operator tr : Rm,m → R is defined by tr(A) =∑m
i=1 aii, with A := (aij)1≤i,j≤m is a square matrix. The contracted product of two tensors A and B, both
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of order n, is denoted by A · B and defined as the tensor with entries (A · B)ij :=
∑n
k=1 aikbkj . The double

contracted product of A and B, denoted by A : B, is a scalar given by A : B := tr (A · B) =
∑n
i,j=1 aijbij .

For any two vectors v and w ∈ Rm, we define their tensor product v ⊗ w as the m × m matrix whose
(i, j)-th entry is given by (v⊗w)ij := viwj . Finally, the norm of a tensor A is denoted by |A| and is defined
by |A| := (A : A)1/2.

The following lemma provides a key identity that will be used to derive the energy estimates.

Lemma 1. Let (u, p, T ) be the solution of the system (2.1). We assume that system (2.1) is subject to
Neumann boundary conditions for the fluxes and Dirichlet boundary condition for the displacement of the
skeleton. We also assume that the gravity vector is equal to 0. We have the following equality:∫

QT

∂tE dxdt+

∫
QT

m0

2
∂t(|∂tu|2) dxdt−

∫
QT

ϕ(u, p, T )
ρ′(p)

ρ(p)
p∂tp dxdt

+

∫
QT

K
µ
|∇p|2 dxdt+

∫
QT

λ

Tref
|∇T |2 dxdt+

∫
QT

Kρ′(p)
µρ(p)

p|∇p|2 dxdt

=

∫
QT

(hm(g(p) + e− sT ) + he + h · ∂tu) dxdt

(3.2)

where E is the total energy of the system, defined by

E(u, p, T ) := ϕ(u, p, T ) (ρ(p)g(p)− p+ ρ(p)e) +
1

2

[
p T

]
M

[
p

T

]

+
E

2(1 + ν)

[
|ϵ(u)|2 + ν

1− 2ν
(divu)2

]
,

(3.3)

where M denotes a real, symmetric, positive definite matrix defined as

M :=

[
1
N −3αϕ

−3αϕ
Cs

Tref

]
. (3.4)

Proof. Multiplying equation (2.1a) by (g(p)+e) then integrating over QT and using the divergence theorem,
we obtain ∫

QT

∂t(ρ(p)ϕ(u, p, T ))g(p) dxdt+

∫
QT

∂t(ρ(p)ϕ(u, p, T ))edxdt

−
∫
QT

ρ(p)V (p) ·∇g(p) dxdt−
∫
QT

ρ(p)V (p) ·∇e dxdt

=

∫
QT

hm(g(p) + e) dxdt.

(3.5)

Now, multiplying equation (2.7) by T then integrating over QT and using the divergence theorem, we obtain∫
QT

T∂t(Ss) dxdt+

∫
QT

ρ(p)ϕ(u, p, T )∂tedxdt

−
∫
QT

pϕ(u, p, T )

ρ(p)
∂tρ(p) dxdt+

∫
QT

ρ(p)V (p) ·∇edxdt

−
∫
QT

pV (p)

ρ(p)
·∇ρ(p) dxdt−

∫
QT

1

Tref
q(T ) ·∇T dxdt

=

∫
QT

(he − sThm) dxdt.

(3.6)

Finally, multiplying equation (2.1c) by ∂tu then integrating over QT and using the divergence theorem,
the definition of the total-stress tensor (2.4) and the fact that div(σe(u)) · ∂tu = −σe(u) : ϵ(∂t(u)) +
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div(ϵ(u)∂tu) +
ν

1−2νdiv((divu)(∂tu)), we obtain∫
QT

m0∂
2
ttu · ∂tudxdt+

∫
QT

σe(u) : ϵ(∂tu) dxdt

−
∫
QT

(bp+ 3αsKsT ) div(∂tu) dxdt =

∫
QT

h · ∂tudxdt.

(3.7)

Moreover, summing equations (3.5), (3.6) and (3.7), we obtain∫
QT

∂t(ρ(p)ϕ(u, p, T ))g(p) dxdt+

∫
QT

∂t(ρ(p)ϕ(u, p, T )e) dxdt

+

∫
QT

T∂t(Ss) dxdt−
∫
QT

pϕ(u, p, T )

ρ(p)
∂tρ(p) dxdt+

∫
QT

m0∂
2
ttu · ∂tudxdt

−
∫
QT

ρ(p)V (p) ·∇g(p) dxdt−
∫
QT

pV (p)

ρ(p)
·∇ρ(p) dxdt

−
∫
QT

1

Tref
q(T ) ·∇T dxdt+

∫
QT

σe(u) : ϵ(∂tu) dxdt

−
∫
QT

(bp+ 3αsKsT ) div(∂tu) dxdt

=

∫
QT

(hm(g(p) + e− sT ) + he + h · ∂tu)dxdt.

(3.8)

Furthermore, from the definition of the function g, we have

∂t(ρ(p)ϕ(u, p, T ))g(p) = ∂t(ρ(p)ϕ(u, p, T )g(p))− ∂t(ϕ(u, p, T )p) + p∂tϕ. (3.9)

In addition, using the chain rule and the identity v∂tv =
1

2
∂t(v

2), we obtain:

pϕ(u, p, T )

ρ(p)
∂tρ(p) =

ρ′(p)ϕ(u, p, T )

ρ(p)
p∂tp. (3.10)

Similarly, we have
m0∂

2
ttu · ∂tu =

m0

2
∂t(∂tu · ∂tu) =

m0

2
∂t
(
|∂tu|2

)
. (3.11)

From the definitions of the Darcy velocity (2.2) and the heat flux (2.3), we have the following equalities:

ρ(p)V (p) ·∇g(p) = −K
µ
∇p ·∇p,

pV (p)

ρ(p)
·∇ρ(p) = −Kρ′(p)

µρ(p)
p∇p ·∇p,

1

Tref
q(T ) ·∇T = − λ

Tref
∇T ·∇T.

(3.12)

From the definition of the effective stress tensor (2.4), we have

σe(u) : ϵ(∂tu) =
E

2(1 + ν)
∂t
(
|ϵ(u)|2

)
+

Eν
2(1 + ν)(1− 2ν)

∂t(divu)
2. (3.13)

6



Consequently, combining (3.9), (3.10), (3.11), (3.12) and (3.13) together with equation (3.8), we obtain∫
QT

∂t (ρ(p)ϕ(u, p, T )g(p)− ϕ(u, p, T )p+ ρ(p)ϕ(u, p, T )e) dxdt

+

∫
QT

m0

2
∂t
(
|∂tu|2

)
dxdt+

∫
QT

E
2(1 + ν)

∂t

(
|ϵ(u)|2 + ν

(1− 2ν)
(divu)2

)
dxdt

−
∫
QT

ϕ(u, p, T )
ρ′(p)

ρ(p)
p∂tpdxdt+

∫
QT

K
µ
|∇p|2 dxdt+

∫
QT

λ

Tref
|∇T |2 dxdt

+

∫
QT

T∂t(Ss) + p∂tϕ− (bp+ 3αsKs(T )) div(∂tu) dxdt

+

∫
QT

Kρ′(p)
µρ(p)

p|∇p|2 dxdt =
∫
QT

(hm(g(p) + e− sT ) + he + h · ∂tu) dxdt.

(3.14)

Now, from the definitions of the porosity and skeleton entropy (2.5), we get

T∂t(Ss) + p∂tϕ− (bp+ 3αsKsT ) div(∂tu)

= −3αϕp∂tT − 3αϕT∂tp+
1

2N
∂tp

2 +
Cs
2Tref

∂tT
2

= ∂t

[
1

2

[
p T

] [ 1
N −3αϕ

−3αϕ
Cs

Tref

][
p

T

]]
.

(3.15)

Now, letting

E(u, p, T ) := ρ(p)ϕ(u, p, T )g(p)− ϕ(u, p, T )p+ ρ(p)ϕ(u, p, T )e

+
1

2

[
p T

]
M

[
p

T

]
+ |ϵ(u)|2 + ν

(1− 2ν)
(divu)2, where M is defined by (3.4).

(3.16)

Then, from equation (3.14), we obtain the desired equality (3.2) which concludes the proof.

Now, the following result states the energy estimates.

Proposition 1. Let (u, p, T ) be the solution of (2.1) and let e be the internal energy of the considered system.
Assuming that the fluid pressure is positive, the porosity depends on the pressure only, i.e., ϕ = ϕ(p), and
ϕ∗γ is sufficiently small, we obtain the following estimate:

∥∂tu∥L∞(0,T ;L2(Ω)) + ∥p∥L∞(0,T ;L2(Ω)) + ∥T∥L∞(0,T ;L2(Ω)) + ∥e∥L∞(0,T ;L1(Ω))

+ ∥u∥L∞(0,T ;H1(Ω)) + ∥∇p∥L2(0,T ;L2(Ω)) + ∥∇T∥L2(0,T ;L2(Ω)) ≤ C.
(3.17)

Proof. Let y : (0, tF ) → R be the function defined by

y(t) :=

∫
Ω

(
E(x, t) +

m0

2
|∂tu(x, t)|2 −R(p)

)
dx,

where R(p) is the function defined by

R(p) :=

∫
ϕ(p)

ρ′(p)

ρ(p)
p dp. (3.18)

We aim to show that there exist two functions k1 : (0, tF ) → R and k2 : (0, tF ) → R such that∫ tF

0

y′(t) dt ≤
∫ tF

0

(k1(t) + k2(t)y(t)) dt,

in order to apply Gronwall’s lemma [19] and thereby derive the desired result.
First, employing the chain rule on R(p), we obtain

∂tR(p) =
dR

dp
∂tp = ϕ(p)

ρ′(p)

ρ(p)
p∂tp. (3.19)
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Next, from the definition of y(t), employing Lemma 1 and the temporal derivative of R(p) (3.19), and using
the assumption that p ≥ 0, we obtain∫ tF

0

y′(t) dt =

∫ tF

0

∫
Ω

∂tE dxdt+

∫ tF

0

∫
Ω

m0

2
∂t(|∂tu|2) dxdt

−
∫ tF

0

∫
Ω

∂tR(p) dxdt ≤
∫
QT

(hm(g(p) + e− sT ) + he + h · ∂tu) dxdt.
(3.20)

Furthermore, we aim to derive an upper bound for the right-hand side of equation (3.20). Using the
assumptions (A2) and (A3), we have that there exist positive constants C1, C2, C3 and C4 ∈ R+ such that

|hm| ≤ C1, |he| ≤ C2, |h| ≤ C3 and e− sT ≤ C4(|p|2 + |T |2). (3.21)

Applying the Cauchy-Schwarz inequality [7], we obtain∫
Ω

h · ∂tudx ≤
(∫

Ω

|h|2 dx
) 1

2
(∫

Ω

|∂tu|2 dx
) 1

2

= ∥h∥L2(Ω)∥∂tu∥L2(Ω). (3.22)

In addition, since the function g(p) is sublinear, it follows that there exists a constant C5 ∈ R+ such that

g(p) ≤ C5p for all p ∈ R+. (3.23)

Employing inequality (3.22), the bounds (3.21) and (3.23), and applying Young’s inequality, we obtain:∫
QT

(hm(g(p) + e− sT ) + he + h · ∂tu) dxdt

≤
∫
QT

(
C1(C5p+ C4(|p|2 + |T |2)) + C2 + h · ∂tu

)
dxdt

≤ C1C5

∫
QT

1

2

(
|p|2 + 1

)
dxdt+

∫
QT

C1C4(|p|2 + |T |2) dxdt

+

∫
QT

C2 dxdt+

∫
QT

1

2

(
|h|2 + |∂tu|2

)
dxdt

≤
∫
QT

(
C6(|p|2 + |T |2) + C7 +

1

2
|∂tu|2

)
dxdt,

(3.24)

where C6 and C7 are two real positive constants such that C6 = max

(
C1C5

2
, C1C4

)
and C7 =

C1C5

2
+

C2 +
C2

3

2
.

Now, using the fact that M is a real, symmetric, and positive definite matrix, we have

λmin∥(p, T )∥22 ≤
[
p T

]
M

[
p

T

]
≤ λmax∥(p, T )∥22, (3.25)

where λmin, λmax ∈ R+ are respectively the minimum and the maximum eigenvalues of M.
Furthermore, let us define the function H : R → R by

H(p) := ρ(p)g(p)− p where g(p) :=

∫ p

0

1

ρ(z)
dz.

The function H verifies H ′(p) = ρ′(p)g(p), H(0) = 0 and H(p) ≥ 0 for all p.
From assumption 1 (A1) and (A4), together with (3.25), the fact that H(p) ≥ 0 and the definition of

E(u, p, T ), we obtain:

E(u, p, T ) = ϕ(p) (ρ(p)g(p)− p+ ρ(p)e(p, T )) +
1

2

[
p T

]
M

[
p

T

]

+
E

2(1 + ν)

[
|ϵ(u)|2 + ν

1− 2ν
(divu)2

]
≥ ϕ∗H(p) + C0e+

1

2
λmin∥(p, T )∥22.
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This leads to the following lower bound:

C0(|p|2 + |T |2 + e) ≤ E, (3.26)

where C0 = min
(
1
2λmin, ρϕ∗

)
> 0 is a positive constant.

Employing inequalities (3.24) and (3.26) in equation (3.20), we obtain∫ tF

0

y′(t) dt ≤
∫
QT

(
C6(|p|2 + |T |2) + C7 +

1

2
|∂tu|2

)
dxdt

≤
∫
QT

k2

(
E(u, p, T ) +

m0

2
|∂tu|2 −R(p)

)
dxdt

+

∫
QT

(
C7 +

1

2
|∂tu|2 +R(p)

)
dxdt ≤

∫ tF

0

(k2y(t) + k1) dt,

where k2 = max
(
C6

C0
, 1

)
and k1 = C7|Ω|+

∫
Ω

(
1
2 |∂tu|

2 +R(p)
)
dx. It follows that

y(tF ) ≤ y(0) +

∫ tF

0

(k2y(t) + k1) dt. (3.27)

We now apply Gronwall’s Lemma to (3.27). Hence, there exists a constant C > 0 such that∫
Ω

(
E +

m0

2
|∂tu|2 −R(p)

)
dx ≤ C. (3.28)

Furthermore, from Assumption 1, the definition of R(p), and the assumption that p ≥ 0, we have that
R(p) ≥ ϕ∗γ

∫
p dp = 1

2ϕ∗γp
2. Consequently, from (3.28) and the assumption that ϕ∗γ is sufficiently small,

we deduce that E ∈ L∞(0, tF ;L
1(Ω)) and ∂tu ∈ L∞(0, tF ;L

2(Ω)). Furthermore, using the bound (3.26),
we obtain that p ∈ L∞(0, tF ;L

2(Ω)), T ∈ L∞(0, tF ;L
2(Ω)) and e ∈ L∞(0, tF ;L

1(Ω)). Moreover, by the
definition of E(u, p, T ), and in particular the presence of the term involving ϵ(u), it follows that ϵ(u) ∈
L∞(0, tF ;L

2(Ω)) and thus ∇u ∈ L∞(0, tF ;L
2(Ω)). Consequently, we conclude that u ∈ L∞(0, tF ;H

1(Ω)).
In addition, employing equality (3.2), the bound (3.24) together with the assumption that p ≥ 0 and

since E ∈ L∞(0, tF ;L
1(Ω)), ∂tu ∈ L∞(0, tF ;L

2(Ω)) and p, T ∈ L∞(0, tF ;L
2(Ω)), it follows that∫

Ω

K
µ
|∇p|2 +

∫
Ω

λ

Tref
|∇T |2 dx+

∫
Ω

ρ′(p)

ρ(p)
p |∇p|2 dx ≤ C, (3.29)

which implies ∇p ∈ L2(0, tF ;L
2(Ω)) and ∇T ∈ L2(0, tF ;L

2(Ω)). Finally, we conclude the estimate (3.17).

4 Discretization
In this section, we present the discretization of our model. Consequently, we employ the backward Euler
scheme in time and the cell-centered two-point flux approximation (TPFA) finite volume scheme in space
following [16], [25], [6] and [18]. In the sequel, we consider an isotropic and homogeneous porous medium;
for that, we suppose K = kId, where k is a positive constant and Id is the identity matrix. We also neglect
the gravity term. Moreover, the goal is to show that the energy estimates of section (3) are preserved for
the discrete model.

4.1 Space and time discretizations
For the time discretization, we employ an implicit Euler scheme. For this purpose, we consider an increasing
sequence of points (tn)0≤n≤NT

such that t0 := 0 and tNT = tF , and we introduce the interval In := (tn−1, tn)
and the time step τn := tn − tn−1, 1 ≤ n ≤ NT . For the sake of simplicity, we assume the time step to be

9



constant so that τn = δt > 0. For a function of time f with sufficient regularity, we denote fn := f(tn),
0 ≤ n ≤ NT , and for 1 ≤ n ≤ NT , we define the backward differencing operator

∂nt f :=
fn − fn−1

δt
.

For the space discretization of our model, we consider T an admissible orthogonal mesh of Ω called primal
mesh such that Ω =

⋃
K∈T K where K are open and convex polygons called control volumes. We denote

by Eh the set of mesh edges. Boundary edges are collected in the set Eext
h := {σ ∈ Eh; σ ⊂ ∂Ω} and internal

edges are collected in the set E int
h = Eh \ Eext

h . Likewise, the edges of an element K ∈ T are collected in the
set EK , and the latter is decomposed into interior edges E int

K and boundary edges Eext
K . For all K ∈ T , we

denote by xK the cell center of K and N (K) the set of its neighbors defined as

N (K) := {L ∈ T ;∃σKL ∈ EK , σKL = K ∩ L} = Nint(K) ∪Next(K),

where Nint(K) is the set of neighbors of K located in the interior of T and Next(K) is the set of edges of K
on the boundary ∂Ω = ∂K ∩ ∂Ω . For an edge σKL ∈ EK shared by two elements K and L, we define the

distance between these elements dKL := dist(xK ,xL) and τKL :=
|σKL|
dKL

as the transmissibility coefficient

through σKL.

K

DKL
σKL

LxK

xL

dKL

Figure 1: Illustration of the primal and dual meshes

To discretize our unknowns, we introduce the discrete space of cellwise constant functions as follows

Lh :=
{
vh ∈ L2(Ω), vh|K = vK ∀K ∈ T

}
.

We also define the scalar product on the space Lh and its underlying norm by

(wh, vh)Lh(Ω) :=
∑
K∈T

|K|wKvK , and ∥vh∥Lh(Ω) :=

(∑
K∈T

|K||vK |2
) 1

2

.

Moreover, we construct the dual diamond cell upon the interface σKL as the polygonal domain having xK
and xL as vertices. We denote it by DKL (Figure 1 provides a quick illustration). The d-dimensional
measure |DKL| of DKL is given by

|DKL| :=
1

d
|σKL|dKL.

We associate a diamond DKL on each interface σKL when the two elements K and L exist, and in the case
where σ ⊂ ∂Ω, we associate a half diamond denoted by DKσ. We also denote

Dint := {DKL,K ∈ T andL ∈ N (K)}, Dext := {DKσ,K ∈ T andσ ∈ Eext
K }.

Then, we have
Ω = Dint ∪ Dext,
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and the mesh composed of the diamonds is called the dual mesh.
For a piecewise constant function vh ∈ Lh defined per control volume, we define on the dual mesh the

discrete broken gradient ∇hvh ∈ Rd as a constant per diamond by

∇hvh(x) :=

{
dvL−vK

dKL
nKL if x ∈ DKL,

dvσ−vKdKσ
nKσ if x ∈ DKσ.

(4.1)

Analogously, for a piecewise constant vector function wh ∈ Ldh defined per control volume, we define on the
dual mesh the discrete broken gradient ∇hwh ∈ Rd×d by

∇hwh(x) :=

{
dwL−wK

dKL
⊗ nKL if x ∈ DKL,

dwσ−wK

dKσ
⊗ nKσ if x ∈ DKσ.

(4.2)

When there is no confusion, we write
∑
σKL∈Eh

to be the sum over all diamonds, including the diamonds
associated with interfaces on the boundary of the domain.

Furthermore, for (wh, vh) ∈ (Lh)
2, we define the discrete H1

0 inner product as follows:

⟨wh, vh⟩Hh(Ω) := d
∑

σKL∈Eh

|σKL|
dKL

(wL − wK)(vL − vK),

and the corresponding discreteH1
0 norm as ∥vh∥Hh(Ω) :=

(
⟨vh, vh⟩Hh(Ω)

)1/2
=
(
d
∑
σKL∈Eh

|σKL|
dKL

(vL − vK)2
)1/2

.

In addition, the norm ∥vh∥Hh
coincides with the L2(Ω) norm of ∇hvh. In fact

∥∇hvh∥2L2(Ω) =

∫
Ω

|∇hvh|2 dx =
∑

σKL∈Eh

∫
DKL

|∇hvh|2dx

= d
∑

σKL∈Eh

|σKL|
dKL

|vL − vK |2 := ∥vh∥2Hh
.

Additionally, we assimilate a discrete field GKL to the diamond piecewise constant vector function

Gh =
∑

σKL∈Eh

GKL1DKL
.

where 1DKL
is the indicator function of the set DKL. Moreover, we define the discrete divergence of the

vector field Gh by

divhGh :=
1

|K|
∑

L∈N (K)

|σKL|Gh · nKL. (4.3)

4.2 The finite volume scheme
The finite volume scheme is obtained by writing the balance equations on each control volume. First, we
discretize the mass conservation equation (2.1a). Let K ∈ T . By integrating over [tn−1, tn]×K and using
the divergence theorem, we obtain∫

K

((ρ(p)ϕ(u, p, T ))(tn, x)− (ρ(p)ϕ(u, p, T ))(tn−1, x))dx

+ δt

∫ tn

tn−1

∫
∂K

ρ(p)V (p) · n dσdt = δt

∫ tn

tn−1

∫
K

hm(x, t) dxdt.

(4.4)

The resulting equation is discretized with an implicit Euler scheme in time, and the normal gradients are
discretized with a centered finite difference scheme, then for n = 1, . . . , NT , (4.4) reads

|K|
(
ρ(pnK)ϕ(unK , p

n
K , T

n
K)− ρ(pn−1

K )ϕ(un−1
K , pn−1

K , Tn−1
K )

)
+ δt

∑
L∈N (K)

F1,KL(p
n) = δt|K|hnm,K . (4.5)
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Here, the discrete elementwise source term hnm,K is defined by

hnm,K :=

∫
In

1

|K|δt

(∫
K

hm(x, t) dx

)
(t) dt.

Furthermore, the total flux across σKL ∈ E int
h , σKL = ∂K ∩ ∂L, is defined by

F1,KL(p
n) := ρnKL

k

µ
τKL (pnK − pnL) ,

where ρnKL is the mean value of the density, and it is defined by,

1

ρnKL
:=


1

pnK − pnL

∫ pnK

pnL

1

ρ(z)
dz if pnK ̸= pnL,

1
ρnK

otherwise.
(4.6)

We observe that the numerical flux F1,KL(p
n) is conservative in the sense that,

F1,LK(pn) = −F1,KL(p
n).

Next, we discretize the energy conservation equation (2.1b). Let K ∈ T . By integrating over [tn−1, tn]×
K, using the divergence theorem and an implicit Euler scheme in time. Then, for n = 1, . . . , NT , we obtain

|K|
(
Sns,K + ρnKϕ

n
Ks

n
K − Sn−1

s,K − ρn−1
K ϕn−1

K sn−1
K

)
+ δt

∑
L∈N (K)

F2,KL(p
n, Tn) = δt|K|

hne,K
TnK

.
(4.7)

Here, for L ∈ N (K), we have

F2,KL(p
n, Tn) := ρnKLs

n
KL

k

µ
τKL (pnK − pnL) +

λ

Tref
τKL (TnK − TnL ) ,

with
snKL :=

snK + snL
2

.

Furthermore, the discrete elementwise source term hne,K is defined by

hne,K :=

∫
In

1

|K|δt

(∫
K

he(x, t) dx

)
(t) dt.

We observe that F2,LK(pn, Tn) = −F2,KL(p
n, Tn), which provides a conservative numerical approximation.

Now, we discretize the momentum conservation equation (2.1c). Let K ∈ T . By integrating over
[tn−1, tn]×K and using the divergence theorem together with the definition of the total-stress tensor (2.4),
we obtain ∫

K

m0

(
∂tu(t

n, x)− ∂tu(t
n−1, x)

)
dx

− δt

∫
∂K

E
1 + ν

(
ϵ(un) +

ν

1− 2ν
divunId

)
n dσ

+ δt

∫
∂K

(bpnId + 3αsKs(T
n − Tref)Id)n dσ = δt

∫ tn

tn−1

∫
K

h dxdt.

(4.8)
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Furthermore, we have∫
∂K

ϵ(un)n dσ =
∑

L∈Nint(K)

∫
σKL

ϵ(un)nKL dσ +
∑

σ∈Next(K)

∫
σKσ

ϵ(un)nKσ dσ

=
∑

L∈Nint(K)

∫
σKL

1

2

(
∇un + (∇un)⊤

)
nKL dσ

+
∑

σ∈Next(K)

∫
σKσ

1

2

(
∇un + (∇un)⊤

)
nKσ dσ

=
1

2

∑
L∈N (K)

τKL

(
([unL − unK ]⊗ nKL)nKL + ([unL − unK ]⊗ nKL)

⊤
nKL

)
.

(4.9)

In the same way, we have∫
∂K

(div(un)Id)n dσ

=
∑

L∈Nint(K)

∫
σKL

(div(un)Id)nKL dσ +
∑

σ∈Next(K)

∫
σKσ

(div(un)Id)nKσ dσ

=
∑

L∈Nint(K)

|σKL|(div(un)Id)KLnKL +
∑

σ∈Next(K)

|σKσ|(div(un)Id)KσnKσ

=
∑

L∈N (K)

|σKL|(div(un)Id)KLnKL,

(4.10)

where (div(un)Id)KL :=
(div(un)Id)K + (div(un)Id)L

2
and the ij-entry of the matrix (div(un)Id)K is defined

by
((div(un)Id)K)ij := divKun(Id)ij ,

with divKun being the discrete divergence of un defined by (4.3).
Moreover, using the backward differencing operator, equation (4.8) reads

|K|
unK + un−2

K − 2un−1
K

δt
+ δt

∑
L∈N (K)

F3,KL(u
n, pn, Tn) = δt|K|hnK . (4.11)

Here, employing (4.9) and (4.10), we have

F3,KL(u
n, pn, Tn) :=

E
(1 + ν)

τKL
2

[
((unK − unL)⊗ nKL)nKL + [(unK − unL)⊗ nKL]

⊤
nKL

]
− Eν

(1 + ν)(1− 2ν)
|σKL| (divunId)KL nKL + b|σKL|pnKLIdnKL

+ |σKL|3αsKs (T
n
KL − Tref) IdnKL

where
(divunId)KL :=

divKun + divLu
n

2
Id, pnKL :=

pnK + pnL
2

, TnKL :=
TnK + TnL

2
.

Furthermore, the discrete elementwise source term hnK is defined by

hnK :=

∫
In

1

|K|δt

(∫
K

h(x, t) dx

)
(t) dt.

We observe that F3,KL(u
n, pn, Tn) = −F3,LK(un, pn, Tn) which provides a conservative numerical approx-

imation.
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Integrating the porosity and skeleton entropy equations (2.5) over [tn−1, tn] ×K, using the divergence
theorem together with the discrete divergence definition (4.3). Then, the discrete porosity (ϕnh)n=1,....,NT

and skeleton entropy (Sns,h)n=1,...,NT
are given by

ϕnh − ϕn−1
h

δt
= bdivK∂

n
t u− 3αϕ

Tnh − Tn−1
h

δt
+

1

N

pnh − pn−1
h

δt
,

Sns,h − Sn−1
s,h

δt
= 3αsKs divK∂

n
t u− 3αϕ

pnh − pn−1
h

δt
+

Cs
Tref

Tnh − Tn−1
h

δt
.

(4.12)

Furthermore, we discretize the energy-entropy relation (2.6). Let K ∈ T . By integrating the first equation
of (2.6) over [tn−1, tn]×K, we obtain

snK − sn−1
K =

1

TnK

(
enK − en−1

K

)
+
pnK
TnK

(
1

ρnK
− 1

ρn−1
K

)
. (4.13)

Let ψ ∈ H1(Ω) be a test function. Multiplying the second equation of (2.6) by ρψ and applying the
divergence operator to both sides, we obtain:

div (ρψ∇s) = div

(
ρψ

T
∇e

)
+ div

(
pρψ

T
∇
(
1

ρ

))
. (4.14)

Let K ∈ T . By integrating equation (4.14) over [tn−1, tn]×K and using the divergence theorem, we obtain∑
L∈N (K)

ρnKLψKLτKL(s
n
L − snK) =

∑
L∈N (K)

τKLρ
n
KLψKL
TnKL

(enL − enK)

+
∑

L∈N (K)

τKL
pnKLρ

n
KLψKL
TnKL

(
1

ρnL
− 1

ρnK

) (4.15)

where TnKL :=
TnK + TnL

2
, pnKL :=

pnK + pnL
2

, ψKL :=
ψK + ψL

2
and ρKL is defined by (4.6).

Finally, at every time step 1 ≤ n ≤ NT , we are looking for Un
h = (unh, p

n
h, T

n
h ) ∈ R(2+d)|Th| a solution to

the nonlinear system of algebraic equations (4.5), (4.7) and (4.11).
We aim to show that the finite volume scheme (4.5)–(4.11) can be reformulated as a discrete variational

formulation. To this end, we recall the discrete integration by parts formula [25] and we introduce a key
identity.

Lemma 2 (Discrete integration by parts formula [24, Lemma 4.3.2]). Let Ω be an open bounded polygonal
subset of Rd, T an admissible finite volume mesh in the sense given in Section 4.1. Let FKL, K ∈ T and
L ∈ N (K) be a value in R depending on K and L such that FKL = −FLK (anti-symmetric), and let φ be
a function which is constant on each cell K ∈ T , that is, φ(x) = φK if x ∈ K. Then∑

K∈T

∑
L∈N (K)

FKLφK = −
∑

σKL∈Eh

FKL(φL − φK) = −1

2

∑
K∈T

∑
L∈N (K)

FKL(φL − φK). (4.16)

Proposition 2. Let ψh ∈ Hh. We have the identity:∑
K∈T

∑
L∈N (K)

ρnKL(s
n
L − snK)

k

µ
τKL (pnL − pnK)ψK

=
∑
K∈T

∑
L∈N (K)

k

µ

τKLρ
n
KL

TnKL

(
(enL − enK) + pnKL

(
1

ρnL
− 1

ρnK

))
(pnL − pnK)ψKL.

Proof. Starting with the left-hand side. Reorganizing the sum by edges, using the fact that ρnKL(s
n
L −

snK)τKL (pnL − pnK) is symmetric, then reorganizing the sum on edges per cell, we obtain∑
K∈T

∑
L∈N (K)

ρnKL(s
n
L − snK)

k

µ
τKL (pnL − pnK)ψK

=
1

2

∑
K∈T

∑
L∈N (K)

ρnKL(s
n
L − snK)

k

µ
τKL (pnL − pnK) (ψK + ψL).

(4.17)
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Furthermore, since ρnKL(s
n
L−snK)τKL(ψK+ψL) is antisymmetric, we apply the discrete integration by parts

Lemma 2 to obtain

1

2

∑
K∈T

∑
L∈N (K)

ρnKL(s
n
L − snK)

k

µ
τKL (pnL − pnK) (ψK + ψL)

= 2
∑
K∈T

∑
L∈N (K)

ρnKL(s
n
K − snL)

k

µ
τKLψKLp

n
K , with ψKL :=

ψK + ψL
2

.

(4.18)

Now, substituting the discrete entropy-energy relation (4.15) in equation (4.18), we obtain

2
∑
K∈T

∑
L∈N (K)

ρnKL(s
n
K − snL)

k

µ
τKLψKLp

n
K

= 2
∑
K∈T

k

µ
× ∑

L∈N (K)

τKLρ
n
KLψKL
TnKL

(enK − enL) +
∑

L∈N (K)

τKL
pnKLρ

n
KLψKL
TnKL

(
1

ρnK
− 1

ρnL

) pnK .

(4.19)

Applying the discrete integration by parts Lemma 2, since τKLρ
n
KLψKL

Tn
KL

(enK−enL) and τKL
pnKLρ

n
KLψKL

Tn
KL

(
1
ρnK

− 1
ρnL

)
are antisymmetric, we obtain

2
∑
K∈T

k

µ

 ∑
L∈N (K)

τKLρ
n
KLψKL
TnKL

(enK − enL) +
∑

L∈N (K)

τKL
pnKLρ

n
KLψKL
TnKL

(
1

ρnK
− 1

ρnL

) pnK

=
∑
K∈T

∑
L∈N (K)

k

µ

τKLρ
n
KLψKL
TnKL

(enL − enK)(pnL − pnK)

+
∑
K∈T

∑
L∈N (K)

k

µ
τKL

pnKLρ
n
KLψKL
TnKL

(
1

ρnL
− 1

ρnK

)
(pnL − pnK).

(4.20)

Finally, combining (4.17) together with (4.18), (4.19) and (4.20), we conclude the proof.

The following proposition provides a reformulation of the discrete entropy conservation equation (4.7),
using the discrete entropy-energy relation (4.13)–(4.15) and the identity stated in Proposition 2.

Proposition 3. Let ψh ∈ Hh be a test function. The discrete entropy balance equation (4.7) is equivalent
to ∑

K∈T
|K|

(
Sns,K − Sn−1

s,K +
ρn−1
K ϕn−1

K

TnK
δt

(
∂nt eK + pnK∂

n
t

(
1

ρK

)))
ψK

+
1

2
δt
∑
K∈T

∑
L∈N (K)

ρnKL
TnKL

(enL − enK)
k

µ
τKL (pnK − pnL)

ψL + ψK
2

+
1

2
δt
∑
K∈T

∑
L∈N (K)

ρnKLp
n
KL

TnKL

(
1

ρnL
− 1

ρnK

)
k

µ
τKL (pnK − pnL)

ψL + ψK
2

+ δt
∑
K∈T

∑
L∈N (K)

λ

Tref
(TnK − TnL )ψK

= δt
∑
K∈T

|K|
hne,K
TnK

ψK − δt
∑
K∈T

|K|snKhnm,KψK .

(4.21)
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Proof. Let ψh ∈ Hh be a test function. Multiplying equation (4.7) by ψK and summing over K, we obtain∑
K∈T

|K|
(
Sns,K + ρnKϕ

n
Ks

n
K − Sn−1

s,K − ρn−1
K ϕn−1

K sn−1
K

)
ψK

+ δt
∑
K∈T

∑
L∈N (K)

ρnKLs
n
KL

k

µ
τKL(p

n
K − pnL)ψK

+ δt
∑
K∈T

∑
L∈N (K)

λ

Tref
τKL (TnK − TnL )ψK = δt

∑
K∈T

|K|
hne,K
TnK

ψK .

(4.22)

Substituting the discrete entropy-energy relation (4.13) in the first term of (4.22), we obtain∑
K∈T

|K|
(
ρnKϕ

n
Ks

n
K − ρn−1

K ϕn−1
K sn−1

K

)
ψK

=
∑
K∈T

|K|δt
(
snK∂

n
t (ρKϕK) + ρn−1

K ϕn−1
K ∂nt sK

)
ψK

=
∑
K∈T

|K|δt
(
snK∂

n
t (ρKϕK) +

ρn−1
K ϕn−1

K

TnK

(
∂nt eK + pnK∂

n
t

(
1

ρK

)))
ψK .

(4.23)

Moreover, we can rewrite the second term in (4.22) as follows:∑
K∈T

∑
L∈N (K)

ρnKLs
n
KL

k

µ
τKL (pnK − pnL)ψK

=
∑
K∈T

∑
L∈N (K)

ρnKL(s
n
KL − snK)

k

µ
τKL (pnK − pnL)ψK

+
∑
K∈T

∑
L∈N (K)

ρnKLs
n
K

k

µ
τKL (pnK − pnL)ψK

=
1

2

∑
K∈T

∑
L∈N (K)

ρnKL(s
n
L − snK)

k

µ
τKL (pnK − pnL)ψK

+
∑
K∈T

∑
L∈N (K)

ρnKLs
n
K

k

µ
τKL (pnK − pnL)ψK .

(4.24)

Combining equations (4.23) and (4.24), equation (4.22) becomes∑
K∈T

|K|
(
Sns,K − Sn−1

s,K

)
+
∑
K∈T

|K|δt
(
snK∂

n
t (ρKϕK) +

ρn−1
K ϕn−1

K

TnK

(
∂nt eK + pnK∂

n
t

(
1

ρK

)))
ψK

+
δt

2

∑
K∈T

∑
L∈N (K)

ρnKL(s
n
L − snK)

k

µ
τKL (pnK − pnL)ψK

+ δt
∑
K∈T

∑
L∈N (K)

ρnKLs
n
K

k

µ
τKL (pnK − pnL)ψK

+ δt
∑
K∈T

∑
L∈N (K)

λ

Tref
τKL (TnK − TnL )ψK = δt

∑
K∈T

|K|
hne,K
TnK

ψK .

(4.25)
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Substituting the discrete mass conservation equation (4.5) in (4.25), we obtain

∑
K∈T

|K|
(
Sns,K − Sn−1

s,K

)
+
∑
K∈T

|K|δt
(
ρn−1
K ϕn−1

K

TnK

(
∂nt eK + pnK∂

n
t

(
1

ρK

)))
ψK

+
δt

2

∑
K∈T

∑
L∈N (K)

ρnKL(s
n
L − snK)

k

µ
τKL (pnK − pnL)ψK

+ δt
∑
K∈T

∑
L∈N (K)

λ

Tref
τKL (TnK − TnL )ψK = δt

∑
K∈T

|K|
(
hne,K
TnK

− snKh
n
m,K

)
ψK .

(4.26)

Finally, by applying Proposition 2 for the third term of equation (4.26), we obtain equation (4.21) which is
the desired result.

4.3 Discrete variational formulation
In this section, we show that the finite volume scheme (4.5)–(4.11) is equivalent to a discrete variational
formulation. This is formulated in the following proposition.

Proposition 4. Given (h0m,h, h
0
e,h,h

0
h) ∈ L2+d

h and (p0h, T
0
h ,u

0
h) ∈ L2+d

h . Find (pnh, T
n
h ,u

n
h) ∈ L2+d

h such that
for all (φh, ψh,ωh) ∈ H2+d

h , the finite volume scheme (4.5)- (4.21)- (4.11) is equivalent to the variational
formulation: ∫

Ω

ρnhϕ
n
h − ρn−1

h ϕn−1
h

δt
φh dx+

1

d

∫
Ω

ρnh
k

µ
∇hp

n
h ·∇hφh dx =

∫
Ω

hnm,hφh dx. (4.27)

∫
Ω

Sns,h − Sn−1
s,h

δt
ψh dx+

∫
Ω

ρn−1
h ϕn−1

h

Tnh

(
∂nt eh + pnh∂

n
t

(
1

ρh

))
ψh dx

− 1

d

∫
Ω

ρnhk

Tnh µ
∇hp

n
h ·∇he

n
hψh dx− 1

d

∫
Ω

ρnhp
n
h

Tnh

k

µ
∇h

(
1

ρnh

)
·∇hp

n
hψh dx

+
1

d

∫
Ω

λ

Tref
∇hT

n
h ·∇hψh dx =

∫
Ω

(
hne,h
Tnh

+ snhh
n
m,h

)
ψh dx

(4.28)

∫
Ω

∂nttuh · ωh dx+
1

d

∫
Ω

E
(1 + ν)

ϵ(unh) : ϵ(ωh) dx

+

∫
Ω

Eν
(1 + ν)(1− 2ν)

divhu
n
hId : ϵ(ωh) dx

−
∫
Ω

(bpnh + 3αsKs(T
n
h − Tref)) divh(ωh) dx =

∫
Ω

hnh · ωh dx.

(4.29)

Proof. Let φh ∈ Hh be a test function. Multiplying the discrete mass conservation equation (4.5) by φK
and summing over all cells K, we obtain∑

K∈T
|K|

(
ρ(pnK)ϕ(Un

K)− ρ(pn−1
K )ϕ(Un−1

K )
)
φK

+ δt
∑
K∈T

∑
L∈N (K)

ρnKL
k

µ
τKL (pnK − pnL)φK = δt

∑
K∈T

|K|hnm,KφK .

From the definition of the discrete functions, we have

∑
K∈T

|K|
ρnKϕ

n
K − ρn−1

K ϕn−1
K

δt
φK =

∫
Ω

ρnhϕ
n
h − ρn−1

h ϕn−1
h

δt
φh dx,

∑
K∈T

|K|hnm,KφK =

∫
Ω

hnm,hφh dx.
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In addition, applying the discrete integrating by parts Lemma 2 together with the definition of the discrete
gradient (4.1), we obtain∑

K∈T

∑
L∈N (K)

ρnKL
k

µ
τKL (pnK − pnL)φK

=
∑

σKL∈Eh

dρnKL
K
µ
|DKL|

pnL − pnK
dKL

φnL − φnK
dKL

=
∑

σKL∈Eh

dρnKL
k

µ
|DKL|

(
pnL − pnK
dKL

nKL

)
·
(
φnL − φnK
dKL

)
nKL

=
1

d

∑
σKL∈Eh

ρnKL
k

µ
|DKL|∇hp

n
h |DKL

·∇hφh|DKL

=
1

d

∫
Ω

ρnh
k

µ
∇hp

n
h ·∇hφh dx

which establishes (4.27). To derive the variational formulation (4.28) on entropy, we use the reformulated
discrete entropy conservation equation (4.21). From the definition of the discrete functions, we have

∑
K∈T

|K|

(
Sns,K − Sn−1

s,K

δt
+
ρn−1
K ϕn−1

K

TnK
δt

(
∂nt eK + pnK∂

n
t

(
1

ρK

)))
ψK

=

∫
Ω

Sns,h − Sn−1
s,h

δt
ψh +

ρn−1
h ϕn−1

h

Tnh
δt

(
enh − en−1

h

δt
+
pnh
δt

(
1

ρnh
− 1

ρn−1
h

))
ψh dx,

and ∑
K∈T

|K|
(
hne,K
TnK

− snKh
n
m,K

)
ψK =

∫
Ω

(
hne,h
Tnh

− snhh
n
m,h

)
ψh dx.

Additionally, transforming the sum over cells to the sum over edges and using the definition of the discrete
gradient, from the second term of (4.21) we obtain

1

2

∑
K∈T

∑
L∈N (K)

ρnKL
TnKL

(enL − enK)
k

µ
τKL (pnK − pnL)ψKL

= −1

d

∫
Ω

ρnh
Tnh

k

µ
∇he

n
h ·∇hp

n
hψh dx.

In the same way, from the third term of (4.21) we get∑
K∈T

∑
L∈N (K)

ρnKLp
n
KL

TnKL

(
1

ρnL
− 1

ρnK

)
k

µ
τKL (pnK − pnL)ψK

= −1

d

∫
Ω

ρnhp
n
h

Tnh

k

µ
∇h

(
1

ρnh

)
·∇hp

n
hψh dx.

Furthermore, using the discrete integration by parts lemma and the definition of the discrete gradient, we
get ∑

K∈T

∑
L∈N (K)

λ

Tref
τKL(T

n
K − TnL )ψK =

1

d

∫
Ω

λ

Tref
∇hT

n
h ·∇hψh dx.

Finally, let ωh ∈ Hd
h be a test function. To derive the variational formulation (4.29) on the displacement,
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we multiply equation (4.11) by ωK then we sum over K to obtain

∑
K∈T

|K|
unK + un−2

K − 2un−1
K

δt
· ωK

+ δt
∑
K∈T

∑
L∈N (K)

E
(1 + ν)

τKL
2

×

[
((uK − uL)⊗ nKL)nKL + [(uK − uL)⊗ nKL]

⊤
nKL

]
· ωK

− δt
∑
K∈T

∑
L∈N (K)

Eν
(1 + ν)(1− 2ν)

|σKL| (divunId)KL nKL · ωK

+ δt
∑
K∈T

∑
L∈N (K)

|σKL| (bpnKLId + 3αsKs (T
n
KL − Tref) Id)nKL · ωK

= δt
∑
K∈T

|K|hnK · ωK .

(4.30)

From the definition of the discrete functions, we have

∑
K∈T

|K|
unK + un−2

K − 2un−1
K

δt2
· ωK =

∫
Ω

δnttuh · ωh dx,

∑
K∈T

|K|hnK · ωK =

∫
Ω

hnh · ωh dx.

By applying the discrete integration by parts Lemma 2 together with the definition of the contracted
product, from the second term of (4.30) we obtain

1

2

∑
K∈T

∑
L∈N (K)

E
(1 + ν)

τKL×(
([unK − unL]⊗ nKL)nKL + ([unK − unL]⊗ nKL)

⊤
nKL

)
· ωK

= d
∑

σKL∈DKL

E
(1 + ν)

|DKL|×[
1

2dKL
([unL − unK ]⊗ nKL)nKL +

1

2dKL
([unL − unK ]⊗ nKL)

⊤
nKL

]
· ωL − ωK

dKL

= d
∑

σKL∈DKL

E
(1 + ν)

|DKL|
2dKL

×

d∑
i,j=1

[(
uni,L − uni,K

)
nj,KL +

(
unj,L − unj,K

)
ni,KL

] ωi,L − ωi,K
dKL

nj,KL.

(4.31)

In addition, employing the identity 2
∑
i,j aibj =

∑
i,j aibj +

∑
i,j ajbi for all ai, bj ∈ R on the right-hand

side of (4.31). For the first term, we take ai = (uni,L − uni,K)(ωi,L − ωi,K) and bj = nj,KLnj,KL; for the
second term, we set ai = (ωi,L − ωi,K)ni,KL and bj = (unj,L − unj,K)nj,KL. Together with the definition of
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the double contracted product and the stress tensor, this yields

1

2

∑
K∈T

∑
L∈N (K)

E
(1 + ν)

τKL×(
([unK − unL]⊗ nKL)nKL + ([unK − unL]⊗ nKL)

⊤
nKL

)
· ωK

=
1

d

∑
σKL∈DKL

E
(1 + ν)

|DKL|
4d2KL

×

d∑
i,j=1

[
(∇hu

n
h ⊗ nKL)i,j + (∇hu

n
h ⊗ nKL)j,i

]
|DKL

[
(∇hωh ⊗ nKL)i,j + (∇hωh ⊗ nKL)j,i

]
|DKL

=
1

d

∑
σKL∈DKL

E
(1 + ν)

|DKL|
d∑

i,j=1

ϵ(unh)i,j |DKL
ϵ(ωh)i,j |DKL

=
1

d

∫
Ω

E
(1 + ν)

ϵ(unh) : ϵ(ωh) dx.

Proceeding analogously, we treat the third term of (4.30) to obtain

−
∑
K∈T

∑
L∈N (K)

Eν
(1 + ν)(1− 2ν)

|σKL|(divun)KLIdnKL · ωK

=

∫
Ω

Eν
(1 + ν)(1− 2ν)

divhu
n
hId : ϵ(ωh) dx.

Finally, for the fourth term of (4.30), we first consider the pressure term. Integrating by parts and applying
the definition of the discrete divergence operator (4.3) together with the boundary conditions, we obtain∑

K∈T

∑
L∈N (K)

b|σKL|pnKLIdnKL · ωK

= −1

2

∑
K∈T

∑
L∈N (K)

|σKL|b [pnKL(ωL − ωK)] · nKL

= −1

4

∑
K∈T

∑
L∈N (K)

|σKL|b [2(pnLωL − pnKωK)− (ωK + ωL)(p
n
L − pnK)] · nKL

= −1

4

∑
K∈T

∑
L∈N (K)

|σKL|b [2(pnLωL − pnKωK) · nKL + 2pnK(ωK + ωL) · nKL]

= −
∑
K∈T

|K|bpnKdivKωh.

Similarly, we obtain ∑
K∈T

∑
L∈N (K)

|σKL|(3αsKs(T
n
KL − Tref))nKL · ωK

= −
∑
K∈T

|K|3αsKs(T
n
K − Tref)divKωh.

Therefore, we obtain ∑
K∈T

∑
L∈N (K)

[b|σKL|pnKL + |σKL|3αsKs(T
n
KL − Tref)]nKL · ωK

= −
∫
Ω

(bpnh + 3αsKs(T
n
h − Tref))divhωh dx,

which establishes the desired result.
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5 Discrete energy estimates
In this section, we derive the discrete energy estimates for the model under Assumption 1 on the discrete
physical data. The following lemma provides a key estimate that will be used to derive the discrete energy
estimates.

Lemma 3. Let (unh, p
n
h, T

n
h ) be the solution to the system of equations (4.27)–(4.29). Then, the following

estimate holds ∫
Ω

∂nt Eh dx+

∫
Ω

m0

2
∂nt |∂nt uh|2 dx−

∫
Ω

ϕn−1
h

ρ̃′h
ρnh
pnh∂

n
t ph dx

+
k

dµ
∥∇hp

n
h∥2L2(Ω) +

λ

dTref
∥∇hT

n
h ∥2L2(Ω) +

1

d

∫
Ω

kρ′h
µρnh

pnh |∇hp
n
h|

2
dx

≤
∫
Ω

(
hnm,h(g

n
h + enh − snhT

n
h ) + hne,h + hnh · ∂nt uh

)
dx.

(5.1)

Where the discrete energy Enh is defined by

Enh := ρnhϕ
n
hg

n
h − ϕnhp

n
h + ρnhϕ

n
he
n
h +

1

2

[
pnh Tnh

]
M

[
pnh
Tnh

]

+
E

2d(1 + ν)
|ϵ(unh)|2 +

Eν
2(1 + ν)(1− 2ν)

(divhu
n
h)

2,

with ρ̃h = ρ(ch) with ch ∈]pn−1
h , pnh[, ρh = ρ(znh ) with znh ∈]pnK , pnL[, the matrix M is defined by (3.4) and the

function g is defined by (3.1).

Proof. First, we consider in (4.27)–(4.29), the test functions φh = (g(pnh) + enh) ∈ Hh where g is defined by

g(pnh) :=

∫ pnh

0

1

ρ(ζ)
dζ, ψh = Tnh ∈ Hh and ωh = ∂nt uh ∈ Hd

h. Then, summing the resulting equations, we

obtain
E1 + E2 + E3 + E4 + E5 + E6 = E7, (5.2)

where

E1 =

∫
Ω

ρnhϕ
n
h − ρn−1

h ϕn−1
h

δt
(g(pnh) + enh) dx

+

∫
Ω

ρn−1
h ϕn−1

h

(
∂nt eh + pnh∂

n
t

(
1

ρh

))
dx,

E2 =

∫
Ω

Sns,h − Sn−1
s,h

δt
Tnh dx,

E3 =
1

d

∫
Ω

ρnh
k

µ
∇hp

n
h ·∇hg(p

n
h) dx+

1

d

∫
Ω

−ρnhpnh
k

µ
∇h

(
1

ρnh

)
·∇hp

n
h dx,

E4 =
λ

dTref
∥∇hT

n
h ∥2L2(Ω),

E5 =

∫
Ω

∂nttuh · ∂nt uh dx+
1

d

∫
Ω

E
(1 + ν)

ϵ(unh) : ϵ(∂tu
n
h) dx

+

∫
Ω

Eν
(1 + ν)(1− 2ν)

divhu
n
hId : ϵ(∂tunh) dx,

E6 = −
∫
Ω

(bpnh + 3αsKs(T
n
h − Tref)) divh(∂tu

n
h) dx,

E7 =

∫
Ω

(
hnm,h(g(p

n
h) + enh − snhT

n
h ) + hne,h + hnh · ∂tunh

)
dx.
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Expanding E1, we obtain

E1 =

∫
Ω

∂nt (ρhϕheh + ρhϕhg(ph)) dx+
1

δt

∫
Ω

ρn−1
h ϕn−1

h (g(pn−1
h )− g(pnh)) dx

+

∫
Ω

ρn−1
h ϕn−1

h pnh∂
n
t

(
1

ρh

)
dx := E1,1 + E1,2 + E1,3.

Since the function g is concave (g′′ ≤ 0), then we have

g(pnh)− g(pn−1
h ) ≤ g′(pn−1

h )(pnh − pn−1
h ).

Consequently, E1,2 can be bounded as follows

E1,2 ≥ 1

δt

∫
Ω

[
pnh(ϕ

n
h − ϕn−1

h )− δt∂nt (ϕhph)
]
dx.

Next, from the mean value theorem [23], we have

ρnh − ρn−1
h = (ρ̃h)

′(pnh − pn−1
h ),

where ρ̃h = ρ(ch) with ch ∈]pn−1
h , pnh[. Consequently, from E1,3, we obtain

ρn−1
h ϕn−1

h pnh∂
n
t

(
1

ρh

)
= −ϕn−1

h

(ρ̃h)
′

ρnh
pnh∂

n
t ph.

We thus obtain the following lower bound for E1:

E1 ≥
∫
Ω

∂nt (ρhϕheh + ρhϕhg(ph)− ϕhph) dx

+
1

δt

∫
Ω

pnh(ϕ
n
h − ϕn−1

h ) dx−
∫
Ω

ϕn−1
h

(ρ̃h)
′

ρnh
pnh∂

n
t ph dx.

(5.3)

Furthermore, from the definition of the discrete porosity and skeleton entropy (4.12), we obtain∫
Ω

pnh
ϕnh − ϕn−1

h

δt
dx+

∫
Ω

Tnh
Sns,h − Sn−1

s,h

δt
dx−

∫
Ω

(bpnh + 3αsKs(T
n
h )) divh∂

n
t (uh) dx

=

∫
Ω

(
−3αϕp

n
h

Tnh − Tn−1
h

δt
+

1

N
pnh
pnh − pn−1

h

δt
− 3αϕT

n
h

pnh − pn−1
h

δt
+

Cs
Tref

Tnh
Tnh − Tn−1

h

δt

)
dx

=

∫
Ω

1

δt

[[
pnh Tnh

]
M

[
pnh − pn−1

h

Tnh − Tn−1
h

]]
dx.

Moreover, since M is a real, symmetric, positive definite matrix, we have the following inequality

1

δt

[[
pnh Tnh

]
M

[
pnh − pn−1

h

Tnh − Tn−1
h

]]
≥ 1

2δt

[[
pnh Tnh

]
M

[
pnh
Tnh

]
−
[
pn−1
h Tn−1

h

]
M

[
pn−1
h

Tn−1
h

]]

=
1

2
∂nt

[[
ph Th

]
M

[
ph
Th

]]
.

This yields

E1,2 + E2 + E6 ≥ −
∫
Ω

∂nt (ϕhph) dx+
1

2

∫
Ω

∂nt

[[
ph Th

]
M

[
ph
Th

]]
dx. (5.4)

Furthermore, we recall the inequality a(a− b) ≥ 1

2
(a2 − b2) for all a, b ∈ R, which yields the bound

∂nttuh · ∂nt uh =
1

δt

(
∂nt uh − ∂n−1

t uh
)
· ∂nt uh ≥ 1

2
∂nt |∂nt uh|2. (5.5)
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In the same way, the second term of E5 satisfies

ϵ(unh) : ϵ(∂
n
t uh) =

1

δt
ϵ(unh) : ϵ(u

n
h − un−1

h ) ≥ 1

2
∂nt (|ϵ(uh)|2), (5.6)

Likewise, the third term of E5 satisfies

divhu
n
hId : ϵ(∂nt uh) =

1

δt

(
divhu

n
hId : ϵ(unh − un−1

h )
)
≥ 1

2
∂nt (divhuh)

2. (5.7)

Combining the three estimates (5.5), (5.6) and (5.7) yields

E5 ≥ 1

2

∫
Ω

[
∂nt |∂nt uh|2 +

E
d(1 + ν)

∂nt (|ϵ(uh)|2) +
Eν

(1 + ν)(1− 2ν)
∂nt (divhuh)

2

]
dx. (5.8)

Now, to obtain the estimate on the gradient terms, we note that

g(pnL)− g(pnK) =

∫ pnL

pnK

1

ρ(ζ)
dζ,

and from the definition of the density on the interfaces (4.6), we have

ρnKL(g(p
n
L)− g(pnK)) = pnL − pnK .

Then, by considering gnh = (g(pnK))K∈T , we get

ρnh∇hg
n
h |DKL

= dρKL
g(pnL)− g(pnK)

dKL
nKL = d

pnL − pnK
dKL

nKL = ∇hp
n
h |DKL

,

and
ρnh∇hp

n
h ·∇hg

n
h |DKL

= (∇hp
n
h ·∇hp

n
h)|DKL

.

Finally, using the mean value theorem, from E3, we have

− ρnhp
n
h∇h

(
1

ρnh

)
·∇hp

n
h
|DKL

= −d2 ρ
n
KLp

n
KL

dKL

(
1

ρnL
− 1

ρnK

)
pnL − pnK
dKL

= d2ρ′h
ρnKLp

n
KL

ρnLρ
n
K

(
pnL − pnK
dKL

)
pnL − pnK
dKL

= ρ′h
ρnKLp

n
KL

ρnLρ
n
K

(∇hp
n
h ·∇hp

n
h)|DKL

,

(5.9)

where ρ′h = ρ′(znh ) with znh ∈ (pnK , p
n
L). In addition, since g is concave, we have

g(pnK)− g(pnL) ≤ g′(pnL)(p
n
K − pnL). (5.10)

Using the definition of the density on the interface (4.6) and inequality (5.10), we obtain

ρnKL =
pnK − pnL

g(pnK)− g(pnL)
≥ 1

g′(pnL)
= ρ(pnL).

Since ρKL is symmetric, we also have ρnKL ≥ ρ(pnK). Hence, from (5.9), we obtain

−
∫
Ω

ρnhp
n
h

K
µ
∇h

(
1

ρnh

)
·∇hp

n
h dx ≥

∫
Ω

ρ′h
ρnh
pnh |∇hp

n
h|

2
dx.

This yields the following bound for E3

E3 ≥ k

dµ
∥∇hp

n
h∥2L2(Ω) +

1

d

∫
Ω

kρ′h
µρnh

pnh |∇hp
n
h|

2
dx. (5.11)

To conclude, we combine the estimates obtained in (5.3), (5.4), (5.8) and (5.11) which completes the proof.
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We now state the main discrete energy estimate for our model in the form of the following proposition.

Proposition 5. Let (unh, p
n
h, T

n
h ) be the solution of (4.27)–(4.29). We assume that Assumption 1 holds.

We also assume that the discrete fluid pressure is positive, the porosity is constant (ϕnh = _0) and ϕ0γ is
sufficiently small; we obtain the following estimate:

∥∂tuD∥L∞(0,tF ,L2(Ω)) + ∥pD∥L∞(0,tF ,L2(Ω)) + ∥TD∥L∞(0,tF ,L2(Ω)) + ∥eD∥L∞(0,tF ,L1(Ω))

+ ∥uD∥L∞(0,tF ,H1(Ω)) + ∥∇hpD∥L2(0,tF ,L2(Ω)) + ∥∇hTD∥L2(0,tF ,L2(Ω)) ≤ C.
(5.12)

Proof. From Lemma 3, we recall that the solution (unh, p
n
h, T

n
h ) satisfies the discrete estimate (5.1). Summing

inequality (5.1) over n = 1, ..., NT , we obtain∫
Ω

(
ENT

h − E0
h

)
dx+

∫
Ω

m0

2

(∣∣∣∂NT
t uh

∣∣∣2 − ∣∣∂0tuh∣∣2) dx

−
NT∑
n=1

∫
Ω

ϕn−1
h

ρ̃′h
ρnh
pnh(p

n
h − pn−1

h ) dx+
δt

d

NT∑
n=1

∫
Ω

k

µ
|∇hp

n
h|

2
dx

+
δt

d

NT∑
n=1

∫
Ω

λ

Tref
|∇hT

n
h |

2
dx+

δt

d

NT∑
n=1

∫
Ω

kρ′h
µρnh

pnh |∇hp
n
h|

2
dx

≤ δt

NT∑
n=1

∫
Ω

(
hnm,h (g(p

n
h) + enh − snhT

n
h ) + hne,h + hnh · ∂nt uh

)
dx.

(5.13)

Moreover, using Assumption 1 (A6), and the fact that pnh ≥ 0 and the porosity is constant, we obtain the
following inequalities from the third term of (5.13) depending on the monotonicity of the pressure:
If pnh − pn−1

h ≥ 0:

−ϕn−1
h

ρ̃′h
ρnh
pnh(p

n
h − pn−1

h ) = −ϕ0γ((pnh)2 − pnhp
n−1
h ) ≥ −ϕ0γ((pnh)2 − (pn−1

h )2).

If pnh − pn−1
h < 0:

−ϕn−1
h

ρ̃′h
ρnh
pnh(p

n
h − pn−1

h ) ≥ 0 ≥ ϕ0γ((p
n
h)

2 − (pn−1
h )2).

Consequently, we obtain

−ϕn−1
h

ρ̃′h
ρnh
pnh(p

n
h − pn−1

h ) ≥ −sgn(pnh − pn−1
h )ϕ0γ((p

n
h)

2 − (pn−1
h )2), (5.14)

where sgn(pnh − pn−1
h ) :=

{
1 if pnh − pn−1

h ≥ 0,

−1 otherwise.
Let {yNT }∞NT=1 be the sequence defined by

yNT :=

∫
Ω

(
ENT

h +
m0

2

∣∣∣∂NT
t uh

∣∣∣2 − sgn(pnh − pn−1
h )ϕ0γ

(
pNT

h

)2)
dx.

Our goal is to apply the discrete Gronwall Lemma [9]. To that end, we aim to show that there exist two

sequences {aNT }∞NT=1 and {bNT }∞NT=1 such that yNT ≤ aNT +

NT∑
n=1

ynbn, which is the required form to apply

the Gronwall Lemma and conclude the desired bound. Using the definition of yNT and inequalities (5.13)
and (5.14), we obtain:

yNT − y0 =

∫
Ω

(
ENT

h − E0
h

)
dx+

∫
Ω

m0

2

(∣∣∣∂NT
t uh

∣∣∣2 − ∣∣∂0tuh∣∣2) dx

−
∫
Ω

sgn(pnh − pn−1
h )ϕ0γ

((
pNT

h

)2
−
(
p0h
)2)

dx

≤ δt

NT∑
n=1

∫
Ω

(
hnm,h (g(p

n
h) + enh − snhT

n
h ) + hne,h + hnh · ∂nt uh

)
dx.

(5.15)
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Applying the Cauchy-Schwarz inequality, we have∫
Ω

hnh · ∂nt uhdx ≤ ∥hnh∥L2(Ω)∥∂nt uh∥L2(Ω). (5.16)

From Assumptions (A2) and (A3), there exist positive constants C1, C2, C3 and C4 ∈ R+ such that

|hnm,h| ≤ C1, |hne,h| ≤ C2, |hnh| ≤ C3 and enh − Tnh s
n
h ≤ C4(|pnh|2 + |Tnh |2). (5.17)

In addition, since the function g is sublinear, it follows that there exists a constant C5 ∈ R+ such that

g(pnh) ≤ C5p
n
h. (5.18)

Analogous to the continuous case, we employ inequality (5.16), the bounds (5.17) and (5.18), and we apply
Young’s inequality

(
ab ≤ 1

2 (a
2 + b2), ∀a, b ∈ R

)
to obtain∫

Ω

(
hnm,h (g(p

n
h) + enh − snhT

n
h ) + hne,h + hnh · ∂nt uh

)
dx

≤
∫
Ω

(
C6(|pnh|2 + |Tnh |2) + C7 +

1

2
|∂nt uh|2

)
dx,

(5.19)

where C6 and C7 are two real positive constants such that C6 = max
(
C1C5

2 , C1C4

)
and C7 = C1C5

2 +C2+
C2

3

2 .
Now, using the fact that M is a real symmetric matrix, we have

λmin∥(pnh, Tnh )∥22 ≤
[
pnh Tnh

]
M

[
pnh
Tnh

]
≤ λmax∥(pnh, Tnh )∥22, (5.20)

where λmin and λmax are respectively the minimum and the maximum eigenvalues of M.
Now, let us define the function H : R → R by

H(pnh) := ρ(pnh)g(p
n
h)− pnh with g(pnh) :=

∫ pnh

0

1

ρ(ζ)
dζ.

We have that H(pnh) ≥ 0. Using Assumptions (A1) and (A4), together with inequality (5.20) and the fact
that H(pnh) ≥ 0, we deduce from the definition of Enh that

Enh ≥ 1

2
λmin∥(pnh, Tnh )∥22 + ρϕ∗e

n
h.

This leads to the following lower bound:

C0(|pnh|2 + |Tnh |2 + enh) ≤ Enh , (5.21)

where C0 = min
(
1
2λmin, ρϕ∗

)
> 0 is a positive constant. Employing inequalities (5.19) and (5.21) in

equation (5.15), we obtain

yNT ≤ y0 + δt

NT∑
n=1

∫
Ω

b
(
Enh +

m0

2
|∂nt uh|2 − sgn(pnh − pn−1

h )ϕ0γ(p
n
h)

2
)
dx

+ δt

NT∑
n=1

∫
Ω

(
C7 +

1

2
|∂nt uh|2 + b sgn(pnh − pn−1

h )ϕ0γ(p
n
h)

2

)
dx

= aNT + b

NT∑
n=1

yn,

(5.22)

where b = δtmax
(
C6

C0
, 1
)

and

aNT = y0 + δtNT C7|Ω|+ δt

NT∑
n=1

∫
Ω

(
1

2
|∂nt uh|2 + b sgn(pnh − pn−1

h )ϕ0γ(p
n
h)

2

)
dx.
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We now apply the discrete Gronwall lemma to (5.22). Since b is constant and non-negative, it follows that

yNT ≤ aθ

NT∏
n=1

(1 + b) = aθ(1 + b)NT ,

where θ ∈ S(1, NT ) = {k where yK(
∏k−1
j=1 (1 + bj))

−1 is maximized in{1, . . . , NT }}.
Hence, there exists a constant C > 0 such that∫

Ω

(
Enh +

m0

2
|∂nt uh|2 − sgn(pnh − pn−1

h )ϕ0γ (p
n
h)

2
)
dx ≤ C for all n = 1, . . . , NT . (5.23)

Therefrom, from the assumption that ϕ0γ is small, we deduce that ED ∈ L∞(0, tF , L
1(Ω)) and ∂tuD ∈

L∞(0, tF , L
2(Ω)). Furthermore, using the lower bound (5.21), we get that pD ∈ L∞(0, tF , L

2(Ω)), TD ∈
L∞(0, tF , L

2(Ω)) and eD ∈ L∞(0, tF , L
1(Ω)). Moreover, by the definition of Enh , and in particular the pres-

ence of the term involving ϵ(unh), it follows that ϵ(uD) ∈ L∞(0, tF , L
2(Ω)) and thus ∇huD ∈ L∞(0, tF , L

2(Ω)).
Consequently, we conclude that uD ∈ L∞(0, tF , H

1(Ω)).
Given that ED ∈ L∞(0, tF , L

1(Ω)), ∂tuD ∈ L∞(0, tF , L
2(Ω)) and pD , TD ∈ L∞(0, tF , L

2(Ω)), we deduce
from inequality (5.13) and the source terms bounds (5.19) that

δt

d

NT∑
n=1

∫
Ω

K
µ
|∇hp

n
h|

2
+
δt

d

NT∑
n=1

∫
Ω

λ

Tref
|∇hT

n
h |

2
dx+

δt

d

NT∑
n=1

∫
Ω

ρ′h
pnh
ρnh

|∇hp
n
h|

2
dx ≤ C, (5.24)

which implies ∇hpD ∈ L2(0, tF , L
2(Ω)) and ∇hTD ∈ L2(0, tF , L

2(Ω)). Finally, we obtain the estimates (5.12).

6 Numerical experiments
In this section, we present some numerical experiments associated to the proposed numerical scheme. To
solve the nonlinear system of equations (4.5), (4.7) and (4.11), we employ the Newton method to “almost”
convergence (the Newton tolerance is set to 10−10).

We consider a one-dimensional homogeneous porous medium of length L . The initial porosity is set to
ϕ0 = 0.2 and the constant absolute permeability is K = 10−12m2. The gravitational effects are not taken
into account in the numerical tests. We consider the same simulation parameters as in [14] and they are
reported in the following table.

Quantity Symbol Value Unit
The Volumetric skeleton thermal dilatation
coefficient

αs 1.5× 10−5 K−1

Biot’s coefficient b 0.65 –
Thermal Conductivity λ 2 W m−1K−1

Poisson coefficient ν 0.15 –
Young modulus E 40.109 Pa

Bulk modulus Ks
E

2(1+ν)(1−2ν) Pa

Biot modulus N Ks

(b−ϕ0)(1−b) Pa

Skeleton volumetric heat capacity Cs 2.106 Jm−3K−1

Reference temperature Tref 300 K

Reference pressure pref 105 Pa

The Volumetric thermal dilatation coefficient αϕ (b− ϕ0)αs K−1

Average fluid skeleton specific density m0 0 Kg m−3

Table 1: Material properties.
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6.1 Test Case with Exact Solutions
First, we analyse the numerical convergence of our scheme for the system of equations 2.1 using the following
analytical solution:

p(x, t) = e−t sin(πx) + pref, T (x, t) = Tref − e−t sin(πx) and u(x, t) = 10−5e−tx(x− L)

on the domain Ω = (0, 1) and time interval (0, tF ) with tF = 1s. Dirichlet boundary conditions are imposed
for p, T , and u, and the source terms hm, he, and h are computed from the analytical solution using the
parameters from Table 1. We consider a small constant time step δt = 10−4. Moreover, the density of the
fluid is given by

ρ(p) = ρref(1 + cref(p− pref)),

where ρref = 1000 Kg m−3 is the reference density and cref = 10−6Pa−1 is the compressibility coefficient.
The fluid viscosity is set to µ = 10−3 Pa s. The fluid-specific entropy is given by

s(p, T ) = Cf ln

(
T

Tref

)
−
(

1

ρref

)
ln

(
p

pref

)
,

where Cf = 1000 J.Kg−1.K−1 is the fluid specific heat capacity.
The relative L2 space-time errors for p, T , and u are presented in Figure 2 as functions of the number

of mesh elements Nx.
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Figure 2: Relative L2 errors for the pressure p, the temperature T , and the displacement u.

Figure 2 shows the relative L2 space-time errors for the primary unknowns: fluid pressure p, fluid
temperature T and skeleton displacement u, as a function of the number of spatial mesh elements Nx. The
relative L2 space-time error is defined, for example, for the pressure, as

∥p− ph∥L2(Ω,L2(0,tF ))

∥p∥L2(Ω,L2(0,tF ))
=

(∫ tF
0

∫
Ω
(p− ph)

2 dxdt
)1/2

(∫ tF
0

∫
Ω
p2 dxdt

)1/2 .

Similar expressions are used for the variables T and u. This figure highlights the different convergence
behaviors, which are consistent with those reported for incompressible fluids in [13]: the pressure and
displacement exhibit approximately second-order convergence, while the temperature shows a slower con-
vergence rate of about 0.5. Moreover, the results are comparable to those observed for a compressible flow
in fractured porous media [14], where the convergence rate of the model is approximately 1.5. Overall, these
results demonstrate the accuracy and robustness of the proposed numerical scheme.
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6.2 Dirichlet Boundary Conditions
We consider a one-dimensional homogeneous porous medium of length L = 10 m. We fix the initial pressure,
temperature, and displacement field to p0 = 105Pa, T 0 = 300K, and u0 = 10−6m, respectively. Dirichlet
boundary conditions are imposed on the pressure, with p = 4× 105Pa on the left boundary and p = 105Pa
on the right boundary. For the temperature, we fix T = 285K on the left boundary and T = 300K on the
right boundary. The displacement field satisfies homogeneous Dirichlet boundary conditions, representing
a waterproof sample. This configuration is particularly relevant as it enables the investigation of the risk
associated with pressure buildup resulting from the restriction of fluid outflow. In addition, the source terms
hm, he, and h are set to 0.

We consider a uniform spatial mesh (Nx = 100 elements) and let tF = 1 day be the final simulation time
with δt = 10−3s the constant time step.

In Figure 3, we show the behavior of our numerical solution through the porous medium at the final
simulation time t = 1 day. More precisely, we displayed the fluid pressure (left), fluid temperature (middle)
and skeleton displacement (right). We note that the pressure decreases rapidly near the left boundary and
stabilizes further into the domain. The temperature increases before reaching a nearly constant value, while
the displacement initially increases in the first cells, reaching a maximum around 8.10−5 − 9.10−5m, and
then decreases further into the domain. We observe that negative displacement values were generated; this
is due to the fixed boundaries on both ends of the domain and unrealistic data in this test case. These
behaviors are consistent with the applied boundary conditions and the coupled thermo-poroelastic nature
of the system, demonstrating the strength of our approach.
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Figure 3: Solution for Nx = 100 spatial elements at t = 1 day. Fluid pressure (left), fluid temperature
(middle), and skeleton displacement (right).

In Figure 4, we represent the evolution of the numerical solution over time, from t = 2 days to t = 100
days, as a function of the spatial domain. We observe that the fluid pressure increases over time and
gradually approaches a steady, nearly linear profile. An analogous behavior is observed for the temperature,
which stabilizes progressively over time. In contrast, the displacement decreases and develops a wave-like
profile at later times.
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Figure 4: Profile of the numerical solution for Nx = 100 spatial elements at different time values. Left: fluid
pressure, middle: fluid temperature, right: skeleton displacement.

6.3 Influence of the displacement
In this section, we investigate the influence of the skeleton displacement on the numerical solution. We
consider three cases:

1. No displacement (u = 0): we assume that the skeleton undergoes no displacement. As a result, the
system of equations (2.1) contains only the fluid mass conservation equation and the energy balance
equation. In addition, we define the porosity as ϕ = ϕ(p, T ) and the volumetric skeleton entropy as
Ss = Ss(p, T ).

2. Initial displacement u0 = 0: We consider the system of equations (2.1) where the initial displace-
ment is equal to zero.

3. Initial displacement u0 = 10−6: We consider the system of equations (2.1) where the initial
displacement is equal to 10−6 m.

Moreover, we consider the same parameters and boundary conditions mentioned in Section 6.2.
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Figure 5: Numerical solution for diffrent cases depending on the skeleton displacement at t = 1 day. Left:
fluid pressure and right: fluid temperature.

Figure 5 illustrates the numerical solution (fluid pressure and temperature) under three cases : (1)
with no displacement, (2) with an initial displacement field u0 = 0 m, and (3) with u0 = 10−6 m, for
Nx = 100 spatial elements at t = 1 day. We observe that the behaviors of the temperature for these three
configurations are similar. It shows, in particular, that variations of the displacement u do not affect the
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evolution of the temperature variable. However, the pressure is slightly higher when the displacement is
neglected in the model, whereas in the other case, the variation of the initial displacement does not affect
the evolution of the fluid pressure.

6.4 Influence of the compressibility
In this section, we analyze the influence of compressibility on our numerical solution. We consider three
cases:

1. Incompressible fluid: In this case, we suppose that the fluid is incompressible with a constant
density ρ = 1000 Kg m−3 and we set the fluid viscosity to µ = 10−3 Pa s. The fluid-specific entropy

is given by s(T ) = Cf ln

(
T

Tref

)
.

2. Weakly compressible fluid: The density of the fluid is given by ρ(p) = ρref(1+ cref(p−pref)) where
ρref = 1000 Kg m−3 is the reference density and cref = 10−6Pa−1 is the compressibility coefficient. In
addition, the fluid viscosity is set to µ = 10−3 Pa s. The fluid-specific entropy is given by s(p, T ) =

Cf ln

(
T

Tref

)
−
(

1

ρref

)
ln

(
p

pref

)
.

3. Perfect gas case: The density of the fluid is given by ρ(p) = Mg
p

RTref
where Mg = 2.01568 10−3

Kg.mol−1 is the molar mass of the hydrogen and R = 8.3149 J.mol−1.K−1 is the perfect gas constant.
In addition, the fluid viscosity is set to µ = 9 × 10−5 Pa s. The fluid-specific entropy is given by

s(p, T ) = Cf ln

(
T

Tref

)
−R ln

(
p

pref

)
.

The parameters and boundary conditions used are consistent with those specified in Section 6.2.
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Figure 6: Numerical solution for different cases depending on the compressibility of the fluid at t = 1
hour using Nx = 100 spatial elements. Left: fluid pressure, middle: fluid temperature, and right: skeleton
displacement.

In Figure 6, we show the behavior of the numerical solution under different cases depending on the
compressibility of the fluid : case 1 (black curve) with an incompressible fluid, case 2 (red curve) with a
weakly compressible fluid, and case 3 (blue curve) with a perfect gas. We observe that the pressure in
the incompressible case is greater than in the compressible cases, where it is nearly the same. In contrast,
the compressibility of the fluid does not affect its temperature, which stays similar in all cases. Finally,
we observe that the skeleton displacement is greater for an incompressible fluid than a compressible one.
Moreover, in the case of a weakly compressible fluid, the displacement exceeds that observed for a perfect
gas.
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6.5 Neumann Boundary Conditions
In this section, we consider the same parameters mentioned in Section 6.2 with different boundary condi-
tions. We employ homogeneous Neumann boundary conditions for the pressure and temperature. For the
displacement, we employ homogeneous Dirichlet on the left boundary and homogeneous Neumann on the
right.

Figure 7 represents the evolution of the numerical solution over time, from day 1 to day 100, through
the porous medium. We observe that, at each time, the fluid pressure decreases progressively when moving
further into the domain. However, the temporal evolution reveals a crossover: at t = 10 and t = 100 days,
the pressure is lower than at t = 1 day in the first cells of the domain (approximately x ≤ 2 m), but becomes
higher than the pressure at t = 1 day further into the domain. Moreover, at t = 100 days the pressure is
lower than at t = 10 days in the first half of the domain, but is higher in the second half. This behavior
reflects the progressive redistribution of the fluid, consistent with the imposed boundary conditions, where
the pressure gradient is zero at both ends. The same behavior is observed for the fluid temperature, since
identical boundary conditions are imposed for the thermal flow, leading to a similar redistribution process
over time. Finally, for the displacement field, we observe that it increases both with time and along the
spatial domain. This is a consequence of the boundary conditions: no displacement was imposed on the left
of the domain, while a Neumann condition on the right allows displacement to accumulate and grow over
time.
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Figure 7: Numerical solution at different times using Nx = 100 spatial elements. Left: fluid pressure, middle:
fluid temperature, and right: skeleton displacement.

7 Conclusion
In this work, we investigated discretizations that preserve energy estimates for a THM model describing
compressible fluid flow in deformable porous media. We employed the finite volume method with two-point
flux approximation for the spatial discretization, and the implicit Euler scheme for the discretization in
time. Particular attention was given to the choice of the fluid density at the interface, where a non-classical
definition was adopted to ensure the preservation of the energy estimates at the discrete level. Energy
estimates were derived and presented at both the continuous and discrete levels. The proposed approach
was then tested and validated through numerical experiments under different boundary conditions, and the
influence of fluid compressibility was examined. The results confirmed the robustness and reliability of the
method.

In future work, we aim to extend the model and discretization framework to the case of two-phase flow
in deformable porous media, where additional unknowns and nonlinear couplings will pose new analytical
and numerical challenges.
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