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Energy estimates and convergence analysis of a two-phase flow in
deformable porous media

Mayssam Mohamad∗† Jad Dabaghi‡ Frédéric Grondin† Mazen Saad∗

February 2026

Abstract

In this work, we explore two-phase non-isothermal flows in deformable porous media. We consider
a Thermo-Hydro-Mechanical (THM) model for a two-phase flow where small deformations and linear
thermo-poro-elastic constitutive laws are assumed. These models are widely used in various areas of
geomechanics, with applications ranging from underground energy storage to oil and gas reservoir en-
gineering. We present the mathematical formulation of this model which is formulated as a strongly
nonlinear system of parabolic partial differential equations governing the conservation of mass, conser-
vation of entropy and momentum balance. Moreover, we derive some energy estimates of the continuous
model. The discretization of our system relies on the backward Euler scheme in time and the finite
volume two-point flux approximation (TPFA) scheme in space. We show that the energy estimates are
well-preserved at the discrete level. These stability results allow us to establish the convergence of the
proposed scheme to a weak solution of the nonlinear system. The proof is completed for the degenerate
THM model.

Keywords: Thermo-Hydro-Mechanical (THM) model, two-phase flow, energy estimates, finite volume
method, convergence analysis.

1 Introduction
The storage of hydrogen, produced via water electrolysis, in a cementitious cavity offers a solution to
the overproduction of electricity from wind farms [25, 40]. However, chemical degradation, structural
damage, loss of mechanical strength, and an increased leak risk could be caused by hydrogen infiltration
into the materials [41, 39, 37, 32]. These challenges highlight the need of constructing and simulating
mathematical models for multiphase flows in porous media while taking into account the temperature
changes and mechanical behaviors.

In this work, we focus on the Thermo-Hydro-Mechanical (THM) model, following Coussy [18] and
Biot [8], for two-phase flow where small deformations, porosity variations and linear thermo-poro-elastic
behaviors are assumed. Such models are essential for analyzing fluid flow in deformable porous materials,
since they capture the complex interactions between fluid transport, heat transfer, and mechanical deforma-
tions within the subsurface. They also provide a framework to evaluate potential risks, such as gas leakage
and structural weakening, and to assess different risk mitigation strategies.

Moreover, THM models have been recently the focus for many mathematical and numerical analysis
works. For instance, for incompressible single-phase flows, we mention [23] where the Hybrid Finite Volume
(HFV) method [22] combined with the finite element method [12, 26] were employed for the numerical
discretization. For compressible single phase flows, we refer to the recent work [35] where the finite volume
method based on the Two-Point Flux Approximation (TPFA) [28] is employed. In addition, in the context
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of fractured porous media, we mention [24] where the authors employed a HFV approach to discretize the
flow and heat transfer equations, combined with a finite element approach for the mechanical equation.
As for two-phase flow in deformable porous media, there exists some contributions for isothermal flows
and we mention for instance [10] for a theoretical analysis where the existence of global weak solution was
established and [9] for a numerical analysis using the gradient discretization method [21]. Moreover, we
refer to [34, 36] for the numerical analysis of poroelastic models using the finite volume method. Next,
multiphase flows in rigid porous media where in general the unknowns are the pressure and saturation of
the phases (see [17]) have been intensively studied for decades. In Chavent and Jaffré [16], a reduction of
these two-phase equations to a system of a single parabolic saturation equation coupled with an elliptic
pressure equation is introduced, replacing the two pressure unknowns (one per phase) by only one pressure
unknown, called the global pressure. This approach has been widely developped for other theoretical and
numerical studies such as [4, 2].

For industrial applications such as the storage of radioactive waste in deep geological layers, we refer
to Jaffré and Sboui [33], Ben Gharbia and Jaffré [6], and Ben Gharbia et al. [29]. In particular, in the
last reference, an a a posteriori error estimate for a two phase compositional flow with phase transition is
established. Besides, an adaptive procedure following the methodology of [27, 19, 20] is developed in order
to distinguish the different error components within the simulation, namely the finite volume discretization
error and the semismooth Newton linearization error. We emphasize on the fact that finite volume methods
based on the Two-Point Flux Approximation (TPFA) [28] have been widely applied to multiphase flows in
rigid porous media, where mechanical deformations are neglected, due to their computational efficiency and
conservation properties [38, 30, 1, 11, 7]. While this approach has demonstrated efficiency and accuracy
in rigid porous media, its extension to fully coupled THM problems remains challenging, particularly in
maintaining energy stability and robustness under large parameter scales. To the best of our knowledge,
no theoretical or numerical analysis for the fully coupled THM models with two fluids have been developed
before. We will try to fill this gap.

In this paper, we focus on the study of a non-isothermal, immiscible, incompressible two-phase Darcy
flow while taking into account the poromechanical coupling. Following [18, 9], we extend the single-phase
THM model presented in [35] to the two-phase setting. The resulting mathematical model is a nonlinear
degenerate system of partial differential equations involving mass conservation, entropy conservation and
momentum conservation with some additional closure equations involving capillary pressure law, linear
thermo-poro-elastic constitutive laws and the notion of equivalent pore pressure as defined by Coussy [18].
We first establish the energy estimates for this model. To this end, we introduce a set of assumptions on
the physical data, the porosity function and the internal energy of the fluids. A major difficulty arises from
the degeneracy of certain dissipative terms, due to the vanishing of the mobilities when the corresponding
saturation reaches zero. This issue motivates the use of the global pressure formulation introduced in [16].

For the numerical discretization, we consider the TPFA finite volume scheme for the space discretization
together with the implicit Euler scheme for the time discretization. Our first objective is to show that the
energy estimates are preserved at the discrete level. The choice of discrete mobilities plays a crucial role
in establishing this result. In particular, we adapt an upwind discretization, which enables us to prove a
maximum principle for the discrete saturations and ensures that they remain in their physical bounds.

Another main result of this work is the analysis of convergence of the discrete solution to the weak
solution of the two-phase THM model. Following the techniques developed in [28, 3, 38], the convergence
is weak in general while strong convergence of certain terms is obtained through compactness arguments.

Therefore, this paper is organized as follows. In Section 2, we present the mathematical model of our
problem, where an energy-based reformulation of the entropy conservation equation is also presented. Next,
in Section 3, we derive the energy estimates for the continuous model and in Section 4, we define the weak
solution for our model. Furthermore, in Section 5, we introduce the numerical discretization for our system
with the implicit Euler scheme in time, and the cell-centered finite volume scheme in space. Then, we
demonstrate that our finite volume scheme is equivalent to a discrete variational formulation. Furthermore,
the discrete energy estimates are derived in Section 6. Finally, in Section 7, we prove the convergence of
our numerical scheme.
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2 Mathematical model
Let Ω ⊂ Rd, d ≥ 1, be an open bounded connected domain representing a porous medium characterized by
small strains, displacements, and variations of the rocks. We denote by tF > 0 the final simulation time
and we set QtF := (0, tF )× Ω.

We consider a non-isothermal incompressible two-phase flow in the porous medium Ω. Moreover, we
consider a wetting phase, denoted by “w”, containing the water component and a non-wetting phase, denoted
by “nw”, containing the hydrogen component. For a given phase α ∈ {w, nw}, sα denotes its saturation,
pα its pressure, cα its fluid specific entropy, and ρα its fluid density. Moreover, T denotes the system
temperature, and u the displacement of the skeleton. We extend the Thermo-Hydro-Mechanical (THM)
model presented in [35] to the two-phase, non-isothermal, incompressible flow. Linear isotropic thermo-poro-
elastic constitutive laws are considered for the skeleton. We assume small variations of temperature around
the reference temperature Tref and thermal equilibrium is assumed between the fluids and the skeleton. Here,
the primary unknowns of the model are pα, T, and u. Furthermore, the porous medium is characterized by
its porosity ϕ, which is a nonlinear function of the primary unknowns, and its absolute permeability tensor
denoted by K ∈ Rd,d. The governing system of partial differential equations consists of mass conservation
for each fluid, entropy conservation under the assumption of reversible mechanical deformations, and the
momentum balance equation for the skeleton. The model is described in QtF by:

∂t(swρwϕ) + div (ρwVw(pw)) = rw, (2.1a)
∂t(snwρnwϕ) + div (ρnwVnw(pnw)) = rnw, (2.1b)

∂t

Ss +
∑

α∈{w,nw}

ραsαcαϕ

+ div

 ∑
α∈{w,nw}

ραcαVα(pα) +
1

Tref
q(T )

 =
re
T
, (2.1c)

m0∂
2
ttu− divσ = fu, (2.1d)

where Ss is the volumetric skeleton entropy, m0 is the specific average fluid-rock density, rw, rnw are the
source terms related to the fluids, re is the external heat rate, and fu is the body force.

Moreover, we consider homogeneous Neumann boundary conditions for the pressures and temperature
variables and homogeneous Dirichlet boundary conditions for the displacement of the skeleton. They are
prescribed by:

Vw · n = Vnw · n = 0, ∇T · n = 0, u = 0 in (0, tF )× ∂Ω,

with n the outward unit normal vector to Ω. At t = 0, the initial data are prescribed by:

pw(., 0) = p0w, pnw(., 0) = p0nw, T (., 0) = T 0, u(., 0) = u0 in Ω.

The Darcy velocity Vα for each phase α ∈ {w, nw} is defined by

Vα := −Krα(sα)

µα
K(∇pα − ραg∇z), (2.2)

where Krα is the relative permeability of the phase α, µα the dynamic viscosity of the fluid α, and g is
the gravity acceleration constant. Moreover, we refer to the ratio Krα/µα as the mobility of the phase
α ∈ {w, nw}, denoted by Mα depending only on the saturation sα.

We assume that the medium is totally filled by the two fluids, which means that

sw + snw = 1. (2.3)

The relation between the non-wetting phase nw and the wetting phase w, is determined by the capillary
pressure, which is defined by

pc(sw) := pnw − pw. (2.4)

Classical examples of the capillary pressure include the Van Genuchten model [42] and the Brooks–Corey
model [14]. Moreover, the conductive heat flux q is defined by Fourier’s law as

q := −λ∇T, (2.5)

3



where λ is the fluid rock average thermal conductivity.
The skeleton’s stress is modeled using a linear isotropic thermo-poro-elastic constitutive relation. The

symmetric total-stress tensor σ is defined from the effective stress tensor σe by

σ(u, pw, pnw, T ) := σ
e(u)− bπId − 3αsKs(T − Tref)Id,

σe(u) :=
E

1 + ν

(
ϵ(u) +

ν

1− 2ν
divuId

)
,

(2.6)

where E is the effective Young’s modulus, ν is the Poisson coefficient, b is the Biot coefficient, Ks is the
bulk modulus, and 3αs is the volumetric skeleton thermal dilatation coefficient. Moreover, π denotes the
equivalent pore pressure (we refer to [18] for more details) which is defined by:

π := p⋆ − U, (2.7)

where p⋆ is the averaged fluid pressure defined by:

p⋆ := swpw + snwpnw,

and U is the interfacial energy, which is a nonnegative function of the saturation sw and it is defined by:

U(sw) :=

∫ 1

sw

pc(z) dz. (2.8)

In addition, ϵ(u) ∈ Rd,d denotes the strain tensor defined by

ϵ(u) :=
1

2
(∇u+ (∇u)⊤),

and Id ∈ Rd,d is the identity matrix.
The porosity ϕ and the volumetric skeleton entropy Ss can be modeled as

∂tϕ = b∂t(divu)− 3αϕ∂tT +
1

N
∂tπ,

∂tSs = 3αsKs∂t(divu)− 3αϕ∂tπ +
Cs

Tref
∂tT,

(2.9)

where N is the Biot modulus, 3αϕ is the volumetric thermal dilatation coefficient related to the porosity,
and Cs is the skeleton volumetric heat capacity.

Furthermore, the energy balance in the system is governed by the laws of thermodynamics, which
relate entropy, energy and density variations for each phase α ∈ {w,nw}. Specifically, since the fluids are
incompressible, we have the following entropy-energy relation:

∂teα = T∂tcα, ∇eα = T∇cα, (2.10)

where for a given phase α ∈ {w, nw}, cα denotes its fluid-specific entropy and eα its internal energy.
Consequently, the entropy conservation equation (2.1c) can be rewritten as:

∂tSs +
∑

α∈{w,nw}

[
ϕραsα
T

∂teα +
ραVα(pα)

T
·∇eα

]
+

1

Tref
div q(T ) =

re
T

− cwrw − cnwrnw. (2.11)

In fact, substituting the fluid entropy-energy relation (2.10) into the entropy conservation equation (2.1c),
we obtain:

∂tSs +
∑

α∈{w,nw}

[
ϕραsα
T

∂teα + cαρα∂t(ϕsα)

]

+
∑

α∈{w,nw}

[
cαραdiv (Vα(pα)) +

ραVα(pα)

T
·∇eα

]
+

1

Tref
div q(T ) =

re
T
.

Moreover, employing the mass conservation equations (2.1a)-(2.1b), we recover the reformulated entropy
conservation equation (2.11).
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2.1 Global Pressure
In this section, we recall the notion of the global pressure introduced by [16] in order to handle the degeneracy
of the gradient terms in the system of equations (2.1) due to the vanishing of the mobilities when the
corresponding saturation is zero and to be able to obtain the energy estimates.

We recall the definition of the global pressure denoted by p as described in [16]

M(sw)∇p =Mw(sw)∇pw +Mnw(snw)∇pnw.

Where M(sw) is the total mobility and it is defined by

M(sw) =Mw(sw) +Mnw(snw).

Moreover, the global pressure p can be written as

p = pw + p̂w(sw) = pnw + p̂nw(sw),

where the corrective pressures p̂w, p̂nw are defined as

p̂w(sw) = −
∫ sw

0

Mnw(1− z)

M(z)
p′c(z) dz and p̂nw(sw) =

∫ sw

0

Mw(z)

M(z)
p′c(z) dz.

Furthermore, we define the following capillary term B, known as the Kirchhoff transform, by

B(sw) :=
∫ sw

0

−Mw(z)Mnw(1− z)

M(z)
p′c(z) dz. (2.12)

From these definitions, we have the following identities

Mw(sw)∇pw =Mw(sw)∇p−∇B(sw), Mnw(snw)∇pnw =Mnw(snw)∇p+∇B(sw).

Consequently, we obtain the following equality

Mw(sw)|∇pw|2 +Mnw(snw)|∇pnw|2 =M(sw)|∇p|2 + |∇B(sw)|2. (2.13)

2.2 Assumptions
Furthermore, we present some key assumptions on the physical data in order to obtain energy estimates on
the system.

(A1) The porosity ϕ is always positive, i.e. there exists ϕ∗ ∈ R∗
+ such that ϕ(u, pw, pnw, T ) ≥ ϕ∗ > 0.

(A2) The energy functional is non-negative, meaning that for each phase α ∈ {w, nw}, eα(T ) ≥ 0 ∀T ∈ R+

and eα − Tcα is sub-quadratic in the sense that

lim
|T |→+∞

eα − Tcα
|T |2

= 0.

(A3) The source terms rw, rnw, re and fu are bounded. Moreover, rw and rnw are non-negative.

(A4) The thermo-poro-elastic coefficients satisfy the following conditions: Cs > 0,
1

N
> 0, αϕ ≥ 0, E > 0

and ν ∈]0, 12 [.

(A5) The specific average fluid-rock density m0 is positive, i.e, m0 > 0.

(A6) The mobility Mα of the phase α ∈ {w, nw} is a continuous, non-decreasing function from [0, 1] to
R such that Mα(0) = 0. Moreover, we take into account the extension by continuity outside [0, 1]:
Mα(sα) = 0 for every sα ∈] −∞, 0]. In addition, the total mobility is bounded far away from 0, i.e,
there exists a positive constant M0 > 0 such that for all sw ∈ [0, 1],

M(sw) =Mw(sw) +Mnw(1− sw) ≥M0.

(A7) The capillary function pc(sw) ∈ C1([0, 1],R+) is decreasing and we assume that pc(1) = 0.

(A8) The permeability tensor K is symmetric and uniformly elliptic on Ω.

(A9) The initial pressures, temperature, porosity and skeleton entropy are such that p0α ∈ L2(Ω), α ∈
{w, nw}, T 0 ∈ L2(Ω), ϕ0 ∈]0, 1[ and S0

s ∈ L∞(Ω).
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3 Energy estimates for the continuous model
In this section, we derive some energy estimates for the main variables, namely the pressures, temperature,
displacement, and their respective gradients. To this end, we define the function N : [0, 1] → R by

N (sw) :=

∫ 1

sw

z p′c(z) dz. (3.1)

Following the notations in [31], we recall that the trace operator tr : Rm,m → R is defined by tr(A) :=∑m
i=1 aii, with A := (aij)1≤i,j≤m is a square matrix. The contracted product of two tensors A and B, both

of order n, is denoted by A ·B and is defined as the tensor with entries (A · B)ij :=
∑n

k=1 aikbkj . The double
contracted product of A and B, denoted by A : B, is a scalar given by A : B := tr (A · B) =

∑n
i,j=1 aijbij .

For any vectors v and w ∈ Rm, we define their tensor product v ⊗w as the m×m matrix whose (i, j)-th
entry is given by (v ⊗ w)ij := viwj . Finally, the norm of a tensor A is denoted by |A| and is defined by
|A| := (A : A)1/2.

Furthermore, in the sequel we neglect the gravitational term g for the sake of simplicity. We state the
following lemma which provides a key identity that will be used to derive the energy estimates.

Lemma 1. Let (u, pw, pnw, T ) be the solution of the system (2.1). We assume that the system of equa-
tions (2.1) is subject to Neumann boundary conditions for the fluxes and Dirichlet boundary conditions for
the displacement of the skeleton. The following equality holds∫

QtF

∂tE dxdt+

∫
QtF

m0

2
∂t
(
|∂tu|2

)
dxdt+

∫
QtF

λ

Tref
|∇T |2 dxdt

+

∫
QtF

(Mw(sw)K∇pw ·∇pw +Mnw(snw)K∇pnw ·∇pnw) dxdt

=

∫
QtF

 ∑
α∈{w,nw}

rα

(
pα
ρα

+ eα − Tcα

)
+ re + fu · ∂tu

 dxdt,

(3.2)

where E is the total energy of the system defined by

E := ϕU +
1

2

[
π T

]
M

[
π

T

]
+

E
2(1 + ν)

[
|ϵ(u)|2 + ν

1− 2ν
(divu)2

]
+

∑
α∈{w,nw}

ϕsαραeα, (3.3)

and M ∈ R2,2 denotes a real, symmetric, positive definite matrix defined as

M :=

[
1
N −3αϕ

−3αϕ
C0

Tref

]
. (3.4)

Proof of Lemma 1. We multiply equations (2.1a), (2.1b), (2.11) and (2.1d) by
(

pw

ρw
+ ew

)
,
(

pnw

ρnw
+ enw

)
, T

and ∂tu respectively. Then, we integrate over space and time, apply the divergence theorem and sum the
resulting equations to obtain∫

QtF

(∂t(swϕ)pw + ∂t(snwϕ)pnw) dxdt+

∫
QtF

∂t(ρwswϕew + ρnwsnwϕenw) dxdt

+

∫
QtF

T∂tSs dxdt−
∫
QtF

Vw(pw) ·∇pw dxdt−
∫
QtF

Vnw(pnw) ·∇pnw dxdt

−
∫
QtF

1

Tref
q(T ) ·∇T dxdt+

∫
QtF

m0∂
2
ttu · ∂tu dxdt+

∫
QtF

σe(u) : ϵ(∂tu) dxdt

−
∫
QtF

(bπ + 3αsKsT ) div (∂tu) dxdt

=

∫
QtF

(
re + rw

(
pw
ρw

− Tcw + ew

)
+ rnw

(
pnw
ρnw

− Tcnw + enw

)
+ fu · ∂tu

)
dxdt.

(3.5)
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From the first term of (3.5), we obtain

∂t(swϕ)pw + ∂t(snwϕ)pnw = p⋆∂tϕ+ ϕpw∂tsw + ϕpnw∂tsnw

= p⋆∂tϕ− ϕpc(sw)∂tsw

= p⋆∂tϕ− ϕ∂t(pc(sw)sw) + ϕswp
′
c(sw)∂tsw.

(3.6)

Moreover, using the definition of the function N given by (3.1) together with the definition of the interfacial
energy U given by (2.8) and Assumption (A7), we obtain

− ϕ∂t(pc(sw)sw) + ϕswp
′
c(sw)∂tsw = −ϕ∂t(pc(sw)sw)− ϕ∂t(N (sw))

= ϕ∂t

(∫ 1

sw

pc(z) dz

)
= ϕ∂t(U(sw)).

(3.7)

Consequently, combining (3.6) and (3.7) and using (2.7), the first term of (3.5) reads∫
QtF

(∂t(swϕ)pw + ∂t(snwϕ)pnw) dxdt =

∫
QtF

(p⋆∂tϕ+ ϕ∂t(U(sw))) dxdt

=

∫
QtF

(p⋆∂tϕ+ ∂t(U(sw)ϕ)− U(sw)∂tϕ) dxdt =

∫
QtF

(π∂tϕ+ ∂t(U(sw)ϕ)) dxdt.

(3.8)

Furthermore, employing Darcy’s velocity from definition (2.2), we obtain

Vw ·∇pw + Vnw ·∇pnw = − (Mw(sw)K∇pw ·∇pw +Mnw(snw)K∇pnw ·∇pnw) . (3.9)

In addition, employing the definition of the heat flux (2.5), the sixth term of (3.5) reads

q(T ) ·∇T = −λ|∇T |2. (3.10)

Using the identity v∂tv =
1

2
∂t(v

2), the seventh term of (3.5) reads

m0∂
2
ttu · ∂tu =

m0

2
∂t(∂tu · ∂tu) =

m0

2
∂t
(
|∂tu|2

)
. (3.11)

From the definition of the effective stress tensor (2.6), we have

σe(u) : ϵ(∂tu) =
E

2(1 + ν)
∂t
(
|ϵ(u)|2

)
+

Eν
2(1 + ν)(1− 2ν)

∂t(divu)
2. (3.12)

Moreover, employing the definitions of the porosity and skeleton entropy (2.9), we obtain

π∂t(ϕ) + T∂t(Ss)− (bπ + 3αsKsT )div (∂tu)

= −3αϕπ∂tT − 3αϕT∂tπ +
1

2N
∂tπ

2 +
Cs

2Tref
∂tT

2

= ∂t

[
1

2

[
π T

] [ 1
N −3αϕ

−3αϕ
Cs

Tref

][
π

T

]]
.

(3.13)

Finally, combining (3.8), (3.9), (3.10), (3.11), (3.12) and (3.13), equation (3.5) reads∫
QtF

∂t(ρwswϕew + ρnwsnwϕenw + Uϕ) dxdt+

∫
QtF

m0

2
∂t
(
|∂tu|2

)
dxdt

+

∫
QtF

(
E

2(1 + ν)
∂t
(
|ϵ(u)|2

)
+

Eν
2(1 + ν)(1− 2ν)

∂t(divu)
2

)
dxdt

+

∫
QtF

∂t

[
1

2

[
π T

] [ 1
N −3αϕ

−3αϕ
Cs

Tref

][
π

T

]]
dxdt+

∫
QtF

λ

Tref
|∇T |2 dxdt

+

∫
QtF

(Mw(sw)K∇pw ·∇pw +Mnw(snw)K∇pnw ·∇pnw) dxdt

=

∫
QtF

(
re + rw

(
pw
ρw

− Tcw + ew

)
+ rnw

(
pnw
ρnw

− Tcnw + enw

)
+ fu · ∂tu

)
dxdt.
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Setting,

E := ϕU +
1

2

[
π T

]
M

[
π

T

]
+

E
2(1 + ν)

[
|ϵ(u)|2 + ν

1− 2ν
(divu)2

]
+

∑
α∈{w,nw}

ϕsαραeα,

with

M :=

[
1
N −3αϕ

−3αϕ
Cs

Tref

]
,

we recover equation (3.2) which concludes the proof.

Now, the following result states the energy estimates.

Proposition 1. Let (u, pw, pnw, T ) be the solution of system (2.1), α ∈ {w,nw} and eα be the fluid-specific
energy of the phase α. Assume that the assumptions in Section 2.2 are fulfilled. We have the following
energy estimate:

∥∂tu∥L∞(0,tF ;(L2(Ω))d) + ∥pα∥L∞(0,tF ;L2(Ω)) + ∥T∥L∞(0,tF ;L2(Ω)) + ∥eα∥L∞(0,tF ;L1(Ω))

+ ∥u∥L∞(0,tF ;(H1
0 (Ω))d) + ∥∇p∥L2(0,tF ;(L2(Ω))d) + ∥∇T∥L2(0,tF ;(L2(Ω))d)

+ ∥U∥L∞(0,tF ;L1(Ω)) + ∥π∥L∞(0,tF ;L2(Ω)) ≤ C.

Proof of Proposition 1. Let y : (0, tF ) → R be the function defined by

y(t) :=

∫
Ω

(
E(t,x) +

m0

2
|∂tu(t,x)|2

)
dx, (3.14)

where E is the energy of the system defined by (3.3). We aim to show that there exist two functions
k1 : (0, tF ) → R and k2 : (0, tF ) → R such that∫ tF

0

y′(t) dt ≤
∫ tF

0

(k1(t)y(t) + k2(t)) dt,

in order to apply Gronwall’s inequality [5, Theorem 1.1] and thereby derive the desired result.
Using the Rayleigh quotient since M is a real symmetric matrix, we obtain

λmin|(π, T )|2 ≤
[
π T

]
M

[
π

T

]
≤ λmax|(π, T )|2, (3.15)

where λmin and λmax denote, respectively, the minimum and the maximum eigenvalues of M.
Furthermore, using Assumptions (A1) and (A4) together with inequality (3.15) and the fact that U ≥ 0,
the definition of E given by (3.3) yields

E ≥ 1

2
λmin|(π, T )|2 + ρwϕ∗swew(T ) + ρnwϕ∗snwenw(T )

≥ C0(|π|2 + |T |2 + swew(T ) + snwenw(T )),
(3.16)

where C0 := min
(
1
2λmin, ρwϕ∗, ρnwϕ∗

)
is a real positive constant. Furthermore, from Lemma 1 and the

definition of y(t) given by (3.14), we have∫ tF

0

y′(t) dt ≤
∫
QtF

∂tE dxdt+

∫
QtF

m0

2
∂t(|∂tu|2) dxdt+

∫
QtF

λ

Tref
|∇T |2 dxdt

+

∫
QtF

(Mw(sw)K∇pw ·∇pw +Mnw(snw)K∇pnw ·∇pnw) dxdt

=

∫
QtF

 ∑
α∈{w,nw}

rα

(
pα
ρα

− Tcα + eα

)
+ re + fu · ∂tu

 dxdt.

(3.17)
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By Assumptions (A2) and (A3), there exist positive constants (C1,α, C2, C3, C4,α) ∈ R4
+, α ∈ {w, nw} such

that
|rα| ≤ C1,α, |re| ≤ C2, |fu| ≤ C3, eα − Tcα ≤ C4,α|T |2. (3.18)

Employing the bounds (3.18) and Young’s inequality, we obtain the following bound on the right-hand side
of (3.17): ∫

QtF

(
rw

(
pw
ρw

+ ew − cwT

)
+ rnw

(
pnw
ρnw

+ enw − cnwT

)
+ re + fu · ∂tu

)
dxdt

≤
∫
QtF

(
C1,w

ρw
pw + (C1,wC4,w + C1,nwC4,nw)|T |2 +

C1,nw

ρnw
pnw

)
dxdt

+

∫
QtF

C2 +
1

2

(
|fu|2 + |∂tu|2

)
dxdt

≤
∫
QtF

((
C1,w

ρw
+
C1,nw

ρnw

)
pw + (C1,wC4,w + C1,nwC4,nw)|T |2 +

C1,nw

ρnw
pc

)
dxdt

+

∫
QtF

C2 +
1

2

(
|fu|2 + |∂tu|2

)
dxdt

(3.19)

Furthermore, from the definition of the equivalent pore pressure π in (2.7), we have

π = swpw + snwpnw − U(sw) = pw + pc(sw)− swpc(sw)− U(sw). (3.20)

Moreover, differentiating pc(sw) − swpc(sw) − U(sw) with respect to sw and using Assumption (A7), we
obtain

(pc(sw)− swpc(sw)− U(sw))
′ = (1− sw)p

′
c(sw) ≤ 0.

Then, we have that the function (1− sw)pc(sw)− U(sw) is decreasing. Since ((1− sw)pc − U)(1) = 0. We
obtain that (1−sw)pc(sw)−U(sw) ≥ 0 for all sw ∈ [0, 1]. Consequently, from (3.20) we obtain that π ≥ pw.
In addition, we have

π = p⋆ − U(sw) = swpw + snwpnw − U(sw) = pnw − swpc(sw)− U(sw). (3.21)

Using the fact that U ≥ 0 together with Assumption (A7), from (3.21) we obtain that π ≤ pnw. Hence,
from equation (3.19), we get∫

QtF

(
rw

(
pw
ρw

+ ew − cwT

)
+ rnw

(
pnw
ρnw

+ enw − cnwT

)
+ re + fu · ∂tu

)
dxdt

≤
∫
QtF

((
C1,w

ρw
+
C1,nw

ρnw

)
π + (C1,wC4,w + C1,nwC4,nw)|T |2 +

C1,nw

ρnw
pc

)
dxdt

+

∫
QtF

C2 +
1

2

(
|fu|2 + |∂tu|2

)
dxdt

≤
∫
QtF

(
C7

(
|π|2 + |T |2

)
+ C8 +

1

2
|∂tu|2

)
dxdt,

(3.22)

where C7 := max

(
C1,w

2ρw
+
C1,nw

2ρnw
, C1,wC4,w + C1,nwC4,nw

)
and C8 := C2+

C1,w

2ρw
+
C1,nw

2ρnw
+
C1,nw

ρnw
pc(0)+

1

2
C2

3

are positive constants.
Furthermore, combining the bounds (3.16) and (3.22), equation (3.17) reads∫ tF

0

y′(t) dt ≤
∫
QtF

(
C7(|π|2 + |T |2) + C8 +

1

2
|∂tu|2

)
dxdt

≤
∫ tF

0

(k1y(t) + k2) dt,

(3.23)
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where k1 := max
(

C7

C0
, 1
m0

)
and k2 := C8|Ω|.

From (3.23), we obtain for all t ∈ [0, tF ]

y(t) ≤ y(0) +

∫ t

0

(k1y(s) + k2(s)) ds.

As a result of Gronwall’s inequality, there exists a constant C ∈ R+ such that for all t ∈ (0, tF )∫
Ω

E(t,x) dx+

∫
Ω

|∂tu(t,x)|2 dx ≤ C.

Therefrom, E ∈ L∞(0, tF ;L
1(Ω)) and ∂tu ∈ L∞(0, tF ; (L

2(Ω))d). From the definition of E, we find that
ϕU ∈ L∞(0, tF ;L

1(Ω)) and by Assumption (A1), we have that ϕ ≥ ϕ∗, then U ∈ L∞(0, tF ;L
1(Ω)).

Furthermore, we have C0(|π|2+ |T |2+ swew + snwenw) ≤ E. Since, sα ∈ [0, 1] for α ∈ {w,nw}, it follows
that π ∈ L∞(0, tF ;L

2(Ω)), T ∈ L∞(0, tF ;L
2(Ω)), ew ∈ L∞(0, tF ;L

1(Ω)), and enw ∈ L∞(0, tF ;L
1(Ω)).

Furthermore, since pw ≤ π ≤ pnw, then π − pc ≤ pw ≤ π and we conclude that pw ∈ L∞(0, tF ;L
2(Ω))

and pnw ∈ L∞(0, tF ;L
2(Ω)). Additionally, by the definition of the total energy E, we have that ϵ(u) ∈

L∞(0, tF ; (L
2(Ω))d×d); therefore, ∇u ∈ L∞(0, tF ; (L

2(Ω)d×d)), and it follows that u ∈ L∞(0, tF ; (H
1
0 (Ω))

d).
Furthermore, using equations (3.17) and (3.22), it follows that∫

QtF

(Mw(sw)K∇pw ·∇pw +Mnw(snw)K∇pnw ·∇pnw) dxdt ≤ C,∫
QtF

λ

Tref
|∇T |2 dxdt ≤ C.

Employing equality (2.13), we get∫
QtF

M(sw)|∇p|2 + |∇B(sw)|2 dxdt ≤ C.

Then, using Assumption (A6), we get that ∇p ∈ L2(0, tF ; (L
2(Ω))d), ∇B(sw) ∈ L2(0, tF ; (L

2(Ω))d), and
∇T ∈ L2(0, tF ; (L

2(Ω))d). Finally, we get the desired result.

4 Weak Solution
We specify the notion of a weak solution of the THM model (2.1). The weak formulation is obtained by
multiplying each equation by a separate test function and integrating over space and time. In Section 5, we
will construct a numerical scheme for which we establish the convergence to the following weak solution.

Definition 1 (Weak Solution). Assume that the assumptions in Section 2.2 are fulfilled and suppose that
(p0w, p

0
nw,u

0, T 0) ∈ (L2(Ω))d+3, then (pw, pnw,u, T ) is a weak solution of the model satisfying
pα ∈ L2(0, tF ;L

2(Ω)),
√
Mα(sα)∇pα ∈ L2(0, tF ; (L

2(Ω))d) for any α ∈ {w, nw}, T ∈ L2(0, tF ;H
1(Ω)),

u ∈ L2(0, tF ; (H
1(Ω))d) and ∂tu ∈ L2(0, tF ; (L

2(Ω))d),
such that for all φα, ψ ∈ C∞

c ([0, tF )×Ω) and for all smooth functions v : [0, tF ]×Ω → Rd vanishing on ∂Ω,

−
∫
QtF

swρwϕ∂tφw dxdt−
∫
Ω

s0wρwϕ
0φ0

w(x) dx

+

∫
QtF

Mw(sw)K∇pw ·∇φw dxdt =

∫
QtF

rwφw dxdt,

(4.1)

−
∫
QtF

snwρnwϕ∂tφnw dxdt−
∫
Ω

s0nwρnwϕ
0φ0

nw(x) dx

+

∫
QtF

Mnw(snw)K∇pnw ·∇φnw dxdt =

∫
QtF

rnwφnw dxdt,

(4.2)
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−
∫
QtF

Ss +
∑

α∈{w,nw}

ραsαcαϕ

 ∂tψ dxdt

−
∫
Ω

S0
s +

∑
α∈{w,nw}

ραs
0
αc

0
αϕ

0

ψ0(x) dx+

∫
QtF

λ

Tref
∇T ·∇ψ dxdt

+

∫
QtF

∑
α∈{w,nw}

ραcαMα(sα)K∇pα ·∇ψ dxdt =

∫
QtF

reψ

T
dxdt,

(4.3)

−
∫
QtF

m0∂tu · ∂tv dxdt−
∫
Ω

m0∂tu
0(x) · v0(x) dx

+

∫
QtF

(σe(u) : ϵ(v)− bπdiv (v)− 3αsKs(T − Tref)div (v)) dxdt

=

∫
QtF

fu · v dxdt.

(4.4)

5 The finite volume method
In this section, we present the discretization of our model. Consequently, we employ the backward Euler
scheme in time and the cell-centered two-point flux approximation (TPFA) finite volume scheme in space
following [28] and [38]. In the sequel, we consider an isotropic and homogeneous porous medium; for that,
we suppose K = kId, where k is a positive constant and Id ∈ Rd,d is the identity matrix. We also neglect
the gravity term for the sake of simplicity.

5.1 Space and time discretizations
For the time discretization, we employ the implicit Euler scheme. For this purpose, we consider an increasing
sequence of points (tn)0≤n≤NT

such that t0 := 0 and tNT := tF , and we introduce the interval In := (tn−1, tn)
and the time step τn := tn − tn−1, 1 ≤ n ≤ NT . For the sake of simplicity, we assume the time step to be
constant so that τn = δt > 0, ∀n ∈ [0, NT ]. For a function of time f with sufficient regularity, we denote
fn := f(tn), 0 ≤ n ≤ NT , and for 1 ≤ n ≤ NT , we define the backward differencing operator

∂nt f :=
fn − fn−1

δt
.

For the space discretization of our model, we consider T an admissible orthogonal mesh of Ω called primal
mesh such that Ω =

⋃
K∈T K where K are open and convex polygons called control volumes. We denote

by Eh the set of mesh edges. Boundary edges are collected in the set Eext
h := {σ ∈ Eh; σ ⊂ ∂Ω} and internal

edges are collected in the set E int
h = Eh \ Eext

h . Likewise, the edges of an element K ∈ T are collected in the
set EK , and the latter is decomposed into interior edges E int

K and boundary edges Eext
K . For all K ∈ T , we

denote by xK the cell center of K and N (K) the set of its neighbors defined as

N (K) := {L ∈ T ; ∃σKL ∈ EK , σKL = K ∩ L} = Nint(K) ∪Next(K),

where Nint(K) is the set of neighbors of K located in the interior of T and Next(K) is the set of edges of K
on the boundary ∂Ω = ∂K ∩ ∂Ω . For an edge σKL ∈ EK shared by two elements K and L, we define the

distance between these elements dKL := dist(xK ,xL) and τKL :=
|σKL|
dKL

as the transmissibility coefficient

through σKL.
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xK

xL

K

L

σKL

dKL

DKL

Figure 1: Illustration of the primal and dual meshes. For two elements K and L shared by the edge σKL,
the corresponding diamond in gray is DKL

To discretize our unknowns, we introduce the discrete space of cellwise constant functions as follows

Lh :=
{
vh ∈ L2(Ω), vh|K = vK ∀K ∈ T

}
.

We also define the scalar product on the space Lh and its underlying norm by

(wh, vh)L2(Ω) :=
∑
K∈T

|K|wKvK , and ∥vh∥L2(Ω) :=

(∑
K∈T

|K||vK |2
) 1

2

.

Moreover, we construct the dual diamond cell upon the interface σKL as the polygonal domain having xK

and xL as vertices. We denote it by DKL. The d-dimensional measure |DKL| of DKL is given by

|DKL| :=
1

d
|σKL|dKL.

For two elements K and L shared by an interface σKL, we associate a diamond DKL. For an external edge
σ ⊂ ∂Ω, the corresponding diamond is a half diamond denoted by DKσ. We also denote

Dint := {DKL, K ∈ T and L ∈ N (K)}, Dext := {DKσ,K ∈ T andσ ∈ Eext
K }.

Then, we have
Ω = Dint ∪ Dext,

and the mesh composed of the diamonds is called the dual mesh.
For a piecewise constant function vh ∈ Lh defined per control volume, we define on the dual mesh the

discrete broken gradient ∇hvh ∈ Rd as a constant per diamond by

∇hvh(x) :=

{
d vL−vK

dKL
nKL if x ∈ DKL,

d vσ−vK
dKσ

nKσ if x ∈ DKσ.

Analogously, for a piecewise constant vector function wh ∈ Ld
h defined per control volume, we define on the

dual mesh the discrete broken gradient ∇hwh ∈ Rd×d by

∇hwh(x) :=

{
dwL−wK

dKL
⊗ nKL if x ∈ DKL,

dwσ−wK

dKσ
⊗ nKσ if x ∈ DKσ.

When there is no confusion, we write
∑

σKL∈Eh
to be the sum over all diamonds, including the diamonds

associated with interfaces on the boundary of the domain.
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Furthermore, for (wh, vh) ∈ (Lh)
2, we define the discrete H1

0 inner product as follows:

⟨wh, vh⟩Hh(Ω) := d
∑

σKL∈Eh

τKL(wL − wK)(vL − vK),

and the corresponding discrete H1
0 norm as ∥vh∥Hh(Ω) :=

(
⟨vh, vh⟩Hh(Ω)

)1/2
=(

d
∑

σKL∈Eh
τKL(vL − vK)2

)1/2
. In addition, the norm ∥vh∥Hh

coincides with the L2(Ω) norm of
∇hvh. In fact

∥∇hvh∥2L2(Ω) =

∫
Ω

|∇hvh|2 dx =
∑

σKL∈Eh

∫
DKL

|∇hvh|2dx

= d
∑

σKL∈Eh

τKL|vL − vK |2 := ∥vh∥2Hh
.

Additionally, we assimilate a discrete field GKL to the diamond piecewise constant vector function

Gh =
∑

σKL∈Eh

GKL1DKL
.

where 1DKL
is the indicator function of the set DKL. Moreover, we define the discrete divergence, piecewise

constant on the control volume K ∈ T , of the vector field Gh by

divKGh :=
1

|K|
∑

L∈N (K)

|σKL|Gh · nKL.

Finally, we define the finite volume discretization D of Ω× (0, tF ) by

D =
(
T , Eh, (xK)K∈T , NT , (t

n)n∈[1,NT ]

)
.

We also set size(D) = max(size(T ), δt). In addition, we associate a time and space piecewise constant
function to the sequence (vnK)K∈T ,n∈[1,NT ], denoted by vD and defined almost everywhere on Ω× (0, tF ) by

vD(t,x) = vnK , for a.e (t,x) ∈ (tn−1, tn)×K, ∀K ∈ T , ∀n ∈ [1, NT ].

5.2 The finite volume scheme
The finite volume scheme is obtained by integrating the model (2.1) on each control volume. First, we
discretize the wetting fluid mass conservation equation (2.1a). Let K ∈ T . By integrating (2.1a) over
[tn−1, tn]×K and using the divergence theorem, we obtain∫

K

ρw
(
(swϕ)(t

n,x)− (swϕ)(t
n−1, x)

)
dx+ δt

∫ tn

tn−1

∫
∂K

ρwVw(pw) · n dσdt

= δt

∫ tn

tn−1

∫
K

rw(t,x) dxdt.

(5.1)

The resulting equation is discretized using the implicit Euler scheme in time, and the normal gradients are
discretized with a cell-centered finite difference scheme. Then for n = 1, . . . , NT , (5.1) reads

|K|ρw
(
snw,Kϕ

n
K − sn−1

w,Kϕ
n−1
K

)
+ δt

∑
L∈N (K)

F1,KL(p
n
w) = δt rnw,K . (5.2)

Here, the discrete elementwise source term rnw,K is defined by

rnw,K :=
1

|K|δt

∫
In

∫
K

rw(t,x) dx dt.
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Furthermore, the total flux across σKL ∈ E int
h , σKL = ∂K ∩ ∂L, is defined by

F1,KL(p
n
w) := ρwkM

n
w,KLτKL(p

n
w,K − pnw,L),

where Mn
α,KL is the value of the mobility of the phase α ∈ {w, nw} at the interfaces and it is defined by an

upwind choice according to the discrete gradient of its own pressure

Mn
α,KL :=

{
Mα(s

n
α,K) if pnα,K − pnα,L ≥ 0,

Mα(s
n
α,L) otherwise.

(5.3)

We observe that the numerical flux F1,KL(p
n
w) is conservative in the sense that F1,LK(pnw) = −F1,KL(p

n
w).

Similarly, we discretize the non-wetting fluid mass conservation equation (2.1b). We obtain

|K|ρnw
(
snnw,Kϕ

n
K − sn−1

nw,Kϕ
n−1
K

)
+ δt

∑
L∈N (K)

F2,KL(p
n
nw) = δt rnnw,K . (5.4)

Here, the discrete elementwise source term rnnw,K is defined by

rnnw,K :=
1

|K|δt

∫
In

∫
K

rnw(t,x) dx dt.

Furthermore, the total flux across σKL ∈ E int
h , σKL = ∂K ∩ ∂L, is defined by

F2,KL(p
n
nw) := ρnwkM

n
nw,KLτKL(p

n
nw,K − pnnw,L),

where the non-wetting phase mobility Mn
nw,KL is defined by (5.3) at the interfaces. We observe that the

numerical flux F2,KL(p
n
nw) is conservative in the sense that F2,LK(pnnw) = −F2,KL(p

n
nw). Moreover, we

discretize the entropy conservation equation (2.1c). Let K ∈ T . By integrating (2.1c) over [tn−1, tn] ×K
and using the divergence theorem, we obtain∫

K

(Ss +
∑

α∈{w,nw}

ραϕsαcα)(t
n,x)− (Ss +

∑
α∈{w,nw}

ραϕsαcα)(t
n−1,x)

 dx

+

∫ tn

tn−1

∫
∂K

∑
α∈{w,nw}

ραcαVα(pα) · n dσdt+
∫ tn

tn−1

∫
∂K

1

Tref
q(T ) · n dσdt

=

∫ tn

tn−1

∫
K

re(t,x)

T
dxdt.

(5.5)

The resulting equation is discretized using the implicit Euler scheme in time, and the normal gradients are
discretized with a centered finite difference scheme. Then, for n = 1, . . . , NT , (5.5) reads

|K|

Sn
s,K +

∑
α∈{w,nw}

ραϕ
n
Ks

n
α,Kc

n
α,K − Sn−1

s,K −
∑

α∈{w,nw}

ραϕ
n−1
K sn−1

α,K c
n−1
α,K


+ δt

∑
L∈N (K)

F3,KL(p
n
w, p

n
nw, T

n) = δt|K|
rne,K
Tn
K

.

(5.6)

Here, for L ∈ N (K), we have

F3,KL(p
n
w, p

n
nw, T

n) :=
∑

α∈{w,nw}

ραc
n
α,KLkM

n
α,KLτKL

(
pnα,K − pnα,L

)
+

λ

Tref
τKL (Tn

K − Tn
L ) ,

with
cnα,KL :=

cnα,K + cnα,L
2

, and Mn
α,KL defined by (5.3).
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Furthermore, the discrete elementwise source term rne,K is defined by

rne,K :=
1

|K|δt

∫
In

∫
K

re(t,x) dx dt.

Observe that F3,LK(pnw, p
n
nw, T

n) = −F3,KL(p
n
w, p

n
nw, T

n), which provides a conservative numerical approx-
imation.
Finally, we discretize the momentum conservation equation (2.1d). Let K ∈ T . By integrating (2.1d) over
[tn−1, tn]×K and using the divergence theorem, we obtain∫

K

m0

(
∂tu(t

n,x)− ∂tu(t
n−1,x)

)
dx−

∫ tn

tn−1

∫
∂K

σ(u, pw, pnw, T )n dσdt

=

∫ tn

tn−1

∫
K

fu(t,x) dxdt.

(5.7)

From the definition of the total-stress tensor (2.6), equation (5.7) reads∫
K

m0

(
∂tu(t

n,x)− ∂tu(t
n−1,x)

)
dx

−
∫ tn

tn−1

∫
∂K

E
1 + ν

(
ϵ(u) +

ν

1− 2ν
divuId

)
n dσ

+

∫ tn

tn−1

∫
∂K

(bπId + 3αsKs(T − Tref)Id)n dσ =

∫ tn

tn−1

∫
K

fu(t,x) dxdt.

Then, using the backward differencing operator, we get

|K|
un
K + un−2

K − 2un−1
K

δt
+ δt

∑
L∈N (K)

Fn
4,KL(u

n, πn, Tn) = δt|K|fn
u,K . (5.8)

For L ∈ N (K), the total flux F4,KL(u
n, πn, Tn) is defined by

F4,KL(u
n, πn, Tn) :=

E
(1 + ν)

τKL

2

[
((un

K − un
L)⊗ nKL)nKL + [(un

K − un
L)⊗ nKL]

⊤
nKL

]
− Eν

(1 + ν)(1− 2ν)
|σKL| (divunId)KL nKL + b|σKL|πn

KLIdnKL

+ |σKL|3αsKs (T
n
KL − Tref) IdnKL,

where
(divunId)KL :=

divK u
n
KL + divL u

n
KL

2
Id, πn

KL :=
πn
K + πn

L

2
, Tn

KL :=
Tn
K + Tn

L

2
.

Furthermore, the discrete elementwise source term fn
u,K is defined by

fn
u,K :=

1

|K|δt

∫
In

∫
K

fu(t,x) dx dt.

We observe that Fn
4,KL(u

n, πn, Tn) = −Fn
4,LK(un, πn, Tn), which provides a conservative numerical ap-

proximation. By integrating the porosity and skeleton entropy equations (2.9) over [tn−1, tn]×K and using
the divergence theorem together with the discrete divergence definition, we obtain the following discrete
porosity (ϕnh)n=1,....,NT

and skeleton entropy (Sn
s,h)n=1,...,NT

ϕnK − ϕn−1
K

δt
= bdivK ∂nt u− 3αϕ

Tn
K − Tn−1

K

δt
+

1

N

πn
K − πn−1

K

δt
,

Sn
s,K − Sn−1

s,K

δt
= 3αsKs divK ∂nt u− 3αϕ

πn
K − πn−1

K

δt
+

Cs

Tref

Tn
K − Tn−1

K

δt
.

(5.9)
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Furthermore, we discretize the energy-entropy relation (2.10). Let K ∈ T and α ∈ {w, nw}. By integrating
the first equation of (2.10) over [tn−1, tn]×K, we obtain

cnα,K − cn−1
α,K =

1

Tn
K

(
enα,K − en−1

α,K

)
. (5.10)

Let ψ ∈ H1(Ω) be a test function. Multiplying the second equation of (2.10) by (ψMα) and applying the
divergence operator to both sides, we obtain:

div (ψMα∇cα) = div

(
ψMα

T
∇eα

)
. (5.11)

Let K ∈ T . By integrating the equation (5.11) over [tn−1, tn] ×K and using the divergence theorem, we
obtain ∑

L∈N (K)

ψKLM
n
α,KLτKL(c

n
α,L − cnα,K) =

∑
L∈N (K)

τKLψKLM
n
α,KL

Tn
KL

(enα,L − enα,K), (5.12)

where Tn
KL :=

Tn
K + Tn

L

2
, ψKL :=

ψK + ψL

2
, and Mn

α,KL is defined by (5.3).
Moreover, we obtain from the definition of the equivalent pore pressure (2.7), the following discrete

relation

πn
h = p⋆,nh − Un

h , with p⋆,nh = snw,hp
n
w,h + snnw,hp

n
nw,h and Un

h = U(snw,h) =

∫ 1

snw,h

pc(z) dz. (5.13)

Finally, at every time step 1 ≤ n ≤ NT , we are looking for Un
h = (un

h, p
n
w,h, p

n
nw,h, T

n
h ) ∈ R(3+d)|Th| a

solution to the nonlinear system of algebraic equations (5.2), (5.4), (5.6) and (5.8). We aim to show that
this scheme is convergent to a weak solution in the sense of Definition 1. To this end, we first show that
the finite volume scheme (5.2)–(5.8) can be written as a discrete variational formulation. Secondly, we show
that the energy estimates obtained in Section 3 are well-preserved at the discrete level. Finally, we establish
some compactness properties to pass to the limit.

5.3 Discrete variational formulation
In this section, we aim to show that the finite volume scheme (5.2)–(5.8) is equivalent to a discrete variational
formulation. To do so, we state first a key identity and a reformulation to the discrete entropy conservation
equation (5.6).

Lemma 2. Let ψh ∈ Hh. We have the identity:∑
K∈T

∑
L∈N (K)

∑
α∈{w,nw}

ραkM
n
α,KL(c

n
α,L − cnα,K)τKL

(
pnα,L − pnα,K

)
ψK

=
∑
K∈T

∑
L∈N (K)

∑
α∈{w,nw}

ραkM
n
α,KLτKL

Tn
KL

(enα,L − enα,K)(pnα,L − pnα,K)ψKL.

Proof of Lemma 2. Since Mα,KL is symmetric meaning Mα,LK = Mα,KL for all α ∈ {w,nw},K ∈ T and
L ∈ N (K), then the proof is similar to the one given in [35, Proposition 2].

The following proposition provides a reformulation of the discrete entropy conservation equation (5.6),
using the discrete entropy-energy relation (5.10)-(5.12) and the identity stated in Lemma 2.
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Proposition 2. Let ψh ∈ Hh be a test function. The discrete entropy balance equation (5.6) is equivalent
to

∑
K∈T

|K|

Sn
s,K − Sn−1

s,K +
∑

α∈{w,nw}

ραϕ
n−1
K sn−1

α,K

Tn
K

(
enα,K − en−1

α,K

)ψK

+
1

2
δt
∑
K∈T

∑
L∈N (K)

∑
α∈{w,nw}

ραkM
n
α,KLτKL

Tn
KL

(enα,L − enα,K)(pnα,K − pnα,L)ψKL

+ δt
∑
K∈T

∑
L∈N (K)

λ

Tref
(Tn

K − Tn
L )ψK

= δt
∑
K∈T

|K|
rne,K
Tn
K

ψK − δt
∑
K∈T

∑
α∈{w,nw}

|K|cnα,Krnα,KψK .

(5.14)

Proof of Proposition 2. Let ψh ∈ Hh be a test function. Multiplying equation (5.6) by ψK and summing
over K, we obtain

∑
K∈T

|K|

Sn
s,K − Sn−1

s,K +
∑

α∈{w,nw}

ρα

(
ϕnKs

n
α,Kc

n
α,K − ϕn−1

K sn−1
α,K c

n−1
α,K

)ψK

+ δt
∑
K∈T

∑
L∈N (K)

∑
α∈{w,nw}

ραc
n
α,KLkM

n
α,KLτKL(p

n
α,K − pnα,L)ψK

+ δt
∑
K∈T

∑
L∈N (K)

∑
α∈{w,nw}

λ

Tref
(Tn

K − Tn
L )ψK = δt

∑
K∈T

|K|
rne,K
Tn
K

ψK .

(5.15)

To handle the second term of (5.15), we use the following equality

ϕnKs
n
α,Kc

n
α,K − ϕn−1

K sn−1
α,K c

n−1
α,K = δt

(
cnα,K∂

n
t (sα,KϕK) + sn−1

α,Kϕ
n−1
K ∂nt cα,K

)
= δt

(
cnα,K∂

n
t (sα,KϕK) +

sn−1
α,Kϕ

n−1
K

Tn
K

∂nt eα,K

)
. (5.16)

Moreover, using the definition of cnα,KL, we can rewrite the third term of (5.15) as follows:

cnα,KL(p
n
α,K − pnα,L) = (cnα,KL − cnα,K)(pnα,K − pnα,L) + cnα,K(pnα,K − pnα,L)

=
1

2
(cnα,L − cnα,K)(pnα,K − pnα,L) + cnα,K(pnα,K − pnα,L).

(5.17)

Combining equations (5.16) and (5.17), equation (5.15) reads∑
K∈T

|K|
(
Sn
s,K − Sn−1

s,K

)
ψK

+
∑
K∈T

|K|
∑

α∈{w,nw}

ραδt

(
cnα,K∂

n
t (sα,KϕK) +

sn−1
α,Kϕ

n−1
K

Tn
K

∂nt eα,K

)
ψK

+
δt

2

∑
K∈T

∑
L∈N (K)

∑
α∈{w,nw}

ρα(c
n
α,L − cnα,K)kMn

α,KLτKL(p
n
α,K − pnα,L)ψK

+ δt
∑
K∈T

∑
L∈N (K)

∑
α∈{w,nw}

ραc
n
α,KkM

n
α,KLτKL(p

n
α,K − pnα,L)ψK

+ δt
∑
K∈T

∑
L∈N (K)

∑
α∈{w,nw}

λ

Tref
(Tn

K − Tn
L )ψK = δt

∑
K∈T

|K|
rne,K
Tn
K

ψK .

(5.18)
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Substituting the wetting and non-wetting fluids discrete mass conservation equations (5.4) and (5.2)
in (5.18), we obtain

∑
K∈T

|K|

Sn
s,K − Sn−1

s,K + δt
∑

α∈{w,nw}

ρα
sn−1
α,Kϕ

n−1
K

Tn
K

∂nt eα,K

ψK

+
δt

2

∑
K∈T

∑
L∈N (K)

∑
α∈{w,nw}

ρα(c
n
α,L − cnα,K)kMn

α,KLτKL(p
n
α,K − pnα,L)ψK

+ δt
∑
K∈T

∑
L∈N (K)

λ

Tref
(Tn

K − Tn
L )ψK

= δt
∑
K∈T

|K|
(
rne,K
Tn
K

− cnw,Kr
n
w,K − cnnw,Kr

n
nw,K

)
ψK .

(5.19)

Finally, by applying Lemma 2 to the third term of (5.19), we obtain equation (5.14) which is the desired
result.

Proposition 3. Let (rnw,h, r
n
nw,h, r

n
e,h,f

n
u,h) ∈ L3+d

h and (p0w,h, p
0
nw,h, T

0
h ,u

0
h) ∈ L3+d

h be given.
The finite volume scheme (5.2)–(5.4)–(5.14)–(5.8) is equivalent to the variational formulation: Find
(pnw,h, p

n
nw,h, T

n
h ,u

n
h) ∈ L3+d

h such that for all (φw,h, φnw,h, ψh,ωh) ∈ H3+d
h , we have∫

Ω

ρw∂
n
t (sw,hϕh)φw,h dx+

1

d

∫
Ω

ρwkM
n
w,h∇hp

n
w,h ·∇hφw,h dx

=

∫
Ω

rnw,hφw,h(x) dx.

(5.20)

∫
Ω

ρnw∂
n
t (snw,hϕh)φnw,h dx+

1

d

∫
Ω

ρnwkM
n
nw,h∇hp

n
nw,h ·∇hφnw,h dx

=

∫
Ω

rnnw,hφnw,h(x) dx.

(5.21)

∫
Ω

∂nt (Ss,h)ψh dx+

∫
Ω

∑
α∈{w,nw}

ρα
sn−1
α,h ϕ

n−1
h

Tn
h

∂nt (eα,h)ψh dx

− 1

d

∫
Ω

∑
α∈{w,nw}

ραkM
n
α,h

Tn
h

∇hp
n
α,h ·∇he

n
α,hψh dx

+
1

d

∫
Ω

λ

Tref
∇hT

n
h ·∇hψh dx =

∫
Ω

(
rne,h(x)

Tn
h

− cnw,hr
n
w,h(x)− cnnw,hr

n
nw,h

)
ψh(x) dx

(5.22)

∫
Ω

∂nttuh · ωh dx+
1

d

∫
Ω

E
(1 + ν)

ϵ(un
h) : ϵ(ωh) dx

+

∫
Ω

Eν
(1 + ν)(1− 2ν)

divh u
n
hId : ϵ(ωh) dx

−
∫
Ω

(bπn
h + 3αsKs(T

n
h − Tref)) divh (ωh) dx =

∫
Ω

fn
u,h · ωh(x) dx.

(5.23)

Proof of Proposition 3. First, we establish (5.20). Let φw,h ∈ Hh be a test function. We multiply the
equation (5.2) by φw,K then we sum over K to obtain∑

K∈T
|K|ρw(snw,Kϕ

n
K − sn−1

w,Kϕ
n−1
K )φw,K

+ δt
∑
K∈T

∑
L∈N (K)

ρwkM
n
w,KLτKL(p

n
w,K − pnw,L)φw,K = δt

∑
K∈T

|K|rnw,Kφw,K .
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From the definition of the discrete piecewise constant functions, we have∑
K∈T

|K|ρw(snw,Kϕ
n
K − sn−1

w,Kϕ
n−1
K )φw,K =

∫
Ω

ρw(s
n
w,hϕ

n
h − sn−1

w,h ϕ
n−1
h )φw,h dx,

and ∑
K∈T

|K|rnw,Kφw,K =

∫
Ω

rnw,hφw,h dx.

Furthermore, integrating by parts and using the definition of the discrete gradient, we get∑
K∈T

∑
L∈N (K)

ρwkM
n
w,KLτKL(p

n
w,K − pnw,L)φw,K

= d
∑

σKL∈Eh

ρwk|DKL|Mn
w,KL

pnw,L − pnw,K

dKL

φn
w,L − φn

w,K

dKL

= d
∑

σKL∈Eh

ρwk|DKL|Mn
w,KL

(
pnw,L − pnw,K

dKL
nKL

)
·
(
φn
w,L − φn

w,K

dKL

)
nKL

=
1

d

∑
σKL∈Eh

|DKL|ρwkMn
w,KL∇hp

n
w,h|DKL

·∇hφw,h|DKL

=
1

d

∫
Ω

ρwkM
n
w,h∇hp

n
w,h ·∇hφw,h dx

which establishes (5.20). In the same manner, the variational formulation (5.21) on the non-wetting fluid
pressure is obtained by multiplying equation (5.4) by φnw,h, summing over K, and integrating by parts. To
derive the variational formulation (5.22) on entropy, we use the reformulated discrete entropy conservation
equation (5.14). From the definition of the discrete functions, we have

∑
K∈T

|K|

(Sn
s,K − Sn−1

s,K ) +
∑

α∈{w,nw}

ραϕ
n−1
K sn−1

α,K

Tn
K

(enα,K − en−1
α,K )

ψK

=

∫
Ω

∂nt (Ss,h) +
∑

α∈{w,nw}

ραϕ
n−1
h sn−1

α,h

Tn
h

∂nt (eα,h)

ψh dx,

and ∑
K∈T

|K|
(
rne,K
Tn
K

− cnw,Kr
n
w,K − cnnw,Kr

n
nw,K

)
ψK

=

∫
Ω

(
rne,h
Tn
h

− cnw,hr
n
w,h − cnnw,hr

n
nw,h

)
ψh dx.

Additionally, transforming the sum over cells to the sum over edges and using the definition of the discrete
gradient, from the second term of (5.14) we obtain

1

2

∑
K∈T

∑
L∈N (K)

∑
α∈{w,nw}

ραkM
n
α,KLτKL

Tn
KL

(enα,L − enα,K)(pnα,K − pnα,L)ψKL

= d
∑

σKL∈Eh

∑
α∈{w,nw}

ραkM
n
α,KL

Tn
KL

|DKL|
enα,L − enα,K

dKL

pnα,K − pnα,L
dKL

ψKL

= −1

d

∑
σKL∈Eh

|DKL|
∑

α∈{w,nw}

ραkM
n
α,KL

Tn
KL

∇he
n
α,h|DKL

·∇hp
n
α,h|DKL

ψKL

= −1

d

∫
Ω

∑
α∈{w,nw}

ραkM
n
α,h

Tn
h

∇he
n
α,h ·∇hp

n
α,hψh dx.
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Furthermore, integrating by parts and using the definition of the discrete gradient, we get∑
K∈T

∑
L∈N (K)

λ

Tref
τKL(T

n
K − Tn

L )ψK =
1

d

∫
Ω

λ

Tref
∇hT

n
h ·∇hψh dx.

Finally, let ωh ∈ Hd
h be a test function. To obtain equation (5.23), we multiply equation (5.8) by ωK then

by summing over K and following the same arguments as in [35, Proposition 4] by replacing (pnK)K by
(πn

K)K , we conclude the proof.

6 Discrete energy estimates
In this section, we derive the discrete energy estimates for the model under the assumptions introduced
in Section 2.2 on the discrete physical data. We begin by establishing, in the following lemma, that the
saturations remain positive at the discrete level.

Lemma 3. Let
(
s0α,K

)
K∈T ∈ [0, 1] for α ∈ {w, nw}. Assume that (pw,D , pnw,D , TD ,uD) is a solution of

the finite volume scheme (5.2)-(5.8) and let the assumptions of Section 2.2 hold. Then, the saturation snα,K
remains in the interval [0, 1] for all K ∈ T and n ∈ {1, . . . , NT }.

Proof of Lemma 3. We prove by induction on n that snα,K ≥ 0 for all K ∈ T . Let us start with α = w.
For n = 0, the property follows directly from the hypothesis of the lemma, since

(
s0w,K

)
K∈T ∈ [0, 1]. Let

n ∈ [1, NT ] and assume that sn−1
w,K ≥ 0. We aim to prove that snw,K ≥ 0. To this end, we consider the control

volume K∗ such that snw,K∗ = min{snw,L}L∈T and we multiply the discrete wetting fluid mass conservation
equation (5.2) by (snw,K∗)− = max(−snw,K∗ , 0) to obtain

|K∗|ρw
ϕnK∗snw,K∗ − ϕn−1

K∗ s
n−1
w,K∗

δt
(snw,K∗)−

+
∑

L∈N (K∗)

ρwkτK∗LM
n
w,K∗L(p

n
w,K∗ − pnw,L)(s

n
w,K∗)− = rnw,K∗(snw,K∗)−.

(6.1)

Expanding the first term of equation (6.1) and using that sn−1
w,K∗ ≥ 0 together with Assumption (A1), we

get

|K∗|ρw
δt

(
ϕnK∗snw,K∗ − ϕn−1

K∗ s
n−1
w,K∗

)
(snw,K∗)−

= −|K∗|ρw
δt

(
ϕnK∗

∣∣(snw,K∗)−
∣∣2 + ϕn−1

K∗ s
n−1
w,K∗(s

n
w,K∗)−

)
≤ 0.

(6.2)

Now, to determine the sign of the second term of (6.1). We distinguish two cases based on the sign of
pnw,K∗ − pnw,L.

• Case 1: pnw,K∗ − pnw,L ≥ 0. In this case, using the definition of the mobility on the interfaces given
by (5.3) and Assumption (A6), we obtain that

Mw(s
n
w,K∗L)(s

n
w,K∗)− =Mw(s

n
w,K∗)(snw,K∗)− = 0.

• Case 2: pnw,K∗ − pnw,L < 0. In this case, we obtain from the definition of the mobility on the interface
given by (5.3), the choice of the control volume K∗, and from Assumption (A6) that

Mw(s
n
w,K∗L) =Mw(s

n
w,L) ≥Mw(s

n
w,K∗).

Then, from the second term of (6.1), we obtain

ρwkτK∗L(p
n
w,K∗ − pnw,L)Mw(s

n
w,K∗L)(s

n
w,K∗)−

≤ ρwkτK∗L(p
n
w,K∗ − pnw,L)Mw(s

n
w,K∗)(snw,K∗)− = 0.
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In both cases, we get that the second term of equation (6.1) is non-positive. Furthermore, from Assumption
(A3) on the source terms, we obtain that rnw,K∗(snw,K∗)− ≥ 0. Consequently, we obtain from (6.1) that

|K∗|ρw
ϕnK∗snw,K∗ − ϕn−1

K∗ s
n−1
w,K∗

δt
(snw,K∗)− ≥ 0.

And since we have from (6.2) that it is non-positive, then we obtain that (snw,K∗)− = 0. Thus, we deduce
that snw,K ≥ 0, for all K ∈ T . Similarly, we can show that snnw,K ≥ 0 using the non-wetting fluid discrete
mass conservation equation (5.4). Moreover, from the relation snw,K+snnw,K = 1, we obtain that snα,K ∈ [0, 1]
for α ∈ {w, nw}, which concludes the proof.

Now, the following Lemma provides a key estimate that will be used to derive the discrete energy
estimates.

Lemma 4. Let (un
h, p

n
w,h, p

n
nw,h, T

n
h ) be the solution to the system of equations (5.20)–(5.23) and assume

that the assumption in Section 2.2 hold. We have the following inequality:∫
Ω

∂nt Eh dx+

∫
Ω

m0

2
∂nt
(
|∂nt uh|2

)
dx+

1

d

∫
Ω

λ

Tref
|∇hT

n
h |2 dx

+
1

d

∫
Ω

k
(
Mn

w,h|∇hp
n
w,h|2 +Mn

nw,h|∇hp
n
nw,h|2

)
dx

≤
∫
Ω

 ∑
α∈{w,nw}

rnα,h

(
pnα,h
ρα

+ enα,h − cnα,hT
n
h

)
+ rne,h + fn

u,h · ∂nt uh

 dx,

(6.3)

where En
h is the total energy of the system and it is defined by

En
h := ϕnhU

n
h +

1

2

[
πn
h Tn

h

]
M

[
πn
h

Tn
h

]
+

E
2(1 + ν)

[
|ϵ(un

h)|
2
+

ν

1− 2ν
(divun

h)
2

]
+

∑
α∈{w,nw}

ϕnhs
n
α,hραe

n
α,h,

where M is defined by (3.4).

Proof of Lemma 4. First, we consider in (5.20)–(5.23), the test functions φw,h =
(

pn
w,h

ρw
+ enw,h

)
∈ Hh,

φnw,h =
(

pn
nw,h

ρnw
+ ennw,h

)
∈ Hh, ψh = Tn

h ∈ Hh and ωh = ∂nt uh ∈ Hd
h. Then, we sum these equations to

obtain
E1 + E2 + E3 + E4 + E5 + E6 + E7 + E8 = E9, (6.4)
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where

E1 :=

∫
Ω

∂nt (sw,hϕh)
(
pnw,h + ρwe

n
w,h

)
dx+

∫
Ω

ρws
n−1
w,h ϕ

n−1
h ∂nt (eα,h) dx,

E2 :=

∫
Ω

∂nt (snw,hϕh)
(
pnnw,h + ρnwe

n
nw,h

)
dx+

∫
Ω

ρnws
n−1
nw,hϕ

n−1
h ∂nt (eα,h) dx,

E3 :=

∫
Ω

∂nt (Ss,h)T
n
h dx,

E4 :=
1

d

∫
Ω

ρwkM
n
w,h∇hp

n
w,h ·∇h

(
pnw,h

ρw
+ enw,h

)
dx− 1

d

∫
Ω

ρwkM
n
w,h∇hp

n
w,h ·∇he

n
w,h dx,

E5 :=
1

d

∫
Ω

ρnwkM
n
nw,h∇hp

n
nw,h ·∇h

(
pnnw,h

ρnw
+ ennw,h

)
dx− 1

d

∫
Ω

ρnwkM
n
nw,h∇hp

n
nw,h ·∇he

n
nw,h dx,

E6 :=
1

d

∫
Ω

λ

Tref
∇hT

n
h ·∇hT

n
h dx,

E7 :=

∫
Ω

m0∂
n
ttuh · ∂nt uh dx+

1

d

∫
Ω

E
(1 + ν)

ϵ(un
h) : ϵ(∂

n
t uh) dx+

∫
Ω

Eν
(1 + ν)(1− 2ν)

divh u
n
hId : ϵ(∂nt uh) dx,

E8 := −
∫
Ω

(bπn
h + 3αsKs(T

n
h − Tref)) divh (∂

n
t uh) dx,

E9 :=

∫
Ω

rnw,h

(
pnw,h

ρw
+ enw,h − cnw,hT

n
h

)
+ rnnw,h

(
pnnw,h

ρnw
+ ennw,h − cnnw,hT

n
h + rne,h + fn

u,h · ∂nt uh

)
dx.

Expanding E1, we obtain

E1 =

∫
Ω

(
snw,hp

n
w,h∂

n
t ϕh + ϕn−1

h pnw,h∂
n
t sw,h

)
dx+

∫
Ω

ρw∂
n
t (sw,hϕhew,h) dx

:= E1,1 + E1,2.

In the same manner, expanding E2, we obtain

E2 =

∫
Ω

(
snnw,hp

n
nw,h∂

n
t ϕh + ϕn−1

h pnnw,h∂
n
t snw,h

)
dx+

∫
Ω

ρnw∂
n
t (snw,hϕhenw,h) dx

:= E2,1 + E2,2.

Furthermore, summing E1,1 and E2,1 and employing the relation (2.3) together with the definition of
capillary pressure (2.4) and the discrete averaged fluid pressure (5.13), we obtain

E1,1 + E2,1 =

∫
Ω

(
p⋆,nh ∂nt ϕh − ϕn−1

h pnc,h∂
n
t sw,h

)
dx

=

∫
Ω

(
p⋆,nh ∂nt ϕh − ϕn−1

h ∂nt (pc,hsw,h) + ϕn−1
h sn−1

w,h ∂
n
t pc,h

)
dx.

(6.5)

In addition, from the mean value theorem, we have

pnc,h − pn−1
c,h = p′c,h(zh)(s

n
h − sn−1

h ), (6.6)

with zh ∈]sn−1
h , snh[ if snw,h ≥ sn−1

w,h and zh ∈]snh, s
n−1
h [ otherwise.

We also have
Nn

h −Nn−1
h = N ′

h(zh)(s
n
h − sn−1

h ), (6.7)

where Nn
h = N (snh) and it is defined by (3.1). Since N is the primitive of swp′c(sw) over [sw, 1], we find that

N ′
h(zh) = −zhp′c,h(zh). Moreover, we distinguish two cases depending on the monotonicity of the wetting

phase saturation sw,h: Case 1: snw,h ≥ sn−1
w,h and Case 2: snw,h < sn−1

w,h .

• Case 1: snw,h ≥ sn−1
w,h . Since zh ∈]sn−1

h , snh[ and the capillary pressure is a decreasing function, we
obtain that
zhp

′
c,h(zh)(s

n
w,h − sn−1

w,h ) ≤ sn−1
w,h p

′
c,h(zh)(s

n
w,h − sn−1

w,h ).
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• Case 2: snw,h < sn−1
w,h . We have that zh ∈]snh, s

n−1
h [ and that the capillary pressure is a decreasing

function then we obtain that zhp′c,h(zh)(s
n
w,h − sn−1

w,h ) ≤ sn−1
w,h p

′
c,h(zh)(s

n
w,h − sn−1

w,h ).

In both cases, we find that

zhp
′
c,h(zh)(s

n
w,h − sn−1

w,h ) ≤ sn−1
w,h p

′
c,h(zh)(s

n
w,h − sn−1

w,h ). (6.8)

Furthermore, combining (6.5), (6.6), (6.7) and (6.8) together with the fact that N ′
h(zh) = −zhp′c,h(zh), we

obtain

E1,1 + E2,1 =

∫
Ω

(
p⋆,nh ∂nt ϕh − ϕn−1

h ∂nt (pc,hsw,h) + ϕn−1
h sn−1

w,h p
′
c,h(zh)∂

n
t sw,h

)
dx

≥
∫
Ω

(
p⋆,nh ∂nt ϕh − ϕn−1

h ∂nt (pc,hsw,h) + ϕn−1
h zhp

′
c,h(zh)∂

n
t sw,h

)
dx

=

∫
Ω

(
p⋆,nh ∂nt ϕh − ϕn−1

h ∂nt (pc,hsw,h)− ϕn−1
h N ′

h(zh)∂
n
t sw,h

)
dx

=

∫
Ω

(
p⋆,nh ∂nt ϕh − ϕn−1

h ∂nt (pc,hsw,h)− ϕn−1
h ∂nt Nh

)
dx.

(6.9)

Employing, in equation (6.9), the fact that f(b) − f(a) =
∫ b

a
f ′(x) dx for all a, b ∈ R and f ∈ C1([a, b]),

together with the definition of the function N in (3.1) and the interfacial energy Un
h in (5.13), we obtain

E1,1 + E2,1 ≥
∫
Ω

(
p⋆,nh ∂nt ϕh − ϕn−1

h

∫ snw,h

sn−1
w,h

(zpc(z))
′ dz + ϕn−1

h

∫ snw,h

sn−1
w,h

zp′c(z) dz

)
dx

=

∫
Ω

(
p⋆,nh ∂nt ϕh − ϕn−1

h

∫ snw,h

sn−1
w,h

pc(z) dz

)
dx

=

∫
Ω

(
p⋆,nh ∂nt ϕh + ϕn−1

h ∂nt Uh

)
dx

=

∫
Ω

(πn
h∂

n
t ϕh + ∂nt (ϕhUh)) dx.

Consequently, we obtain

E1 + E2 ≥
∫
Ω

(πn
h∂

n
t ϕh + ∂nt (ϕhUh)) dx+

∑
α∈{w,nw}

∫
Ω

ρα∂
n
t (sα,hϕheα,h) dx. (6.10)

Furthermore, employing the definition of the discrete porosity and the skeleton entropy (5.9), we obtain

E3 + E8 +

∫
Ω

πn
h∂

n
t ϕh dx

=

∫
Ω

(πn
h∂

n
t ϕh + Tn

h ∂
n
t Ss,h − (bπn

h + 3αsKs(T
n
h − Tref)) divh (∂

n
t uh)) dx

=
∑
K∈T

|K| (πn
K∂

n
t ϕK + Tn

K∂
n
t Ss,K − (bπn

K + 3αsKs(T
n
K − Tref)) divK (∂nt uh))

=
∑
K∈T

|K|
(
−3αϕπ

n
K∂

n
t TK +

1

N
πn
K∂

n
t πK − 3αϕT

n
K∂

n
t πK

)
+
∑
K∈T

|K|
(
Cs

Tref
Tn
K∂

n
t TK + 3αsKsTrefdivK (∂nt (uh))

)
.

(6.11)

In addition, from the definition of the discrete divergence, we have that
∑

K∈T |K|divK ∂nt uh =
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∫
Ω
divh ∂

n
t uh = 0 since un

h = 0 on ∂Ω for all n ∈ [0, NT ]. Consequently, equation (6.11) reads

E3 + E8 +

∫
Ω

πn
h∂

n
t ϕh dx

=

∫
Ω

(
−3αϕπ

n
h∂

n
t Th +

1

N
πn
h∂

n
t πh − 3αϕT

n
h ∂

n
t πh +

Cs

Tref
Tn
h ∂

n
t Th

)
dx

=

∫
Ω

1

δt

[[
πn
h Tn

h

]
M

[
πn
h − πn−1

h

Tn
h − Tn−1

h

]]
dx.

Moreover, since M is a real, symmetric, positive definite matrix, we have the following inequality

1

δt

[[
πn
h Tn

h

]
M

[
πn
h − πn−1

h

Tn
h − Tn−1

h

]]

≥ 1

2δt

[[
πn
h Tn

h

]
M

[
πn
h

Tn
h

]
−
[
πn−1
h Tn−1

h

]
M

[
πn−1
h

Tn−1
h

]]

=
1

2
∂nt

[[
πh Th

]
M

[
πh
Th

]]
.

This yields

E3 + E8 +

∫
Ω

πn
h∂

n
t ϕh dx ≥ 1

2
∂nt

[[
πh Th

]
M

[
πh
Th

]]
. (6.12)

Furthermore, we recall the inequality a(a− b) ≥ 1

2
(a2 − b2) for all a, b ∈ R, which yields the bound

∂nttuh · ∂nt uh =
1

δt

(
∂nt uh − ∂n−1

t uh

)
· ∂nt uh ≥ 1

2
∂nt |∂nt uh|2. (6.13)

In the same way, the second term of E7 satisfies

ϵ(un
h) : ϵ(∂

n
t uh) =

1

δt
ϵ(un

h) : ϵ(u
n
h − un−1

h ) ≥ 1

2
∂nt (|ϵ(uh)|2). (6.14)

Likewise, the third term of E7 satisfies

divh u
n
hId : ϵ(∂tu

n
h) =

1

δt

(
divh u

n
hId : ϵ(un

h − un−1
h )

)
≥ 1

2
∂nt (divh uh)

2. (6.15)

Combining the three estimates (6.13), (6.14) and (6.15) yields

E7 ≥ 1

2

∫
Ω

m0∂
n
t |∂nt uh|2 dx

+
1

2

∫
Ω

[
E

d(1 + ν)
∂nt (|ϵ(uh)|2) +

Eν
(1 + ν)(1− 2ν)

∂nt (divh uh)
2

]
dx.

(6.16)

Now, to obtain the estimate on the gradient terms, we expand E4 to obtain

E4 =
1

d

∫
Ω

kMn
w,h∇hp

n
w,h ·∇hp

n
w,h dx =

1

d

∫
Ω

kMn
w,h|∇hp

n
w,h|2 dx. (6.17)

In the same manner, we obtain

E5 =
1

d

∫
Ω

kMn
nw,h∇hp

n
nw,h ·∇hp

n
nw,h dx =

1

d

∫
Ω

kMn
nw,h|∇hp

n
nw,h|2 dx. (6.18)
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Finally, combining equations (6.10), (6.12), (6.16), (6.17) and (6.18) with equation (6.4), we obtain

∫
Ω

∂nt (ϕhUh) +
∑

α∈{w,nw}

ρα∂
n
t (sα,hϕheα,h) +

1

2
∂nt

[[
πh Th

]
M

[
πh
Th

]] dx

+
1

2

∫
Ω

[
m0∂

n
t |∂nt uh|2 +

E
d(1 + ν)

∂nt (|ϵ(uh)|2) +
Eν

(1 + ν)(1− 2ν)
∂nt (divh uh)

2

]
dx

+
1

d

∫
Ω

kMn
w,h|∇hp

n
w,h|2 dx+

1

d

∫
Ω

kMn
nw,h|∇hp

n
nw,h|2 dx+

1

d

∫
Ω

λ

Tref
|∇hT

n
h |2 dx

≤
∫
Ω

 ∑
α∈{w,nw}

rnα,h

(
pnα,h
ρα

+ enα,h − cnα,hT
n
h

)
+ rne,h + fn

u,h · ∂nt uh

 dx.

Setting En
h := ϕnhU

n
h + 1

2

[
πn
h Tn

h

]
M

[
πn
h

Tn
h

]
+ E

2(1+ν)

[
|ϵ(un

h)|
2
+ ν

1−2ν (divu
n
h)

2
]
+
∑

α∈{w,nw} ϕ
n
hs

n
α,hραe

n
α,h,

it concludes the proof.

Moreover, to obtain the discrete energy estimates, we state in the following lemma some key identities.
The proof can be found in [38].

Lemma 5. [38] For all K, L ∈ T . We have the following inequality:

Mw,KL +Mnw,KL ≥M0,

and
M0(p

n
K − pnL)

2 + (B(snw,K)− B(snw,L))
2 ≤

∑
α∈{w,nw}

Mα,KL(pα,K − pα,L)
2.

Proposition 4. Let D be a space time discretization as defined in Section 5.1, (uD , pw,D , pnw,D , TD) be the
solution of (5.20)–(5.23) and α ∈ {w, nw}. Assume that the assumptions stated in Section 2.2 are satisfied.
We have the following estimates:

∥∂nt uD∥L∞(0,tF ;(L2(Ω))d) + ∥pα,D∥L∞(0,tF ;L2(Ω)) + ∥TD∥L∞(0,tF ;L2(Ω))

+ ∥eα,D∥L∞(0,tF ;L1(Ω)) + ∥uD∥L∞(0,tF ;(H1(Ω))d) + ∥∇hpD∥L2(0,tF ;(L2(Ω))d)

+ ∥∇hTD∥L2(0,tF ;(L2(Ω))d) + ∥UD∥L∞(0,tF ;L1(Ω)) + ∥πD∥L∞(0,tF ;L2(Ω)) ≤ C.

Proof of Proposition 4. First, we sum inequality (6.3) over n = 1, . . . , NT to obtain∫
Ω

(
ENT

h − E0
h

)
dx+

∫
Ω

m0

2

(∣∣∣∂NT
t uh

∣∣∣2 − ∣∣∂0tuh

∣∣2) dx

+
δt

d

NT∑
n=1

∫
Ω

k
(
Mn

w,h|∇hp
n
w,h|2 +Mn

nw,h|∇hp
n
nw,h|2

)
dx+

δt

d

NT∑
n=1

∫
Ω

λ

Tref
|∇hT

n
h |2 dx

≤ δt

NT∑
n=1

∫
Ω

 ∑
α∈{w,nw}

rnα,h

(
pnα,h
ρα

+ enα,h − cnα,hT
n
h

)
+ rne,h + fn

u,h · ∂nt uh

 dx.

(6.19)

Let {yn}∞i=1 be the sequence defined by

yn :=

∫
Ω

(
En

h +
m0

2
|∂nt uh|2

)
dx.

Our goal is to apply the discrete Gronwall Lemma. To that end, we aim to show that there exist two
sequences {an}∞n=1 and {bn}∞n=1 such that yn ≤ an +

∑n−1
i=1 b

iyi, which is the required form to apply

25



Gronwall’s inequality and deduce the desired bounds. Now, using the definition of yn and employing
inequality (6.19), we obtain

yn − y0

≤
∫
Ω

(
En

h − E0
h

)
dx+

∫
Ω

m0

2

(
|∂nt uh|2 −

∣∣∂0tuh

∣∣2) dx

+
δt

d

n∑
i=1

∫
Ω

k
(
M i

w,h|∇hp
i
w,h|2 +M i

nw,h|∇hp
i
nw,h|2

)
dx+

δt

d

n∑
i=1

∫
Ω

λ

Tref
|∇hT

i
h|2 dx

≤ δt

n∑
i=1

∫
Ω

 ∑
α∈{w,nw}

riα,h

(
piα,h
ρα

+ eiα,h − ciα,hT
i
h

)
+ rie,h + f i

u,h · ∂ituh

 dx.

(6.20)

From Assumptions (A2) and (A3), there exist positive constants (C1,α, C2, C3, C4,α) ∈ R4
+, α ∈ {w, nw}

such that
|rnα,h| ≤ C1,α, |rne,h| ≤ C2, |fn

u,h| ≤ C3, e
n
α,h − Tn

h c
n
α,h ≤ C4,α|Tn

h |2. (6.21)

We proceed analogously to the proof of Proposition 1. Employing inequality (6.21) together with Young’s
inequality, we obtain the following estimate on the right-hand side of (6.20):

∫
Ω

 ∑
α∈{w,nw}

rnα,h

(
pnα,h
ρα

+ enα,h − cnα,hT
n
h

)
+ rne,h + fn

u,h · ∂nt uh

 dx

≤
∫
Ω

((
C1,w

ρw
+
C1,nw

ρnw

)
pnw,h + (C1,wC4,w + C1,nwC4,nw)|Tn

h |2
)

dx

+

∫
Ω

(
C1,nw

ρnw
pc(s

n
w,h) + C2 +

1

2

(
|fn

u,h|2 + |∂nt uh|2
))

dx

(6.22)

Furthermore, from the discrete equivalent pore pressure πn
h definition given in (5.13), the fact that Un

h ≥ 0,
snα,h ∈ [0, 1] and Assumption (A7), we obtain that pnw,h ≤ πn

h ≤ pnnw,h. Consequently, equation (6.22) yields

∫
Ω

 ∑
α∈{w,nw}

rnα,h

(
pnα,h
ρα

+ enα,h − cnα,hT
n
h

)
+ rne,h + fn

u,h · ∂nt uh

 dx

≤
∫
Ω

(
C7

(
|πn

h |2 + |Tn
h |2
)
+ C8 +

1

2
|∂nt uh|2

)
dx,

(6.23)

where C7 := max

(
C1,w

2ρw
+
C1,nw

2ρnw
+ C1,wC4,w + C1,nwC4,nw,

)
and C8 := C2+

C1,w

2ρw
+
C1,nw

2ρnw
+
C1,nw

ρnw
pc(0)+

1

2
C2

3 are positive constants.
Now, using the fact that M is a real symmetric matrix, we have

λmin|(πn
h , T

n
h )|2 ≤

[
πn
h Tn

h

]
M

[
πn
h

Tn
h

]
≤ λmax|(πn

h , T
n
h )|2, (6.24)

where λmin and λmax denote the minimum and maximum eigenvalues of M, respectively. Moreover, em-
ploying Assumptions (A1) and (A4) together with inequality (6.24) and the fact that Un

h ≥ 0, we obtain
from the definition of En

h

En
h ≥ 1

2
λmin|(πn

h , T
n
h )|2 + ρwϕ∗e

n
w,h + ρnwϕ∗e

n
nw,h

≥ C0

(
|πn

h |2 + |Tn
h |2 + enw,h + ennw,h

)
,

(6.25)

where C0 := min
(
1
2λmin, ρwϕ∗, ρnwϕ∗

)
is a real positive constant.
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Employing inequalities (6.23) and (6.25) in equation (6.20), we obtain

yn ≤ y0 + δt

n∑
i=1

∫
Ω

(
C7

(
|πi

h|2 + |T i
h|2
)
+ C8 +

1

2
|∂ituh|2

)
dx

≤ a+ bδt

n∑
i=1

yi,

(6.26)

where b := max
(

C7

C0
, 1
m0

)
and a := y0 + C8tF |Ω|. Now, we apply the discrete Gronwall Lemma to inequal-

ity (6.26). It follows that
yn ≤ aebnδt ≤ aebtF , n = 1, . . . , NT .

Hence, there exists a constant C > 0 such that∫
Ω

(
En

h +
m0

2
|∂nt uh|2

)
dx ≤ C, for all n = 1, . . . , NT .

Therefrom, ED ∈ L∞(0, tF ;L
1(Ω)) and ∂nt uD ∈ L∞(0, tF ; (L

2(Ω))d). Moreover, using the lower
bound (6.25) on En

h , we obtain that πD ∈ L∞(0, tF ;L
2(Ω)), TD ∈ L∞(0, tF ;L

2(Ω)), ew,D ∈
L∞(0, tF ;L

1(Ω)) and enw,D ∈ L∞(0, tF ;L
2(Ω)). Furthermore, since πD − pc,D ≤ pw,D ≤ πD , then

pw,D ∈ L∞(0, tF ;L
2(Ω)) and pnw,D ∈ L∞(0, tF ;L

2(Ω)). Additionally, by the definition of En
h , we

have that ϵ(uD) ∈ L∞(0, tF ; (L
2(Ω)d×d)); therefore, ∇huD ∈ L∞(0, tF ; (L

2(Ω))d×d), and it follows that
uD ∈ L∞(0, tF ; (H

1(Ω))d).
Moreover, using equations (6.20) and (6.23), we get

δt

d

NT∑
n=1

∫
Ω

k
(
Mn

w,h|∇hp
n
w,h|2 +Mn

nw,h|∇hp
n
nw,h|2

)
dx+

δt

d

NT∑
n=1

∫
Ω

λ

Tref
|∇hT

n
h |2 dx ≤ C

Employing the inequalities in Lemma 5, we obtain

δt

d

NT∑
n=1

∫
Ω

k
(
M0|∇hp

n
h|2 + |∇hB(snw,h)|2

)
dx ≤ C

Then, we get that ∇hpD ∈ L∞(0, tF ; (L
2(Ω))d), ∇hB(sw,D) ∈ L∞(0, tF ; (L

2(Ω))d) and ∇hTD ∈
L∞(0, tF ; (L

2(Ω))d) which concludes the proof.

7 Convergence analysis
In this section, we present the following theorem stating the convergence of the sequence of discrete solutions
to the continuous weak solution.

Theorem 1. Let the assumption in Section 2.2 hold, (Dm)m∈N be a sequence of space time discretizations
defined in Section 5.1 such that limm→∞ size(Dm) = 0. Assume that, for each m ∈ N, the finite volume
scheme (5.2)–(5.8) has a solution (pw,Dm , pnw,Dm , TDm ,uDm)m∈N . Then,
(pw,Dm , pnw,Dm , TDm ,uDm)m∈N converges, up to a subsequence, to the weak solution (pw, pnw, T,u) of (2.1)
in the sense of Definition 1.

In order to prove this theorem, we follow the approach presented in [38]. First, we state some compactness
properties for ϕDsα,D and Ss,D +

∑
α∈{w,nw} ϕDcα,Dsα,D , then we study the limits of the discrete variables.

7.1 Compactness properties
In this section, we derive estimates on the space and time translates of the functions Uα,D := ϕDsα,D for
α ∈ {w, nw} and VD := Ss,D +

∑
α∈{w,nw} ϕDcα,Dsα,D , which implies that Uα,D and VD are relatively

compact in L1(QtF ) as a result of the Kolmogorov-Riesz-Fréchet theorem [13, Theorem 4.26]. To this
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end, we replace the study of the discrete functions ϕDsα,D and Ss,D +
∑

α∈{w,nw} ϕDcα,Dsα,D (constant
per cylinder Qn

K := (tn−1, tn) × K) by the study of the functions Uα,D := ϕDsα,D and V D := Ss,D +∑
α∈{w,nw} ϕDcα,Dsα,D . The latter being continuous affine in time and constant in space defined by

Uα,D(t,x) :=

NT∑
n=1

∑
K∈T

1

δt

(
(t− (n− 1)δt)ϕnKs

n
K + (nδt− t)ϕn−1

K sn−1
K

)
1Qn

K
(t,x).

and

V D(t,x) :=

NT∑
n=1

∑
K∈T

1

δt

(
(t− (n− 1)δt)V n

K + (nδt− t)V n−1
K

)
1Qn

K
(t,x).

Lemma 6. (Estimates on space translate of Uα,D and V D). Let the assumptions presented in Section 2.2
be valid. Let D be a finite volume discretization of Ω× (0, tF ) and let (pw,D , pnw,D , TD ,uD)) be the solution
of (5.20)–(5.23). Then, we have the following inequalities∫

(0,∞)×Ω′

∣∣Uα,D(t,x+ y)− Uα,D(t,x)
∣∣ dxdt ≤ ω(|y|), (7.1)

and ∫
(0,∞)×Ω′

∣∣V D(t,x+ y)− V D(t,x)
∣∣ dxdt ≤ η(|y|), (7.2)

for all y ∈ Rd with Ω′ := {x ∈ Ω, [x,x+ y] ⊂ Ω} and lim
|y|→0

(ω(|y|), η(|y|)) = (0, 0).

Proof of Lemma 6. From the definition of Uα,D , Assumption (A1) and Lemma 3, we have thanks to the
triangle inequality ∫

(0,tF )×Ω′
|Uα,D(t,x+ y)− Uα,D(t,x)| dxdt

≤
∫
(0,tF )×Ω′

|ϕD(t,x+ y) (sα,D(t,x+ y)− sα,D(t,x))| dxdt

+

∫
(0,tF )×Ω′

|sα,D(t,x) (ϕD(t,x+ y)− ϕD(t,x))| dxdt ≤ U1 + U2,

where U1 and U2 are defined as follows

U1 :=

∫
(0,tF )×Ω′

|sα,D(t,x+ y)− sα,D(t,x)| dxdt,

U2 :=

∫
(0,tF )×Ω′

|ϕD(t,x+ y)− ϕD(t,x)| dxdt.

Moreover, we assume that B−1, the inverse of the Kirchhoff transform B defined by (2.12), is a Hölder
function of order θ ∈]0, 1] on [0,B(1)], i.e, there exists a constant C such that for all a, b ∈ [0,B(1)], we have
|B−1(a)− B−1(b)| ≤ C|a− b|θ. Following the same arguments presented in [38, Lemma 7.1]. We have

U1 ≤ C|y|θ, (7.3)

where C denotes a generic constant here and throughout the proof.
Now, we aim to obtain an estimate on the spacial translate U2. From the definition of the discrete

porosity given in equation (5.9), we obtain

ϕD(t,x)− ϕ0h(x) =

b(divh uD(t,x)− divh u
0
h(x))− 3αϕ(TD(t,x)− T 0

h ) +
1

N
(πD(t,x)− π0

h(x)).
(7.4)
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Substituting equation (7.4) in U2, we obtain

U2 =

∫
(0,tF )×Ω′

|ϕD(t,x+ y)− ϕD(t,x)| dxdt

≤
∫
(0,tF )×Ω′

∣∣ϕ0D(x+ y)− ϕ0h(x)
∣∣ dxdt

+

∫
(0,tF )×Ω′

b |divh uD(t,x+ y)− divh uD(t,x)| dxdt

+

∫
(0,tF )×Ω′

b
∣∣divh u0

h(x+ y)− divh u
0
h(x)

∣∣ dxdt
+

∫
(0,tF )×Ω′

3αϕ |TD(t,x+ y)− TD(t,x)| dxdt

+

∫
(0,tF )×Ω′

3αϕ

∣∣T 0
h (x+ y)− T 0

h (x)
∣∣ dxdt

+

∫
(0,tF )×Ω′

1

N
|πD(t,x+ y)− πD(t,x)| dxdt

+

∫
(0,tF )×Ω′

1

N

∣∣π0
h(x+ y)− π0

h(x)
∣∣ dxdt.

(7.5)

In addition, each term of (7.5) can be written as follows, for ξD ∈ {divh uD , TD , πD}∫
(0,tF )×Ω′

|ξD(t,x+ y)− ξD(t,x)| dxdt ≤
NT∑
n=1

δt
∑
σKL

|ξnL − ξnK |
∫
Ω′
χσKL

(x,x+ y) dx,

where χσKL
is defined by

χσKL
:=

{
1 if the line [x,x+ y] intersects σKL, K, and L,
0 otherwise.

And, we have that (see [28, Lemma 9.3])∫
Ω′
χσKL

(x,x+ y) dx ≤ |σKL||y|.

Applying the discrete energy estimates obtained in Proposition 4 together with Assumption (A9), we obtain

U2 ≤ C|y|. (7.6)

Furthermore, combining the estimates on U1 and U2 given in (7.3) and (7.6), we obtain∫
(0,tF )×Ω′

|Uα,D(t,x+ y)− Uα,D(t,x)| dxdt ≤ C
(
|y|θ + |y|

)
. (7.7)

In addition, we have∫ ∞

0

∫
Ω′

∣∣Uα,D(t,x+ y)− Uα,D(t,x)
∣∣ dxdt

≤ 2

∫ tF

0

∫
Ω′

|Uα,D(t,x+ y)− Uα,D(t,x)| dxdt+ 2δt

∫
Ω′

δ

∣∣U0
α,h(x)

∣∣ dx,
where Ω′

δ = {x ∈ Ω, dist(x,Ω′) < |δ|}. From inequality (7.7), the boundedness of U0
α,h in L1(Ω′

δ) and the
assumption that δt goes to zero when size(D) → 0, we obtain the uniform estimation on the space translate
of Uα,D stated in (7.1).
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Similarly, from the definition of VD , Assumption (A1) and Lemma 3, we have∫
(0,tF )×Ω′

|VD(t,x+ y)− VD(t,x)| dxdt

≤
∫
(0,tF )×Ω′

|Ss,D(t,x+ y)− Ss,D(t,x)| dxdt

+
∑

α∈{w,nw}

ρα

∫
(0,tF )×Ω′

|cα,D(t,x+ y) ((ϕDsα,D)(t,x+ y)− (ϕDsα,D)(t,x))| dxdt

+
∑

α∈{w,nw}

∫
(0,tF )×Ω′

|(ϕDsα,D)(t,x) (cα,D(t,x+ y)− cα,D(t,x))| dxdt

:= V1 +
∑

α∈{w,nw}

V2,α +
∑

α∈{w,nw}

V3,α.

The term V1 is treated in the same way as U2. From the definition of the discrete skeleton entropy given
in (5.9), we have

Ss,D − S0
s,h = 3αsKsdivh (uD − u0

h)− 3αϕ(πD − π0
h) +

Cs

Tref
(TD − T 0

h ).

Then, applying the discrete energy estimates obtained in Proposition 4 together with Assumption (A9), we
obtain

V1 ≤ C|y|. (7.8)

Furthermore, from the assumption of small temperature variations around the reference temperature Tref >
0, we get that the discrete temperature TD is bounded. Using the thermodynamic relation deα = Tdcα and
the linear dependence of eα on T , we obtain that

dcα
dT

=
1

T

deα
dT

=
kα
T
,

where kα is a constant. Hence, cα,D = cα(TD) is bounded and Lipschitz continuous. Using this fact together
with Lemma 6 and inequality (7.7), we obtain

V2,α =

∫
(0,tF )×Ω′

|cα,D(t,x+ y) ((ϕDsα,D)(t,x+ y)− (ϕDsα,D)(t,x))| dxdt

≤ C

∫
(0,tF )×Ω′

|(ϕDsα,D)(t,x+ y)− (ϕDsα,D)(t,x)| dxdt

≤ C
(
|y|θ + |y|

)
.

(7.9)

Moreover, using that cα,D is lipschitz continuous and TD ∈ L2(0, tF ;H
1(Ω)), we obtain

V3,α ≤ C

∫
(0,tF )×Ω′

|cα,D(t,x+ y)− cα,D(t,x)| dxdt

≤ C

∫
(0,tF )×Ω′

|TD(t,x+ y)− TD(t,x)| dxdt

≤ C

NT∑
n=1

δt
∑
σKL

|Tn
L − Tn

K |
∫
Ω′
χσKL

(x,x+ y) dx

≤ C|y|.

(7.10)

Furthermore, combining the estimates on V1, V2,α and V3,α given in (7.8), (7.9) and (7.10), we obtain∫
(0,tF )×Ω′

|VD(t,x+ y)− VD(t,x)| dxdt ≤ C
(
|y|θ + |y|

)
. (7.11)
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In addition, we have ∫ ∞

0

∫
Ω′

∣∣V D(t,x+ y)− V D(t,x)
∣∣ dxdt

≤ 2

∫ tF

0

∫
Ω′

|VD(t,x+ y)− VD(t,x)| dxdt+ 2δt

∫
Ω′

δ

∣∣V 0
h (x)

∣∣ dx,
where Ω′

δ = {x ∈ Ω, dist(x,Ω′) < |δ|}. From inequality (7.11), the boundedness of V 0
h in L1(Ω′

δ) and the
assumption that δt goes to zero when size(D) → 0, we obtain the uniform estimation on the space translate
of V D stated in (7.2).

Furthermore, we state without proof the following lemma on the time translate of Uα,D and V D . The
proof follows the general idea of [3, Lemma A.1].

Lemma 7. (Estimates on time translate of Uα,D and V D). Let the assumptions of Section 2.2 hold true.
Let D be the discretization of Ω × (0, tF ) as defined in Section 5.1 and let (pw,D , pnw,D , TD ,uD) be the
solution of (5.20)–(5.23). Then, we have the following inequalities∫

(0,tF−τ)×Ω

∣∣Uα,D(t+ τ,x)− Uα,D(t,x)
∣∣ dxdt ≤ ω̃(τ),

and ∫
(0,tF−τ)×Ω

∣∣V D(t+ τ,x)− V D(t,x)
∣∣ dxdt ≤ η̃(τ),

for all τ ∈ (0, tF ) and (ω̃(τ), η̃(τ)) → (0, 0) when τ → 0.

7.2 Study of the limit
Proposition 5. Let (Dm)m be a sequence of finite volume discretizations of Ω × (0, tF ) such that
limm→0 size(Dm) = 0 and assume that the assumptions of Section 2.2 are fulfilled. Then, there exist subse-
quences, still denoted (sα,Dm

)m∈N, (pα,Dm
)m∈N, (TDm

)m∈N and (uDm
)m∈N verifying the following conver-

gence∥∥Uα,Dm − Uα,Dm

∥∥
L1(Ω′)

→ 0,
∥∥VDm − V Dm

∥∥
L1(Ω′)

→ 0

Uα,Dm
→ Uα, VDm

→ V strongly in Lp(QtF ) and a.e. in QtF for all p ≥ 1,

sα,Dm
→ sα strongly in L1(QtF ) and a.e. in QtF ,

pα,Dm ⇀ pα, TDm ⇀ T weakly in L2(0, tF ;L
2(Ω)),

∇hpDm
⇀∇p, ∇hB(sw,Dm

)⇀∇B(sw) weakly in L2(0, tF ;L
2(Ω)d),

∇hTDm
⇀∇T weakly in L2(0, tF ;L

2(Ω)d),

uDm
⇀ u weakly in L2(0, tF ;L

2(Ω)d),

ϵ(u)Dm
⇀ ϵ(u) weakly in L2(0, tF ; (L

2(Ω)d×d)),

divh (uDm)⇀ div (u) weakly in L2(0, tF ;L
2(Ω)),

∂tuDm ⇀ ∂tu weakly in L2(0, tF ;L
2(Ω)d),

πDm
⇀ π, ϕDm

⇀ ϕ, Ss,Dm
⇀ Ss weakly in L2(0, tF ;L

2(Ω)),

Uα = sαϕ, V = Ss +
∑

α∈{w,nw}

ραcαsαϕ a.e. in QtF ,

where

π = swpw + pnwsnw −
∫ 1

sw

pc(z) dz,

ϕ = ϕ0 + b div (u− u0)− 3αϕ(T − T 0) +
1

N
(π − π0),

Ss = S0
s + 3αsKsdiv (u− u0)− 3αϕ(π − π0) +

Cs

Tref
(T − T 0).
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Proof of Proposition 5. First, we show that
∥∥Uα,Dm

− Uα,Dm

∥∥
L1(Ω′)

→ 0 when size(Dm) → 0. To this end,
we employ the following convex inequality, for all a, b ∈ R, θ ∈ [0, 1],∫ 1

0

|θa+ (1− θ)b| dθ ≥ 1

2
(|a|+ |b|) .

Applying this inequality to a = Un
α,Dm

−Un−1
α,Dm

, b = Un−1
α,Dm

−Un−2
α,Dm

, from the definition of Uα,D we obtain∫ tF

0

∫
Ω′

∣∣Uα,Dm(t,x)− Uα,Dm(t,x)
∣∣ dxdt

≤ 2

∫ tF+δt

0

∫
Ω′

∣∣Uα,Dm
(t+ δt,x)− Uα,Dm

(t,x)
∣∣ dxdt,

which tends to zero since δt→ 0 when size(Dm) → 0.
Applying the Riesz-Frechet-Kolmogorov compactness theorem to Lemmas 6 and 7, we obtain that the se-

quence (Uα,Dm
)m∈N is relatively compact in L1(QtF ). Then, there exists a function Uα ∈ L1(QtF ) such that

(Uα,Dm
)m∈N converges strongly, up to a subsequence, to Uα in L1(QtF ). Since

∥∥Uα,Dm
− Uα,Dm

∥∥
L1(Ω′)

→ 0,
then Uα,Dm → Uα strongly in L1(QtF ) and a.e. in QtF . In addition, due to the fact that Uα,Dm is bounded,
we obtain the convergence in Lp(QtF ), for all p ≥ 1. Similarly, we obtain that there exists a function
V ∈ L1(QtF ) such that VDm

→ V strongly in Lp(QtF ) and a.e. in QtF .
Moreover, using Assumption (A1), we can recover estimates on the space and time translates for sα,Dm

,
then by applying the Riesz-Frechet-Kolmogorov compactness theorem, we obtain that there exists sα ∈
L1(QtF ) such that sα,Dm converges to sα strongly in L1(QtF ) and a.e. in QtF .

Now, from the discrete energy estimates Proposition 4, we have that, for all α ∈ {w, nw}, (pα,Dm)m∈N
is bounded in L2(QtF ) then there exists a function pα ∈ L2(QtF ) such that pα,Dm

⇀ pα weakly in L2(QtF ).
In addition, it follows from Proposition 4 that the sequence (∇hpDm

)m∈N is bounded in L2(QtF )
d and as

a consequence of the discrete Poincaré inequality, the sequence (pDm
)m∈N is bounded in L2(QtF ). Then,

there exist two functions p ∈ L2(QtF ) and ψ ∈ L2(QtF )
d such that

pDm ⇀ pweakly in L2(QtF ) and ∇hp,Dm ⇀ ψweakly in L2(QtF )
d.

We can show that ψ = ∇p in the sense of distributions. For the detailed proof, we refer to [15]. Similarly,
from the discrete energy estimates Proposition 4, we have that (TDm

)m∈N is bounded in L2(QtF ) and
(∇hTDm

)m∈N is bounded in L2(QtF )
d, then there exist a function T ∈ L2(QtF ) such that

TDm ⇀ T weakly in L2(QtF ) and ∇hTDm ⇀∇T weakly in L2(QtF )
d.

Furthermore, we also have that (uDm)m∈N is bounded in L2(QtF )
d and (ϵ(uDm))m∈N is bounded in

L2(QtF )
d×d, then there exists two functions u ∈ L2(QtF )

d and η ∈ L2(QtF )
d×d such that uDm

⇀ u weakly
in L2(QtF )

d and ϵ(uDm
) ⇀ η weakly in L2(QtF )

d×d. It remains to show that η = ϵ(u). To do so, it can
be shown, analogously to the arguments presented for the convergence of the global pressure, that for all
σ ∈ (C∞

c (QtF ))
d×d we have∫

QtF

ϵ(uDm
) : σ dxdt+

∫
QtF

uDm
· div (σ) dxdt→ 0 as m→ 0.

Since divh (uDm
) = tr(ϵ(uDm

)), we obtain that div h(uDm
) ⇀ div (u) weakly in L2(QtF ). Moreover, from

the discrete energy estimates, we get that ∂tuDm
⇀ ∂tu weakly in L2(QtF )

d.
Now, from the discrete energy estimates, we have that πDm

is bounded in L2(0, T ;L2(Ω)), then there
exists π ∈ L2(0, T ;L2(Ω)) such that πD converges weakly, up to a subsequence, to π. In addition, from the
definition of the equivalent pore pressure π given in (2.7), we have

πDm
= pw,Dm

sw,Dm
+ pnw,Dm

snw,Dm
− UDm

,

where UDm
= U(sw,Dm

) =
∫ 1

sw,Dm
pc(z) dz. From Assumption (A7), we have that pc : [0, 1] → R+ is

continuous on [0, 1]. Since sw,Dm
converges to sw a.e. in QtF , it results that pc(sw,Dm

) converges a.e. in
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QtF to pc(sw). Since pc is continuous on [0, 1], we obtain from the definition of U that U is continuous on
[0, 1] and UDm

= U(sw,Dm
) converges a.e. on QtF to U(sw). Furthermore, since pα,Dm

converges weakly in
L2(QtF ) to pα, for α ∈ {w,nw}, we get that π = swpw + pnwsnw − U(sw).

Furthermore, ϕDm =
∑

α∈{w,nw} ϕDmsα,Dm , then there exists ϕ ∈ L2(QtF ) such that ϕDm ⇀ ϕ weakly
in L2(QtF ). Using the definition of the discrete porosity ϕDm

given in (5.9), the limits of πDm
, TDm

and
div h(uDm

), and Assumption (A9), we obtain that ϕ = ϕ0 + b div (u− u0)− 3αϕ(T − T 0) + 1
N (π − π0).

Similarly, using the definition of the discrete skeleton entropy Ss,Dm
together with the weak convergence

of πDm
, TDm

and div h(uDm
) and Assumption (A9), we obtain that

Ss,Dm ⇀ Ss = S0
s + 3αsKsdiv (u− u0)− 3αϕ(π − π0) +

Cs

Tref
(T − T 0).

Moreover, since ϕDm ⇀ ϕ and sα,Dm → sα, then Uα = ϕsα. In addition, cα,Dm ⇀ cα in L2(QtF ) since
cα is continuous and TDm

⇀ T . Then, since Ss,Dm
⇀ Ss, ρα is a constant and ϕDm

sα,Dm
→ ϕsα a.e. in

QtF , we get that V = Ss +
∑

α∈{w,nw} ραcαsαϕ.

Now, we show the proof of Theorem 1

Proof of Theorem 1. In this proof, we want to show that our numerical scheme is convergent such that
the limit verifies the weak formulation given in Definition 1. Let φα, ψ ∈ D([0, tF ) × Ω), for α ∈ {w, nw}
and ω ∈ (D([0, tF )× Ω))d. First, we multiply the discrete wetting fluid mass conservation equation (5.20)
by δt, then we sum over n = 1, · · · , NT to obtain

NT∑
n=1

δt

∫
Ω

ρw
snw,hϕ

n
h − sn−1

w,h ϕ
n−1
h

δt
φw,h dx+

1

d

NT∑
n=1

δt

∫
Ω

ρwkM
n
w,h∇hp

n
w,h ·∇hφw,h dx

=

NT∑
n=1

δt

∫
Ω

rnw,hφw,h dx,

which is equivalent to the following discrete variational formulation∫
QtF

ρw∂tUw,Dφw,D dx dt+
1

d

∫
QtF

ρwkMw,D∇hpw,D ·∇hφw,D dx dt

=

∫
QtF

rw,Dφw,D dx dt.

(7.12)

Next, multiplying the discrete non-wetting fluid mass conservation equation (5.21) by δt and summing over
n = 1, · · · , NT yields the following discrete variational formulation∫

QtF

ρnw∂tUnw,Dφnw,D dx dt+
1

d

∫
QtF

ρnwkMnw,D∇hpnw,D ·∇hφnw,D dx dt

=

∫
QtF

rnw,Dφnw,D dx dt.

(7.13)

Moreover, we multiply the discrete entropy conservation equation (5.6) by ψK , then we sum over K to
obtain ∑

K∈T
|K| 1

δt

(
Sn
s,K − Sn−1

s,K

)
ψK

+
∑
K∈T

|K| 1
δt

∑
α∈{w,nw}

ραϕnKsnα,Kcnα,K −
∑

α∈{w,nw}

ραϕ
n−1
K sn−1

α,K c
n−1
α,K

ψK

+
∑
K∈T

∑
L∈N (K)

∑
α∈{w,nw}

ραc
n
α,KLkM

n
α,KLτKL

(
pnα,K − pnα,L

)
ψK

+
∑
K∈T

∑
L∈N (K)

λ

Tref
τKL (Tn

K − Tn
L ) ψK =

∑
K∈T

|K|
rne,K
Tn
K

ψK .
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From the definition of the discrete functions, we have∑
K∈T

|K| 1
δt

(
Sn
s,K − Sn−1

s,K

)
ψK =

1

δt

∫
Ω

(
Sn
s,h − Sn−1

s,h

)
dx,

∑
K∈T

|K| 1
δt

(
ραϕ

n
Ks

n
α,Kc

n
α,K − ραϕ

n−1
K sn−1

α,K c
n−1
α,K

)
ψK

=
1

δt

∫
Ω

ραϕnhsnα,hcnα,h −
∑

α∈{w,nw}

ραϕ
n−1
h sn−1

α,h c
n−1
α,h

ψh dx,

and ∑
K∈T

|K|
rne,K
Tn
K

ψK =

∫
Ω

rne,h
Tn
h

ψh dx.

Furthermore, integrating by parts and using the definition of the discrete gradient, we get∑
K∈T

∑
L∈N (K)

(
ραc

n
α,KLkM

n
α,KLτKL

(
pnα,K − pnα,L

))
ψK

= d
∑

σKL∈Eh

(
ραk|DKL|cnα,KLM

n
α,KL

(
pnw,L − pnw,K

dKL
nKL

))
·
(
ψn
L − ψn

K

dKL

)
nKL

=
1

d

∫
Ω

(
ραkc

n
α,hM

n
α,h∇hp

n
α,h

)
·∇hψh dx,

and ∑
K∈T

∑
L∈N (K)

λ

Tref
τKL (Tn

K − Tn
L )ψK =

1

d

∫
Ω

λ

Tref
∇hT

n
h ·∇hψh dx.

Consequently, we obtain

1

δt

∫
Ω

Sn
s,h +

∑
α∈{w,nw}

ραϕ
n
hs

n
α,hc

n
α,h − Sn−1

s,h −
∑

α∈{w,nw}

ραϕ
n−1
h sn−1

α,h c
n−1
α,h

ψh dx

+
1

d

∫
Ω

 ∑
α∈{w,nw}

ραkc
n
α,hM

n
α,h∇hp

n
α,h +

λ

Tref
∇hT

n
h

 ·∇hψh dx =

∫
Ω

rne,h
Tn
h

ψh dx.

(7.14)

Moreover, multiplying equation (7.14) by δt and summing over n = 1, · · · , NT yields the following discrete
variational formulation∫

QtF

∂tV DψD dx dt+
1

d

∫
QtF

 ∑
α∈{w,nw}

ραkcα,DMα,D∇hpα,D

 ·∇hψD dxdt

+
1

d

∫
QtF

λ

Tref
∇hTD ·∇hψD dxdt =

∫
QtF

re,D
TD

ψD dxdt.

(7.15)

Similarly, by multiplying the discrete momentum balance equation (5.23) by δt and summing over n =
1, · · · , NT , we obtain∫

QtF

∂ttuD · ωD dxdt+
1

d

∫
QtF

E
(1 + ν)

ϵ(uD) : ϵ(ωh) dxdt

+

∫
QtF

Eν
(1 + ν)(1− 2ν)

divh uDId : ϵ(ωD) dxdt

−
∫
QtF

(bπD + 3αsKs(TD − Tref)) divh (ωD) dxdt =

∫
QtF

fu,D · ωD dxdt.

(7.16)
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Now, in order to pass to the limit in the first term of (7.12), we integrate by parts to get∫
QtF

ρw∂tUw,Dφw,D dx dt = −
∫
QtF

ρwUw,D∂tφw,D dx dt−
∫
Ω

ρwU
0
w,h(x)φ

0
w,h(x) dx.

Due to the strong convergence of Uw,Dm
to Uw = swϕ and the strong convergence of φw,D to φw in L2(QtF ),

we obtain ∫
QtF

ρwUw,D∂tφw,D dx dt→
∫
QtF

ρw ϕ(pw, pnw, T,u) sw∂tφw dx dt.

Moreover, using that ϕ0hs
0
w,h converges in L2 to ϕ0s0w, we obtain∫

Ω

ρwU
0
w,h(x)φ

0
w,h(x) dx→

∫
Ω

ρwϕ
0s0wφ

0
w(x) dx.

Furthermore, applying Assumption (A3) and the strong convergence of φw,Dm , we obtain the following
limit on the right-hand side of (7.12)∫

QtF

rw,Dφw,D dx dt→
∫
QtF

rwφw dx dt.

For the second term of (7.12), we note that it is defined on the diamonds, thus we will write an equivalent
form of this term. First, recall that

Mw,D =
∑

σKL∈DKL

Mn
w,KL1DKL×]tn−1,tn[.

Let xKL := θxK + (1− θ)xL, be some point on the segment ]xK ,xL[, for 0 < θ < 1, such that

φw(t
n,xL)− φw(t

n,xK) = dKL∇φw(t
n,xKL) · nKL.

Denoting by (∇φw)D the function which is constant by diamond and defined as

(∇φw)D =
∑

σKL∈DKL

∇φw(t
n,xKL)1DKL×]tn−1,tn[,

then the second term of (7.12) can be rewritten as follows:

A2 :=
1

d

∫
QtF

ρwkMw,D∇hpw,D ·∇hφw,D dx dt

=

∫
QtF

ρwkMw,D∇hpw,D · (∇φw)D dx dt.

Furthermore, we define Sw,Dm
and Sw,Dm

by

Sw,D|DKL×(tn−1,tn] := max{sw,K , sw,L}, Sw,D|DKL×(tn−1,tn] := min{sw,K , sw,L}.

We also define A∗
2 by

A∗
2 :=

∫
QtF

ρwkMw(Sw,D)∇hpw,D · (∇φw)D dx dt.

We will show that A∗
2 converges to the desired limit and A∗

2 − A2 goes to zero when h → 0. Using that
the function B defined by (2.12) is monotone together with the estimate on ∇hB(sw,h) and recalling that
|DKL| = 1

dd
2
KLτKL, we get∫

QtF

∣∣B(Sw,D)−B(Sw,D)
∣∣2 dxdt

≤
NT∑
n=0

δt
∑
K∈T

∑
L∈N (K)

|DKL|
(
B(snw,L)−B(snw,K)

)2
≤ Csize(T )2

NT∑
n=0

δt
∑
K∈T

∑
L∈N (K)

|σKL|
dKL

∣∣B(snw,L)−B(snw,K)
∣∣2

≤ Csize(T )2.
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Since B−1 is continuous, we deduce up to a subsequence

|Sw,D − Sw,D | → 0 a.e. on QtF . (7.17)

Moreover, we have Sw,Dm
≤ sw,Dm ≤ Sw,Dm and sw,Dm → sw a.e. on QtF . Then, due to the continuity

of the mobility function Mw, we obtain Mw(Sw,Dm
) → Mw(sw) a.e. on QtF and in Lp(QtF ) for p < +∞.

Then, from the strong convergence of φw,Dm
and the weak convergence of ∇hpDm

and ∇hB(sw,Dm
), we

obtain (we refer to [38, Theorem 3.4] for more details)

Am,∗
2 −→

∫
QtF

ρwkMw(sw)∇pw ·∇φw dx dt.

In order to obtain the limit on Am
2 , it remains to show that lim

m→+∞
|Am

2 −Am,∗
2 | = 0. We remark that

|Mn
w,KL(p

n
w,L − pnw,K)−Mw(min(snw,K , s

n
w,L))(p

n
w,L − pnw,K)|

≤ C|snw,L − snw,K ||pnw,L − pnw,K |.

Consequently, we get

|Am
2 −Am,∗

2 | ≤ C

∫
QtF

|snw,L − snw,K |∇hpw,Dm
· (∇φw)Dm

dxdt.

Applying the Cauchy-Schwarz inequality, the uniform bound on ∇hpw,Dm
and the convergence (7.17), we

get that |Am
2 −Am,∗

2 | → 0 when m→ +∞.
Using similar arguments, we obtain the following equation by passing to the limit in equation (7.13)

−
∫
QtF

ρnw ϕ snw∂tφnw dx dt−
∫
Ω

ρnwϕ
0s0nwφ

0
nw(x) dx

+

∫
QtF

ρnwkMnw(snw)∇pnw ·∇φnw dx dt =

∫
QtF

rnwφnw dx dt.

In addition, by passing to the limit in equation (7.15), we obtain the weak formulation (4.3). Finally, using
the strong convergence of wDm

together with weak convergences of ∂tuDm
, ϵ(u)Dm

, divh uDm
, πDm

and
TDm

, we obtain the weak formulation (4.4) by passing to the limit in equation (7.16), which concludes the
proof.
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