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Energy estimates and convergence analysis of a two-phase flow in
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Abstract

In this work, we explore two-phase non-isothermal flows in deformable porous media. We consider
a Thermo-Hydro-Mechanical (THM) model for a two-phase flow where small deformations and linear
thermo-poro-elastic constitutive laws are assumed. These models are widely used in various areas of
geomechanics, with applications ranging from underground energy storage to oil and gas reservoir en-
gineering. We present the mathematical formulation of this model which is formulated as a strongly
nonlinear system of parabolic partial differential equations governing the conservation of mass, conser-
vation of entropy and momentum balance. Moreover, we derive some energy estimates of the continuous
model. The discretization of our system relies on the backward Euler scheme in time and the finite
volume two-point flux approximation (TPFA) scheme in space. We show that the energy estimates are
well-preserved at the discrete level. These stability results allow us to establish the convergence of the
proposed scheme to a weak solution of the nonlinear system. The proof is completed for the degenerate
THM model.

Keywords: Thermo-Hydro-Mechanical (THM) model, two-phase flow, energy estimates, finite volume
method, convergence analysis.

1 Introduction

The storage of hydrogen, produced via water electrolysis, in a cementitious cavity offers a solution to
the overproduction of electricity from wind farms [25] 40]. However, chemical degradation, structural
damage, loss of mechanical strength, and an increased leak risk could be caused by hydrogen infiltration
into the materials [41] B9, 37, [32]. These challenges highlight the need of constructing and simulating
mathematical models for multiphase flows in porous media while taking into account the temperature
changes and mechanical behaviors.

In this work, we focus on the Thermo-Hydro-Mechanical (THM) model, following Coussy [I8] and
Biot [8], for two-phase flow where small deformations, porosity variations and linear thermo-poro-elastic
behaviors are assumed. Such models are essential for analyzing fluid flow in deformable porous materials,
since they capture the complex interactions between fluid transport, heat transfer, and mechanical deforma-
tions within the subsurface. They also provide a framework to evaluate potential risks, such as gas leakage
and structural weakening, and to assess different risk mitigation strategies.

Moreover, THM models have been recently the focus for many mathematical and numerical analysis
works. For instance, for incompressible single-phase flows, we mention [23] where the Hybrid Finite Volume
(HFV) method [22] combined with the finite element method [I2} 26] were employed for the numerical
discretization. For compressible single phase flows, we refer to the recent work [35] where the finite volume
method based on the Two-Point Flux Approximation (TPFA) [28] is employed. In addition, in the context
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of fractured porous media, we mention [24] where the authors employed a HFV approach to discretize the
flow and heat transfer equations, combined with a finite element approach for the mechanical equation.
As for two-phase flow in deformable porous media, there exists some contributions for isothermal flows
and we mention for instance [10] for a theoretical analysis where the existence of global weak solution was
established and [9] for a numerical analysis using the gradient discretization method [2I]. Moreover, we
refer to [34] [36] for the numerical analysis of poroelastic models using the finite volume method. Next,
multiphase flows in rigid porous media where in general the unknowns are the pressure and saturation of
the phases (see [I7]) have been intensively studied for decades. In Chavent and Jaffré [16], a reduction of
these two-phase equations to a system of a single parabolic saturation equation coupled with an elliptic
pressure equation is introduced, replacing the two pressure unknowns (one per phase) by only one pressure
unknown, called the global pressure. This approach has been widely developped for other theoretical and
numerical studies such as [4] 2].

For industrial applications such as the storage of radioactive waste in deep geological layers, we refer
to Jaffré and Sboui [33], Ben Gharbia and Jaflré [6], and Ben Gharbia et al. [29]. In particular, in the
last reference, an a a posteriori error estimate for a two phase compositional flow with phase transition is
established. Besides, an adaptive procedure following the methodology of [27, 19, [20] is developed in order
to distinguish the different error components within the simulation, namely the finite volume discretization
error and the semismooth Newton linearization error. We emphasize on the fact that finite volume methods
based on the Two-Point Flux Approximation (TPFA) [28] have been widely applied to multiphase flows in
rigid porous media, where mechanical deformations are neglected, due to their computational efficiency and
conservation properties [38], B0, [l 1], [7]. While this approach has demonstrated efficiency and accuracy
in rigid porous media, its extension to fully coupled THM problems remains challenging, particularly in
maintaining energy stability and robustness under large parameter scales. To the best of our knowledge,
no theoretical or numerical analysis for the fully coupled THM models with two fluids have been developed
before. We will try to fill this gap.

In this paper, we focus on the study of a non-isothermal, immiscible, incompressible two-phase Darcy
flow while taking into account the poromechanical coupling. Following [I8] 9], we extend the single-phase
THM model presented in [35] to the two-phase setting. The resulting mathematical model is a nonlinear
degenerate system of partial differential equations involving mass conservation, entropy conservation and
momentum conservation with some additional closure equations involving capillary pressure law, linear
thermo-poro-elastic constitutive laws and the notion of equivalent pore pressure as defined by Coussy [18].
We first establish the energy estimates for this model. To this end, we introduce a set of assumptions on
the physical data, the porosity function and the internal energy of the fluids. A major difficulty arises from
the degeneracy of certain dissipative terms, due to the vanishing of the mobilities when the corresponding
saturation reaches zero. This issue motivates the use of the global pressure formulation introduced in [I6].

For the numerical discretization, we consider the TPFA finite volume scheme for the space discretization
together with the implicit Euler scheme for the time discretization. Our first objective is to show that the
energy estimates are preserved at the discrete level. The choice of discrete mobilities plays a crucial role
in establishing this result. In particular, we adapt an upwind discretization, which enables us to prove a
maximum principle for the discrete saturations and ensures that they remain in their physical bounds.

Another main result of this work is the analysis of convergence of the discrete solution to the weak
solution of the two-phase THM model. Following the techniques developed in [28], [3] [38], the convergence
is weak in general while strong convergence of certain terms is obtained through compactness arguments.

Therefore, this paper is organized as follows. In Section [2] we present the mathematical model of our
problem, where an energy-based reformulation of the entropy conservation equation is also presented. Next,
in Section [3] we derive the energy estimates for the continuous model and in Section [ we define the weak
solution for our model. Furthermore, in Section [5] we introduce the numerical discretization for our system
with the implicit Euler scheme in time, and the cell-centered finite volume scheme in space. Then, we
demonstrate that our finite volume scheme is equivalent to a discrete variational formulation. Furthermore,
the discrete energy estimates are derived in Section [6] Finally, in Section [7} we prove the convergence of
our numerical scheme.



2 Mathematical model

Let Q € R%, d > 1, be an open bounded connected domain representing a porous medium characterized by
small strains, displacements, and variations of the rocks. We denote by tr > 0 the final simulation time
and we set Q. := (0,tp) X Q.

We consider a non-isothermal incompressible two-phase flow in the porous medium 2. Moreover, we
consider a wetting phase, denoted by “w”, containing the water component and a non-wetting phase, denoted
by “nw”, containing the hydrogen component. For a given phase o € {w,nw}, s, denotes its saturation,
Po its pressure, c, its fluid specific entropy, and p, its fluid density. Moreover, T" denotes the system
temperature, and w the displacement of the skeleton. We extend the Thermo-Hydro-Mechanical (THM)
model presented in [35] to the two-phase, non-isothermal, incompressible flow. Linear isotropic thermo-poro-
elastic constitutive laws are considered for the skeleton. We assume small variations of temperature around
the reference temperature T} and thermal equilibrium is assumed between the fluids and the skeleton. Here,
the primary unknowns of the model are p,, T, and u. Furthermore, the porous medium is characterized by
its porosity ¢, which is a nonlinear function of the primary unknowns, and its absolute permeability tensor
denoted by K € R%%. The governing system of partial differential equations consists of mass conservation
for each fluid, entropy conservation under the assumption of reversible mechanical deformations, and the
momentum balance equation for the skeleton. The model is described in Q:, by:

O (Swpw®) + div (pw Vie (pw)) = 7w, (2.1a)
a1‘,(511wpr1w¢) + div (pnanw(pnw)) = Tnw, (21b)
. 1 Te
O | Ss + Z PaSaCa® | + div Z paCaVa<pa) + Trot q(T) = ?7 (210)
ac{w,nw} ac{w,nw}
modiu —dive = f, (2.1d)

where S, is the volumetric skeleton entropy, mg is the specific average fluid-rock density, 7y, mw are the
source terms related to the fluids, 7. is the external heat rate, and f, is the body force.

Moreover, we consider homogeneous Neumann boundary conditions for the pressures and temperature
variables and homogeneous Dirichlet boundary conditions for the displacement of the skeleton. They are
prescribed by:

Vo n=Vyw-n=0, VI -n=0 u=0 in (0,tF) x 09,

with n the outward unit normal vector to Q. At ¢ = 0, the initial data are prescribed by:
Pw(5,0) =22, pow(,0) =9, T(,00=T° wu(.,0)=1u’ in Q.
The Darcy velocity V,, for each phase a € {w,nw} is defined by

Kra(sa)K

[ia

Vo i=— (VDo — pagV2), (2.2)
where K, is the relative permeability of the phase a, p, the dynamic viscosity of the fluid «, and g is
the gravity acceleration constant. Moreover, we refer to the ratio K,,/pq as the mobility of the phase
a € {w,nw}, denoted by M, depending only on the saturation s,

We assume that the medium is totally filled by the two fluids, which means that

Sw + Spw = 1. (2.3)

The relation between the non-wetting phase nw and the wetting phase w, is determined by the capillary
pressure, which is defined by

pc(sw) ‘= Pnw — Pw- (24)

Classical examples of the capillary pressure include the Van Genuchten model [42] and the Brooks—Corey
model [I4]. Moreover, the conductive heat flux q is defined by Fourier’s law as

q:=—-\VT, (2.5)



where A is the fluid rock average thermal conductivity.
The skeleton’s stress is modeled using a linear isotropic thermo-poro-elastic constitutive relation. The
symmetric total-stress tensor o is defined from the effective stress tensor o by

o (U, Dy s Puw, 1) := 0%(u) — brly — 3as K (T — Tret)la,

o°(u) == 1i > <e(u) + div u]Id> ,

(2.6)

v
1-2v
where £ is the effective Young’s modulus, v is the Poisson coefficient, b is the Biot coefficient, K is the

bulk modulus, and 3a; is the volumetric skeleton thermal dilatation coefficient. Moreover, 7 denotes the
equivalent pore pressure (we refer to [I8] for more details) which is defined by:

mi=p" —U, (2.7)

where p* is the averaged fluid pressure defined by:

*

P" 1= SwPw t SnwPnw,

and U is the interfacial energy, which is a nonnegative function of the saturation s, and it is defined by:

Ul(sw) ::/ pe(2) dz. (2.8)

w

In addition, €(u) € R%9 denotes the strain tensor defined by
1
€(u) :== §(Vu +(Vu)'h),

and I; € R%? is the identity matrix.
The porosity ¢ and the volumetric skeleton entropy S5 can be modeled as

8t¢) = b@t(dlv 'Ll,) - 30{¢8tT + %atﬂ',
(2.9)

0S5 = 3as K0, (divu) — 3agdym + Cs 0T,
Tref
where NV is the Biot modulus, 3oy is the volumetric thermal dilatation coefficient related to the porosity,
and Cj is the skeleton volumetric heat capacity.
Furthermore, the energy balance in the system is governed by the laws of thermodynamics, which
relate entropy, energy and density variations for each phase o € {w,nw}. Specifically, since the fluids are
incompressible, we have the following entropy-energy relation:

Oieq = TOico,, Ve, =TVec,, (2.10)

where for a given phase a € {w,nw}, ¢, denotes its fluid-specific entropy and e, its internal energy.
Consequently, the entropy conservation equation (2.1c) can be rewritten as:

Ppas Va(p 1 . r
9+ > [p;:“atea n %(“) Ve + g divg(T) = = — CuTo — ConTo- (2.11)

ae{w,nw}
In fact, substituting the fluid entropy-energy relation (2.10) into the entropy conservation equation (2.1d),
we obtain:

08+ Y [‘W;f“&ea + capaat(m)]

ac{w,nw}

4 Z |:capadiv (Va(pa)) +

ac{w,nw}

paVa (pa )
T

1 . Te
-Vea} + ﬂdlv q(T) = %

Moreover, employing the mass conservation equations (2.1a)-(2.1b]), we recover the reformulated entropy
conservation equation (2.11)).



2.1 Global Pressure

In this section, we recall the notion of the global pressure introduced by [16] in order to handle the degeneracy
of the gradient terms in the system of equations due to the vanishing of the mobilities when the
corresponding saturation is zero and to be able to obtain the energy estimates.

We recall the definition of the global pressure denoted by p as described in [16]

M(sw)Vp = My(5w)VPw + Mu($nw) VPaw-
Where M (sy) is the total mobility and it is defined by
M(SW) = MW(SW) + an(snw)'
Moreover, the global pressure p can be written as
P = Pw + Pw(Sw) = Paw + Pow(Sw),
where the corrective pressures py,, Pnw are defined as

p =— Swian(l_Z)/z z and  Puw(Sw) = SWMW(Z)’Z 2z
o) == [T E @0 and o) = [ )

Furthermore, we define the following capillary term B, known as the Kirchhoff transform, by

Y MM (-2
B(sw) ._/O T AOLD (2.12)

From these definitions, we have the following identities
My (8w)Vpy = My (sw)VDp — VB(sw), Muw(Snw)VPaw = Muw (Snw) VD + VB(sy).
Consequently, we obtain the following equality

MW(SW)|VPW|2 + MnW(SHW)|VPHW|2 = M(SW)|VP|2 + |VB(SW)|2~ (2.13)

2.2 Assumptions

Furthermore, we present some key assumptions on the physical data in order to obtain energy estimates on

the system.

(A1) The porosity ¢ is always positive, i.e. there exists ¢, € R such that ¢(u, pw,pnw,T) > ¢s > 0.

(A2) The energy functional is non-negative, meaning that for each phase a € {w,nw}, eo(T) > 0VT € Ry
and e, — T'c, is sub-quadratic in the sense that

eq — Tcy

li ——— =0.
|T|Lnim |T|?

(A3) The source terms ry, T, re and f, are bounded. Moreover, ry, and 7, are non-negative.

1

(A4) The thermo-poro-elastic coefficients satisfy the following conditions: Cy > 0, N 0,9 >0,E>0
and v €]0, 1].

(A5) The specific average fluid-rock density mg is positive, i.e, mg > 0.

(A6) The mobility M, of the phase a € {w,nw} is a continuous, non-decreasing function from [0, 1] to
R such that M,(0) = 0. Moreover, we take into account the extension by continuity outside [0, 1]:
M, (sq) = 0 for every s, €] — 00,0]. In addition, the total mobility is bounded far away from 0, i.e,
there exists a positive constant My > 0 such that for all sy, € [0,1],

M(syw) = My (Sw) + Mpw (1 — sw) > Mp.
(AT) The capillary function p.(sy) € C1([0,1],RT) is decreasing and we assume that p.(1) = 0.
(A8) The permeability tensor K is symmetric and uniformly elliptic on §2.

(A9) The initial pressures, temperature, porosity and skeleton entropy are such that p? € L?(Q2), a €
{w,nw}, T? € L*(Q), ¢° €]0,1] and SY € L>(Q).



3 Energy estimates for the continuous model

In this section, we derive some energy estimates for the main variables, namely the pressures, temperature,
displacement, and their respective gradients. To this end, we define the function N : [0,1] — R by

1
N(syw) := / 2pl(2)dz. (3.1)
Sw
Following the notations in [3I], we recall that the trace operator tr : R™™ — R is defined by tr(A) :=
EZ” 1 @ii, with A := (a;j)1<i j<m Is a square matrix. The contracted product of two tensors A and B, both
of order n, is denoted by A-B and is defined as the tensor with entries (A - B),; := > r_; @ikbr;. The double
contracted product of A and B, denoted by A : B, is a scalar given by A : B :=¢r (A-B) = Z” 1 @ijbij.
For any vectors v and w € R™, we define their tensor product v ® w as the m x m matrix whose (4, j)-th
entry is given by (v ® w);; := v;w;. Finally, the norm of a tensor A is denoted by |A| and is defined by
IA] = (A: A)Y2

Furthermore, in the sequel we neglect the gravitational term g for the sake of simplicity. We state the
following lemma which provides a key identity that will be used to derive the energy estimates.

Lemma 1. Let (U, Py, Paw, L) be the solution of the system (2.1). We assume that the system of equa-
tions (2.1)) is subject to Neumann boundary conditions for the flures and Dirichlet boundary conditions for
the displacement of the skeleton. The following equality holds

Qtp
+ / (M (sw)KVpy - Vg + My (Suw) KV pnw - Vpny) dedt
Q

tp

tp tF

(3.2)
:/ Z ra<pa+ea—Tca>+re+fu-8tu dedt,
Qtp ac{w,nw} Pa
where E is the total energy of the system defined by

™

T

1
E:=¢U + -

2[71' T| M

e

200+ v (divu)Q] + Z DSaPalas (3.3)

ac{w,nw}

v
1—2v

and M € R%? denotes a real, symmetric, positive definite matriz defined as

L -3«
M:=| N i 3.4
[—3% T ] .

Proof of Lemma[l We multiply equations (2.1a), (2.1b)), (2.11) and (2.1d) by (%V + ew)7 (inw + enw)’ T
and O;u respectively. Then, we integrate over space and time, apply the divergence theorem and sum the
resulting equations to obtain

/ (Ou(590)Dw + Or(50®) D) At + | Dy(pursuden + pryudens) dadt
Q

tp Qip
+ / TS dedt — Vi (pw) - Vpy daedt — Viw (Pow) © Vpnw dedt
Qip Qtp Qtp
/ - VT dzdt + modiu - dyu dadt + / of(u) : €(Opu) daedt (3.5)
ref Qip Qip

/ (b + 3a, K, T) div (Opu) deedt
Q:

F

/ (re + ry <pw — Ty + ew) + ow <pnw —Tepw + enw> + fu- 8tu) dadt.
pW an




From the first term of (3.5), we obtain
at(5w¢)pw + 0 (Snw¢)pnw = p)‘(atgzS + PpwOisw + ¢pnwat5nw
= p*at¢ - ¢pc(sw)8tsw
= p*at¢ - (bat(pc(sw)sw) + ¢5wp/c(sw)at3w~

(3.6)

Moreover, using the definition of the function A given by (3.1)) together with the definition of the interfacial

energy U given by and Assumption (A7), we obtain
- ¢at(pc(5w)5w) + djswplc(sw)atsw = _¢at(pc(5w)sw) - ¢8t(N(SW))

= ¢0 </: Pe(2) dZ) = 00, (U(sw))-

w

Consequently, combining (3.6]) and ( . ) and using , the first term of | reads

/ (Ot (sw@)Pw + Ot (Snw®)pnw) daxdt = / (p*0:¢ + ¢0:(U(sw))) deedt
Qtp Q

tp
J

Furthermore, employing Darcy’s velocity from definition (2.2)), we obtain

tp tp

VW . pr + Vnw . Vpnw = - (MW(SW)KVPW . pr + an(snw)KVpnw : Vpnw) .
In addition, employing the definition of the heat flux (2.5)), the sixth term of (3.5 reads
q(T)-VT = -\VT|>.

1
Using the identity vOv = 5@(112), the seventh term of (3.5)) reads

m m
modtu - yu = 708,5(@11 - Oyu) = 70@ (|105u[?) .
From the definition of the effective stress tensor (2.6), we have

£ 9 Ev
o°(u) : e(Oyu) = mas (le(w)]*) + 20+ )1 —20)

Moreover, employing the definitions of the porosity and skeleton entropy (2.9), we obtain
w0 (P) + T (Ss) — (b + 3a K T)div (0yu)

8t (le u)2 .

1 Cs
= —30é¢7T8tT — 3a¢T8t7r + ﬁat’ITQ + 2Trefa T2
1 L Bay| |«
=0 |5 |r 1] | Y ¢
t [2 g 3oy L= | |T

Finally, combining (3.8)), (3.9), (3.10), (3.11), (3.12) and (3.13)), equation (3.5)) reads

at(pwsw¢6w + pnw5nw¢enw + U(b) dedt + / %af (|atu‘2) dedt

Qip 33
Ev .
/cth <2 ) O (le(u)?) + T (A—) 3t(dlvu)2> dadt

B A
+ / B } N §?¢ "1 dedt + / dadt
Qip 730% Trot T tp Tret
+ / (53 KV D - Vs + Mo (500 ) KV oy - Vpuy) dazdt
Qip

F

(p 0t + 0t (U(sw)p) — U(sw)0rp) daedt = /Q (w0 + 0, (U(sw)¢)) decdt.

/ <re + ry <pw — Ty + ew) + ow <pnw —Tepw + enw> + fu- 8tu) dadt.
Q: Pw Pnw

(3.7)

(3.8)

(3.11)

(3.12)

(3.13)



Setting,

1 T & 2 v
E = oU - [ i|M — di 2 aMbatas
sl 107+ et gavar] e S oo
with
1
M:=| ¥~ 720% ,
—30¢¢ Trjf
we recover equation (3.2)) which concludes the proof. O

Now, the following result states the energy estimates.

Proposition 1. Let (u, py, Paw,T) be the solution of system (2.1), a € {w,nw} and e, be the fluid-specific
energy of the phase a. Assume that the assumptions in Section [2.9 are fulfilled. We have the following
energy estimate:

[0ewa]] o< 0,15 L202))0) + 1Pall Lo 0, msn2@)) 1T N Loe (0,605 2202)) + N€all Lo (0,001 ()
Fllwll oo 0, ca3 )2y T IVl 20,0522y + IVT N 20,8 0522 0000
WU e 0,601 0)) T 17l Lo 0,4 p:22(0)) < C-

Proof of Proposition[1. Let y: (0,tr) — R be the function defined by

y(t) = /Q (Bt 2)+ " o.u(t,)P) dz, (3.14)

where E is the energy of the system defined by (3.3). We aim to show that there exist two functions
k1 :(0,tr) — R and ko : (0,tr) — R such that

/ Cywyde < / " (0y(t) + Ba(n)) dt,
0 0

in order to apply Gronwall’s inequality [5l, Theorem 1.1] and thereby derive the desired result.
Using the Rayleigh quotient since M is a real symmetric matrix, we obtain

Amin| (7, T)|? < {w T} M

;Z] < A (. TP, (3.15)

where Apin and Apnax denote, respectively, the minimum and the maximum eigenvalues of M.
Furthermore, using Assumptions (A1) and (A4) together with inequality (3.15) and the fact that U > 0,
the definition of E given by (3.3) yields

1
E > 5)\min|(7r7 T)|2 + pwd)*swew(T) + pnw¢*3nwenw(T)

(3.16)
> Co(|m]* + IT|* + swew(T) + suweaw(T)),
where Cy := min (%)\mm, Pw D pnw¢*) is a real positive constant. Furthermore, from Lemma |1| and the
definition of y(t) given by (3.14)), we have
tr mo A
/ y'(t)dt < O, F dadt +/ —0(|0yul?) dwdt+/ |VT|? dzdt
0 Qtp Qip 2 Qtp ref
+ / (My (sw)KVpy - Vg + Mo (Sow) KV Dnw - Vpny) dedt
Qi (3.17)

= / Z T (pll - Tca + ea) + Te + fu . atu dadt.
Q

tF \ae{wnw} Po



By Assumptions (A2) and (A3), there exist positive constants (C1,q, Ca,C3,C4 ) € Ri, a € {w,nw} such
that
ITal < Clas |rel < Coy  |ful <Cs, eq —Tea < CuolT|?. (3.18)

Employing the bounds (3.18)) and Young’s inequality, we obtain the following bound on the right-hand side

of 17
I,

C W C nw
< / ( L Pw + (CLWC4,W + C'l,nwc’47nw)‘T|2 + 1,pnw> dxdt
Qip P

(rw (pw +ew— ch> + Tow (in + enw — anT) +re+ fu- 8tu) dadt
Pnw

tp

1
+ Co+ 5 (Iful® + 10rul?) dadt (3.19)
Qip
Ciw  Cinw C1 nw
S / ((1, + L) Dw + (Cl,wc4,w + Cl,nwc4,nw)|T‘2 + ch) dadt
QtF pw in in

1
+ Cy + 3 (| ful® + [0ul?) dedt
Qi

Furthermore, from the definition of the equivalent pore pressure 7 in (2.7), we have

T = SwPw + SnwDlnw — U(Sw) =pw + pc(sw) - Swpc(sw) - U(Sw) (320>

Moreover, differentiating pe(sw) — Swpe(Sw) — U(sw) with respect to sy, and using Assumption (A7), we
obtain

(Pe(8w) = swpe(sw) = Ulsw)) = (1 = sw)pi(sw) < 0.

Then, we have that the function (1 — sy )pe(sw) — U(sy) is decreasing. Since ((1 — sy )p. — U)(1) = 0. We
obtain that (1 —sw)pc(sw) —U(sw) > 0 for all sy, € [0,1]. Consequently, from (3.20) we obtain that 7 > py,.
In addition, we have

™= p* - U(Sw) = SwPw + SnwPnw — U(SW) = Pnw — SWpC(SW) - U(SW) (321)

Using the fact that U > 0 together with Assumption (A7), from (3.21) we obtain that 7 < ppy. Hence,
from equation (3.19)), we get

/Qtp

Ciw  Cinw C1 ow
S / ((17 + 17) T+ (Cl,WC4,W + C(l,nwc(4,mw)|T1|2 + prc) dadt
Qip

Pw Pnw nw

(rw (pw + ey — ch> + row (pnw + enw — can) +7re+ fu- &gu) dadt

nw

) (3.22)
+ Oy + 3 (| ful® + [Oul®) dedt
Qi p

1
< / <C7 (I7|* + |T)?) + Cs + 2|8tu2> dadt,

‘F

where C'7 := max (Cl’w + Craw
20w 2pnw

are positive constants.

Furthermore, combining the bounds (3.16]) and (3.22]), equation (3.17)) reads

Ciw Cinw  Cinw 1
,C1wCiw + CrnwCiny ) and Cg := Co —- o Z1nw o ZLIW,, ()4 —C2
’ ’ ’ 20w 2pnw Pow 2

trp 1
/ Y (1) dt < / <c7(|7r|2 FIT?) + Cs + 2|8tu2> dadt
0 Qe (3.23)

g/OF(kly(t)mg) dt,



where k1 = max (g ,m—o) and ko := Cs|Q].

From (3.23), we obtain for all ¢ € [0, ¢]

) <000+ [ (aglo) + k) s

As a result of Gronwall’s inequality, there exists a constant C' € RT such that for all ¢ € (0,tr)

/E(t,:c)dm+/ |0u(t,x)|* dz < C.
Q Q

Therefrom, E € L>(0,tp; LY(Q)) and dyu € L°(0,tp; (L?(2))9). From the definition of F, we find that
oU € L>=(0,tp; L'(Q)) and by Assumption (A1), we have that ¢ > ¢., then U € L>(0,tr; L}(Q)).

Furthermore, we have Co(|7|? + |T|> + swew + Snwenw) < E. Since, s, € [0,1] for a € {w,nw}, it follows
that 7 € L>(0,tr; L%(Q)), T € L>(0,tr; L%(Q)), e € L>®(0,tp; LY (), and eny € L®(0,tp; L (Q))
Furthermore, since py, < 7 < Ppw, then 7 — p. < p,, < 7 and we conclude that p,, € L>(0,tp; L*(Q))
and pny € L®(0,tp; L2(Q)). Additionally, by the definition of the total energy E, we have that e(u) €
L>=(0,tr; (L2(Q))?*9); therefore, Vu € L>(0,tr; (L2(Q)9*?)), and it follows that u € L>(0,tx; (HZ (22))9).
Furthermore, using equations and , it follows that

/ (MW(SW)KVPW : pr + an(snw)KVpnw . Vpnw) dadt < C,
Q

tp
/ + )\I
P 1 €

dedt < C.

Employing equality (2.13)), we get

M (5)|Vp|* + |VB(sy)|* dadt < C.
Qup

Then, using Assumption (A6), we get that Vp € L%(0,tr; (L3(Q))?), VB(sw) € L*(0,tr; (L*(Q))?), and
VT € L2(0,tr; (L?(Q))?). Finally, we get the desired result. O

4 Weak Solution

We specify the notion of a weak solution of the THM model (2.1). The weak formulation is obtained by
multiplying each equation by a separate test function and integrating over space and time. In Section [5 we
will construct a numerical scheme for which we establish the convergence to the following weak solution.

Definition 1 (Weak Solution). Assume that the assumptions in Section are fulfilled and suppose that
(P2, 0, ul, T°) € (L3(2))4+3, then (pyw, Paw,w, T) is a weak solution of the model satisfying

Pa € L2(0,t5: I2(9)), /Ma(50)Vpa € L2(0, 155 (L*(2)) for any a € {w,nw}, T € L2(0, tp; H'(2),
w € L2(0,tp; (HY(Q))?) and dyu € L?(0,tp; (L2(2))7),

such that for all g, € C([0,tr) x Q) and for all smooth functions v : [0,tr] x Q — R vanishing on 09,

A,

Sw PwPOs Py dedt — / sgvagz)%g(x) dx
Q

- (4.1)
+ My (sw)KVpy, - Vo, dedt = / rww dedt,
Qtp Qip
_/ Snw Puw POt Pnw dxdt — / sgwpnw¢050?1w(w) dx
Qip Q
(4.2)

/ Mo (500 ) KV oy - Viginy dazdlt = / ooy dzdl,
Qtp Q

tp
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- / Ss + Z pasaca(b 875'(/) dedt
Q

tr ae{w,nw}
A
- / SO+ Y pashcde’ | v (x) da + / VT - Vi dadt (4.3)
@ ae{w,nw} Qi) tref
i > pacaMa(sa)KVp, - urdadt = [ "V i,
Qt Q T
F ae{w,nw} P

— mooyu - Oy v dedt — / modyu’ (x) - v°(x) dz
Qup Q

Jr/Q (o%(u) : e(v) — brdiv (v) — 3as Ks(T — Tyer)div (v)) daedt (4.4)

tp

= fu - vdadt.
Qip

5 The finite volume method

In this section, we present the discretization of our model. Consequently, we employ the backward Euler
scheme in time and the cell-centered two-point flux approximation (TPFA) finite volume scheme in space
following [28] and [38]. In the sequel, we consider an isotropic and homogeneous porous medium; for that,
we suppose K = kl;, where k is a positive constant and I; € R%? is the identity matrix. We also neglect
the gravity term for the sake of simplicity.

5.1 Space and time discretizations

For the time discretization, we employ the implicit Euler scheme. For this purpose, we consider an increasing
sequence of points (£")g<n<ny, such that t9 := 0 and tN7 := ¢, and we introduce the interval I,, := (t"~1,¢")
and the time step 7 := " — t"~!, 1 < n < Np. For the sake of simplicity, we assume the time step to be
constant so that 7 = §t > 0, ¥n € [0, Ny]. For a function of time f with sufficient regularity, we denote
f™ = f(t"), 0 <n < Np, and for 1 <n < N, we define the backward differencing operator

fn _ fnfl

off = ot

For the space discretization of our model, we consider 7 an admissible orthogonal mesh of € called primal
mesh such that Q = |J KeT? where K are open and convex polygons called control volumes. We denote
by &, the set of mesh edges. Boundary edges are collected in the set £ := {0 € &,; 0 C 9N} and internal
edges are collected in the set £t = &, \ £t. Likewise, the edges of an element K € T are collected in the
set £k, and the latter is decomposed into interior edges £* and boundary edges £8X'. For all K € T, we
denote by xx the cell center of K and N(K) the set of its neighbors defined as

N(K) :={L e T;30kr €€k, o1 = K N L} = Nint(K) U News (K),

where Nins(K) is the set of neighbors of K located in the interior of 7 and Next (K) is the set of edges of K
on the boundary 992 = 0K N0 . For an edge ok € £k shared by two elements K and L, we define the

o
distance between these elements dy, := dist(zk,xr) and 7k = @ as the transmissibility coefficient
KL

through ok..

11
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Figure 1: Illustration of the primal and dual meshes. For two elements K and L shared by the edge ok,
the corresponding diamond in gray is Dk,

To discretize our unknowns, we introduce the discrete space of cellwise constant functions as follows
Ly = {’Uh S L2(Q), 'Uh‘K =vg VK € T} .

We also define the scalar product on the space Lj;, and its underlying norm by

(wh,vn)p2() == [K|lwgvk, and [|va]lz2q) = <Z |K|vK|2> :

KeT KeT

Moreover, we construct the dual diamond cell upon the interface ok as the polygonal domain having x
and xj, as vertices. We denote it by Dk . The d-dimensional measure |Dk | of Dk, is given by

1
Dk 1| := 8|JKL|dKL~

For two elements K and L shared by an interface ok, we associate a diamond Dg,. For an external edge
o C 99, the corresponding diamond is a half diamond denoted by Dg,. We also denote

Dint := {DKL7 KeTandL e N(K)}7 Doyt := {DKU,K € Tando € 5%“ .

Then, we have -
Q= Dint ) Dexta

and the mesh composed of the diamonds is called the dual mesh.

For a piecewise constant function v, € Lj defined per control volume, we define on the dual mesh the
discrete broken gradient Vjvj, € R? as a constant per diamond by

VL —VK
d dxrL

d%n[(g if x € Dko-

nigr ifx e Dkr,

thh<il:> = {

Analogously, for a piecewise constant vector function wy, € L¢ defined per control volume, we define on the
dual mesh the discrete broken gradient V,w,, € R¥*? by

Vh’wh<il:> =

d%@n}(g if ¢ € Dko.

{dwl‘d:{z’}( Qngr if x € Dy,

When there is no confusion, we write ZUKL ce, to be the sum over all diamonds, including the diamonds
associated with interfaces on the boundary of the domain.
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Furthermore, for (wy,vy,) € (Ly,)?, we define the discrete H¢ inner product as follows:

(Wh, o) iy (0) == d Z TrL(wr — wi)(vp — vk),
orLEER

and the corresponding discrete H§ norm as lvnll g, @) = <<'Uh,Uh>Hh(Q))1/2 =

(dZUKLegh TKL(UL—UK)Q)UQ. In addition, the norm [vp|ly, —coincides with the L*(Q) norm of
thh- In fact

Vsl = [ (Zhenl* do = 3
Q

OoKLEER

=d Z Trolvp — vk |* = ||”h\|§1h .

OKLEER

/ |thh|2dw
DkrL

Additionally, we assimilate a discrete field Gk, to the diamond piecewise constant vector function
Gn= Y Ggirlp,,.
OKLEER

where 1p,, is the indicator function of the set Dg . Moreover, we define the discrete divergence, piecewise
constant on the control volume K € 7T, of the vector field G}, by

. 1
leK Gh = m Z |0'KL|Gh "NKI,.
LeN(K)
Finally, we define the finite volume discretization 2 of Q x (0,tr) by

2 = (T, &n, (xx)kers Nrw () e, Ny)) -

We also set size(Z) = max(size(T),dt). In addition, we associate a time and space piecewise constant
function to the sequence (Vi) ke7 nef1,ny], denoted by vy and defined almost everywhere on © x (0, r) by

va(t,x) = v, for ae (t,x) € (1" t") x K, VK € T, Vn € [1, Np].

5.2 The finite volume scheme

The finite volume scheme is obtained by integrating the model (2.1) on each control volume. First, we
discretize the wetting fluid mass conservation equation (2.1a)). Let K € 7. By integrating (2.1a) over
[t"~1 "] x K and using the divergence theorem, we obtain

| o)) = o) de+st [ [ Vi) mdat

m
= 5t/ / rw (t, &) dedt.
-1 JK

The resulting equation is discretized using the implicit Euler scheme in time, and the normal gradients are
discretized with a cell-centered finite difference scheme. Then for n =1,..., Np, (5.1) reads

(5.1)

Klpw (5 sc0h = sihkoiT) #0663 Fuue(l) = ot v (5.2)
LeN(K)

Here, the discrete elementwise source term 77, ;- is defined by

" 1
TW,K —m/ln/l(rw(t,m)d:cdt

13



Furthermore, the total flux across ok, € 5}1“2 oxr = 0K NJL, is defined by

F1xn(0y) = pwkMy 17D (Py i — Pw.1)s

where M - is the value of the mobility of the phase a € {w,nw} at the interfaces and it is defined by an
upwind choice according to the discrete gradient of its own pressure

n — M (SZ,K) if pZ,K - pZ,L Z O’ (53)
oL Me(s2 1) otherwise.
We observe that the numerical flux F1 g1 (p}) is conservative in the sense that Fi rx (ply) = —F1,xr(Ph)-

Similarly, we discretize the non-wetting fluid mass conservation equation (2.1b). We obtain
Kl (e S5 = S0 ) 408 D" Fourcn (o) = 0t i i (5.4)
LeN(K)

Here, the discrete elementwise source term 7y, j is defined by

1
Thw ::7/ /rnw t,x)dxdt.
K st Ik t,)

Furthermore, the total flux across g, € S}L“t, ok = 0K NOL, is defined by

-FQ,KL(ng) = ananw KLTKL(an K pnw L)

where the non-wetting phase mobility My - is defined by (5.3) at the interfaces. We observe that the
numerical flux Fp i1 (pl,) is conservative in the sense that ]:2 LK(pnw) = —F KL(an) Moreover, we
discretize the entropy conservation equation (2.1c)). Let K € 7. By integrating (| over [t" 1 "] x K
and using the divergence theorem, we obtam

/K (Sot D padsaca)t™ @) = (Set Y padsaca)(t" ' 2) | da

ae{w,nw} oze{w nw}

/ / Z PaCaoVa(Pa) ndodt+/ / -ndodt (5.5)
tn—1 JOK tn—1 JOK ref

ac{w,nw}

-
elt,

- / / reh®) o
t"_l K T

The resulting equation is discretized using the implicit Euler scheme in time, and the normal gradients are
discretized with a centered finite difference scheme. Then, for n = 1,..., Nr, (5.5)) reads

K1 Six+ D pedicsancan —SIK = D padi 'sakcCax
ac{w,nw} ac{w,nw} (56)
> Faxrdhpee. T =
LeEN(K)

Here, for L € N(K), we have

F3, KL (Pys P> T™) = Z PaCZ,KLkMZ,KLTKL (PZ,K _pZ,L)

ac{w,nw}

A
+7—mxL (Tk = T7),
ref

with

n ok T Cor
CokL'™= " 5 and M} -, defined by (-3).

14



Furthermore, the discrete elementwise source term 7 j is defined by

" 1
re7K —m/ln/l;re(t,(lﬁ)dwdt

Observe that Fs rx (P, P, I™) = —Fs, k1 (P, P, IT™), which provides a conservative numerical approx-

imation.
Finally, we discretize the momentum conservation equation (2.1d)). Let K € 7. By integrating (2.1d)) over
[t"~1 "] x K and using the divergence theorem, we obtain

i
/ mo (&,u(t”,m) - 8tu(t"*1, a:)) dr — / / o (U, Py, Puw, T)n dodt
K tn=1 Jok
t"l
— / / Fult, @) dudt.
tn-1 JK
From the definition of the total-stress tensor (2.6)), equation ([5.7) reads

/ mo (Qu(t™, ) — u(t" ', x)) dx
K

v & v
— vl
/tni1 /8K1+V <e(u)+ 1_2Vd1vu d>nda
o

+/ / (b']TI[d+3O[SKS(T7TrCf)I[d)ndO':/ / Sfu(t, o) dzdt.
tn—1 JoK -1 JK

Then, using the backward differencing operator, we get

ull + u?(_Q - QU"K_l
ot

K| +0t > Frgp(u', ", T") = 6t|K| il . (5.8)

LeN(K)
For L € N(K), the total flux Fy gr(u™ 7™, T™) is defined by

.7'-4,KL(’U,n,7Tn,Tn) =

E T
(1+v) I;L [((u’}( —u7) ®@nkr)nirL + [(ug —ul) ® nKL]T ngr,
Ev o .
B mkf}(d (dive"la) o nrr + bloxr|mi lankr

+ IUKL|3asKs (T[?L - Tref) HdnKL;

where
. divg u; + divy u2 T+ 7 T + 17
(divu"ly) g = KUgr . L KL]Id, Ty = %7 TR, = %

Furthermore, the discrete elementwise source term f - is defined by

)
= fu(t,x) dx dt.
KK )y, Tk t.2)

We observe that Fj' o (u”, 7", T") = —Fp g (u”, 7", T"), which provides a conservative numerical ap-
proximation. By integrating the porosity and skeleton entropy equations over [t"~1 #"] x K and using
the divergence theorem together with the discrete divergence definition, we obtain the following discrete
porosity (¢} )n=1,...., Ny and skeleton entropy (Sgh)nzl _____ N

n—1 n—1 n—1
no— T —T 1 7% —7x
K K . n K K K K
= 8 —bd ofu — 3y —">  —
5t B Y A (5.9
Stk — STk -t Oy TR — TRt '
22 8R — 3a,Kdivig 0Mu — 3 K KO, S TK K
5t @ WK Ot = S0y =g — + Ty
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Furthermore, we discretize the energy-entropy relation (2.10). Let K € T and « € {w,nw}. By integrating
the first equation of (2.10) over [t"~1,#"] x K, we obtain

1
Co Kk — CZ_Kl = — (eZ,K — eZ_Kl) . (5.10)

Let 1 € H'(Q) be a test function. Multiplying the second equation of (2.10) by (¢)M,) and applying the
divergence operator to both sides, we obtain:

div (Mo Ve,) = div <¢¥a ea> . (5.11)

Let K € T. By integrating the equation (5.11)) over [t"~! "] x K and using the divergence theorem, we

obtain .
TRV LMy k1,

n
TKL

Z wKLMchL,KLTKL(CZ,L - CZ,K) = Z

LeN(K) LeN(K)
_Tg+T7 + 7 _ YK+ 1/JL

(GZ,L - eg,K)v (5.12)

YKL and M - is defined by (5.3).

Moreover, we obtaln from the deﬁnitlon of the equivalent pore pressure (2.7), the following discrete
relation

where T :

n
w,h

1
T = p;’" —U;!, with p;:’" = SwnPwn T sﬁwyhpﬁw’h and Uj} = U(s;‘,’h) = / pe(2)dz. (5.13)
S

Finally, at every time step 1 < n < Np, we are lookmg for Z/{h = (uh,pw hs Do, wIp) € e RG+DIThl 5
solution to the nonlinear system of algebraic equations (5.2 , , ) and . We aim to show that
this scheme is convergent to a weak solution in the sense of Deﬁnltlon m To this end, we first show that
the finite volume scheme f can be written as a discrete variational formulation. Secondly, we show
that the energy estimates obtained in Section [3|are well-preserved at the discrete level. Finally, we establish
some compactness properties to pass to the limit.

5.3 Discrete variational formulation

In this section, we aim to show that the finite volume scheme ([5.2)—(5.8) is equivalent to a discrete variational
formulation. To do so, we state first a key identity and a reformulation to the discrete entropy conservation

equation (5.6).

Lemma 2. Let ¢, € H,. We have the identity:

Z Z Z pak L(CZ,L - CZ,K)TKL (PZ,L —PZ,K) YK

KeT LEN(K) ae{w,nw}

kM
=Y Yy AR TR (e )02 — Bl )

Tiy
KeT LeN(K) ae{w,nw}

Proof of Lemma[3 Since M, i1, is symmetric meaning M, rx = M,k for all a € {w,nw}, K € T and
L € N(K), then the proof is similar to the one given in [35, Proposition 2|. O

The following proposition provides a reformulation of the discrete entropy conservation equation (|5.6)),
using the discrete entropy-energy relation ([5.10)-(5.12)) and the identity stated in Lemma
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Proposition 2. Let 1, € Hy, be a test function. The discrete entropy balance equation (5.6) is equivalent
to

n—1_n—1
Z|K| Sk — S Z M(QZ,K_CZ,}%) YK

Tn
KeT ae{w nw} K

1 pakMZ pTKL , n n n
—+ édt Z Z Z —(ea L~ ea,K)(pa,K - pa,L)'l/}KL

n
Ty, ’

KETLEN(K)CKE{W nw} (514)
DD D —Tr)Yx
KeTLeN(K
= ot Y K|+ TRt oY Kl ki ki
KeT KeT ae{w,nw}

Proof of Proposition[3. Let v, € Hp, be a test function. Multiplying equation (5.6) by x and summing
over K, we obtain

Z|K| Sex — Sn1+ Z Pa(¢KSaKCaK '3 1‘92}(102}(1) (I

KeT ac{w,nw}

+ ot Z Z Z PaCo kLkMy k1T (Do ¢ — Por.L)VK (5.15)

KeT LeN(K) ae{w,nw}

B SN R T = it Y (KIS

KeT LEN(K) ae{w,nw} ref KeT K

To handle the second term of ([5.15)), we use the following equality
QSrIL(SZ,KCZ,K — O 152 I%C I% ot (CZ,KQ?(S%KQSK) + Sa K¢n 13”00 K)
Sn—l n—1
=8t | ¢ 1O (saxdr) + B _ghe, | . (5.16)
) T[’%
Moreover, using the definition of ¢y, -, we can rewrite the third term of (5.15) as follows:

CZ,KL(pZ,K - pZ,L) = (CZ,KL - CZ,K)(pZ,K - pg,L) + CZ,K(pZ,K —Pg,L)

= §(COL,L - Ca,K)(poz,K - poz,L) + ca,K(pa,K - pa,L)'
Combining equations (5.16)) and (5.17)), equation ([5.15)) reads
>R (St = S0 ) v
KeT
+ > K] > padt (eﬁ,Kaf(sa,quaK) + ‘*Tnat”ea,K> bi
KeT ac{w,nw} K
6t n n n 7 n
+ 5 Z Z Z pa(ca,L - ca,K)kMa,KLTKL(pa,K - pa,L)wK (518)

KeT LeN(K) ae{w,nw}
+ ot Z Z Z pacZ,KkMg,KLTKL(pZ,K —PZ,LWK
KeT LeN(K) ae{w,nw}
A n n Tn,K
+ot YD > Trf(TK_TL)¢K=5tZ\K| ;}é?ﬁK-

KET LeN(K) ac{wnw} ¢ KeT
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Substituting the wetting and non-wetting fluids discrete mass conservation equations (5.4) and (5.2
in ((5.18)), we obtain

Sn—l n—1
STIK|| St =St ot > paw;inl(at"eaj( K
KeT ae{w,nw} K
5t n n n n ’ﬂ
+ 5 Z Z Z Pa(Ca,L - Ca,K)kMa,KLTKL(pa,K *pa,LWK
KET LEN(K) aE{w nw} (5.19)

(Tg = TE)Yx

+6t > Z

KeT LeN(K) Trer

5tZ|K<

KeT

b e~ e ) U
Finally, by applying Lemma [2[ to the third term of (5.19)), we obtain equation (5.14]) which is the desired
result. O

" 3+d 0 0 0 ,,0 3+d ;
Proposition 3. Let (ry .m0 niTens fu € Ly™ and (PG, psPowis Thoup) € Ly be given.

n)
The finite volume scheme l}{ilit) is equivalent to the wvariational formulation: Find

(D% 1> Po.s Th s upy) € L‘Z“'d such that for all (¢w hy Pow, hs Uh, Wh) € H,‘?"'d, we have

1
[ or Gsuntn) wndet g [ pub M, Furiy - Fngun da
Q Q

(5.20)
= / Tw.hPw,n(T) d.
Q
1
/ Pruw0i (Snw,h®h) Pow,pn da + E/ Puwk My, 1V hPiw b - Vi@nw,n T
’ . (5.21)
— [ Fheppmn(@)de.
Q
n 1, n—1
Jorsmdn [ pu g ca i d
ae{w,nw}
1 pPak M N .
B 7/ Z 7na7hvhpa,h - Ve nthn de (5.22)
Q ac{w,nw} Th
1 A n Tg,h(m) n n n n
+ p ; T—thTh -Vptp de = A T cwyhrw’h(az) — Chw.h . h p(x) de
re: h
. Opup - wpdx + i) V)e(uh) €(wp) dx
0 (L+0)(1—20) hthid s €& -

— / (b, 4+ 3as Ks (T} — Tret)) divy, (wp,) dae = / Sfun- wp(x) de.
Q Q

Proof of Proposition[3. First, we establish (5.20). Let ¢ € Hp be a test function. We multiply the
equation (5.2) by ¢w x then we sum over K to obtain

Z|K\Pw Sw,kPK — wK K )SOWK
KeT

+ 4t Z Z Pw Mg k1 TrL(Py, i — Py,p)Pw, i = 6t Z K |ryy kPw, i
KeT LeN (K KeT
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From the definition of the discrete piecewise constant functions, we have
-1 ,n-1 —1,n-1
S 1Klow(sh st = St 3 pwse = [ ol = 23t e
KeT

and

Z K |ry kPw, i = / Tw,hPw,h die.
KeT @

Furthermore, integrating by parts and using the definition of the discrete gradient, we get

Z Z PwkaTvL,KLTKL(PQ,K—p::;,L)‘Pw.,K
KEeT LeEN(K)

n o n _.n
=d 3T pu{Dir M o LA Bl B

oKLEER dxL dxL
Py, — P,k O L~ Pk
=d Z puk| Dicr| M i1 (vwclwnKL . Wdiw KL
oKLEER KL KL
1
=7 Z |DKL\PwkM3,KLVhp@,h‘DKL “VhPwhip,,
oxL€EL

1
= a/ pwkaTVL_’thp:lv’h . Vh@w,h dx
Q

which establishes (5.20). In the same manner, the variational formulation (5.21) on the non-wetting fluid
pressure is obtained by multiplying equation (5.4]) by ¢nw n, summing over K, and integrating by parts. To

derive the variational formulation ([5.22)) on entropy, we use the reformulated discrete entropy conservation
equation (5.14)). From the definition of the discrete functions, we have

p ¢n718n71

o

DK (St - S+ D T ek —ea) | vk
KeT ae{w,nw} K

n—1_n—1

Pa Sa n
= / 8?(Ss,h) + E 7}111” h 0y (emh) Py da,
Q h

ac{w,nw}

and

7'7,1,1(
> 11 (5

KeT

n

— r€>h _.n n __.n n 1/} d

- Tn CW,hrw,h an,hrnw,h h AT
Q h

Additionally, transforming the sum over cells to the sum over edges and using the definition of the discrete
gradient, from the second term of (5.14) we obtain

1 paan’KLTKL
DD D D e s [ s Ll
KeT LeN(K) ae{w,nw} KL

n n n n
— Cw,KTw, Kk — CHW,KTHW,K> d)K

Pk M kL €a.L ~ €a,k Pok — Pa,L

=d Z Z - Tna, |DKL| % d @ @, 7 a, wKL

oxL€EL aE{w,nw} KL KL KL

1 PakMy N .
= 7& Zes |DKL\ E{Z }ﬁVhea,h‘DKL ’Vhpa,h\DKL@Z’KL

OKLECh ae{w,nw

1 Pk M2,

- 7&/ > %Vﬁez,h - VP ptn de.
Qae{w,nw} h

19



Furthermore, integrating by parts and using the definition of the discrete gradient, we get

1 A
Z Z TKIL TK TL)ZZJ = g/QT—thT,thwhdm

KeT LEN(K) Tret

Finally, let wy, € H{ be a test function. To obtain equation (5.23)), we multiply equation (5.8) by wx then
by summing over K and following the same arguments as in [35, Proposition 4] by replacing (pk )k by
(7% )k, we conclude the proof. O

6 Discrete energy estimates

In this section, we derive the discrete energy estimates for the model under the assumptions introduced
in Section 2.2 on the discrete physical data. We begin by establishing, in the following lemma, that the
saturations remain positive at the discrete level.

Lemma 3. Let [0,1] for a € {w,nw}. Assume that (pw2,Pnw,2, L2, Ug) is a solution of

the finite volume scheme i and let the assumptions of Section (2.2 hold. Then, the saturation s K
remains in the interval [0, 1] for all KeT andne{l,...,Np}.

Proof of Lemma[3 We prove by induction on n that sor = 0forall K € T. Let us start with a = w.
For n = 0, the property follows directly from the hypothesis of the lemma, since (s ) wer € [0,1]. Let

n € [1, Ny] and assume that s?v_é > 0. We aim to prove that sjj - > 0. To this end, we consider the control
volume K™ such that sy . = min{s’jv’ 1 Yrer and we multiply the discrete wetting fluid mass conservation

equation (5.2) by (s}, g+)~ = max(—s} g-,0) to obtain

n—1_n—1

e PkeSw ke — P Swoi _

e e T

+ Z PwRTK*L W,K*L(pw,K* pw,L)(Sw,K*) —TW,K*(SW,K*)
LeN(K*)

Expanding the first term of equation (6.1)) and using that SQ_I% > 0 together with Assumption (A1), we
get

| K| pw _
P (st e — S sk ) (st )

|K |pw (¢K*

(6.2)

2 n n n _
(WK*) ’ +¢K*1SWI§*(SW,K*) )SO

Now, to determine the sign of the second term of (6.1). We distinguish two cases based on the sign of
p&,K* - p\?v,L'

e Case 1 Puw i+ — Py, = 0. In this case, using the definition of the mobility on the interfaces given
by (5.3)) and Assumption (A6), we obtain that

My (55 xor) (8w rce )~ = My (s 5+ ) (5. 5+)~ = 0.

e Case 2: pjj ;c» —py 1 < 0. In this case, we obtain from the definition of the mobility on the interface
given by (5.3), the choice of the control volume K*, and from Assumption (A6) that

MW(SZ}V,K*L) = My (sg, ) > My(s WK*)
Then, from the second term of (6.1)), we obtain

PwkTice L (D kv — Pro.n) M (S 1o 1) (Sqe i)~
< pwkTro L (P i — P, ) M (Sy 1) (Sy, 1)~ = 0.
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In both cases, we get that the second term of equation (6.1)) is non-positive. Furthermore, from Assumption
(A3) on the source terms, we obtain that r{j x.(s}y )~ > 0. Consequently, we obtain from (6.1) that

1. n-1
e SUV,K*( no)

¢n s™ _
K*°w,K*
SW,K*

ot

|K™ | pw > 0.
And since we have from (6.2) that it is non-positive, then we obtain that (s}, x.)~ = 0. Thus, we deduce
that sy > 0, for all K' € 7. Similarly, we can show that s , > 0 using the non-wetting fluid discrete

mass conservation equation (5.4). Moreover, from the relation sj r+sp, x = 1, we obtain that s}, x € [0,1]
for o € {w,nw}, which concludes the proof. O

Now, the following Lemma provides a key estimate that will be used to derive the discrete energy
estimates.

Lemma 4. Let (uy,pl 1, Phy.ns 17) be the solution to the system of equations (5.20)~(5.23) and assume
that the assumption in Section[2.4 hold. We have the following inequality:

1 A
OBy de+ | 2207 (107 usl?) da + ~ / VI |? da
Q Q 2 d Q Tref

1
+1 / k(M2 Vgl o+ M [Vl o) dz
Q

d (6.3)

pTL
g/ﬂ > ( ;’h el — cg’hT,’j> ol Oy, | de,

ae{w,nw} o
where E}' is the total energy of the system and it is defined by

n
T

n n n 1
Eyp = iU + 5 [mp Ty M i

& 2
+m {|€(uh) +

n _ n n
+ E OnSa,nPalahs

ac{w,nw}

where M is defined by (3.4).

Proof of Lemma[4 First, we consider in (5.20)—(5.23)), the test functions ¢y, = (p:'h +e@7h) € Hp,

Pw
Paw,h = (p;ﬂ +en. h) € Hp, ¢, =17 € H, and wy, = 0fuy € H}‘f Then, we sum these equations to
obtain

Ey+ FEs + B3+ By + Es + Eg + E7 + Eg = Ey, (6.4)
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where

E = / Of" (Sw,n®n) (p:;,h +Pw€$,h) d$+/ PwS \7:/h1 h lan(ea,h)dw,
Q Q

Ey = / atn (SHW,h¢h) (pgw,h +pnwegw,h) d:E+/ pnwszwlh Z latn(ea,h) dz,
Q

E3 /8 ShThdw

Day 1
Ey = */ My nVnpwn Vi ke dx — 7/ pwk My, Vipy - Viey p, de,
dJo P dJo

w

1
d

nw

Phw n 1
E5 = 7/ pIIWanw hvhpnw h’ Vh ( h +e Cnw h) de — E/ pﬂWkM nw, hvhpnw h’ Vhenw h d.’B
Q Q

1 A
Eg = — — V., 17 -V, 17 d
6 d/QTref hip hily AT,

&

E; .= /Qmoattuh'at up de + d/Q (1+l/)€(uh) L €(9; uh)dm+/9 (1+v)(1—2v)

Eg := 7/ (b, + 3as Ko (T7 — Trer)) divy, (07 uy,) de,
Q

Ev

dth 'U/Z]Id : e(@fuh) d.’E,

n n
pw h pnw h
L n s n n n n B n n n n n n
E9 E / rw,h < D w,h Cw,hTh + an,h + enw,h - an,hTh + Te,h + fu,h : 8t up de.
Q

w nw

Expanding F4, we obtain

B = / G N R L R W / P (3w dnewn) dz
Q Q

= Fi 1+ Eipp.

In the same manner, expanding Fs>, we obtain

E2 :/ ( nw hpnw ha ¢h + ¢n 1p;rllw ha snw,h) dx +/ pnwagl(snw,hgbhenw,h) dx
Q Q

= Fo 1 + Eap.

Furthermore, summing F4; and E;; and employing the relation (2.3) together with the definition of

capillary pressure ([2.4) and the discrete averaged fluid pressure (5.13)), we obtain

Eiq+ EBay =/ (r" 0 on — ) DL KO} swop) e
Q

:/( an¢ _¢Z lan(pchswh)'i‘d)z 1 " lanpc)h) de.
Q

In addition, from the mean value theorem, we have

Pl —pont =pln(zn)(sh —sph),

n—1

with zj, €]s)
We also have

,spif s, > s" b and 2, €]s), s7 [ otherwise.

Nt = Ny~ = Ni(an) (s = s170),

(6.5)

(6.6)

(6.7)

where NV}’ = N(s}) and it is defined by (3.1)). Since A is the primitive of syp(sw) over [sy, 1], we find that
Nj,(2n) = —2npe. j(21). Moreover, we distinguish two cases depending on the monotonicity of the wetting

phase saturation sy : Case 1: sy, > s” ! and Case 2: s” wih < s” L
e Case 1: s” wh 2 s’vlv_hl.
obtain that

2P g (20 ) (S — 5:;3 hl) < 5:;3 hlp/c n(zn) (s — S:Lv,_hl)-

22

Since zj, 6]32_1, sp[ and the capillary pressure is a decreasing function, we



e Case 2: sy, < sp; hl We have that z, €]s}, "_1[ and that the capillary pressure is a decreasing
function then we obtain that zxpr, 5, (21)(sy ;, — st b < Swh pC n(2n)(Sy = s,

In both cases, we find that

thé,h(zh)( w,h 5w h ) < 5w h pc n(2n) (g T ch hl) (6.8)
Furthermore, combining (6.5), (6.6), (6.7) and together with the fact that N (z1,) = —znp], 1, (21), we

obtain
Eiin+Ey; = / (p;’natn@z OO (PepSwon) + dp ! St o De. h(Zh)afsw,h> dz
0

> / (3" 07 b1 — &3 OF (De,nSwon) + &5 2nl (21)0) swon) dee
Q

= /Q (P10 b1 — On OF (Pe,psw,n) — O Ny (20) 0} sw,0) da
= / (3" 07 b1 — &L OF (Penswon) — &L OFNG) da
Q

Employing, in equation (6.9), the fact that f(b) — f(a) = f: f/(z)dz for all a,b € R and f € C([a,b]),
together with the definition of the function N in (3.1)) and the interfacial energy U’ in (5.13]), we obtain

s™

2pl(2) dz) dx

Eiq1+ Eo 2/ (p;t’nafcﬁh—d);f—l/ ’ (ch(z))/dZ‘FQSZ_l/ ’
Q st snot
Sg,h,
=/ Py — Gl 1/ pe(z)dz | da
Q 57171

= [ Groron+ oy 0r0n) de
Q
— [ @oron -+ o (entn) da
Q
Consequently, we obtain

FE{+ Ey > / ( ('“)"¢h + (r“)n<¢hUh)) dx + Z / pa Sa h¢hea h) (61())

ac{w,nw}

Furthermore, employing the definition of the discrete porosity and the skeleton entropy (5.9), we obtain
E3 + Eg +/ ’R’Z@?(ﬁhda’:
Q

- / (RO bp + TIPS gy — (bTT + 30 Ko (T — Ther)) divi, (0P up)) da
Q

= Z | K| (nx 0 o + Ti0;'Ss, x — (b + 30 Ko (T — Trer)) divie (07 us))

KeT (6.11)
= Z |K| ( 3a¢,7rK6”TK + Nﬂ'Ka TK — 3a¢T}é8f7rK)

KeT
+ Z |K‘ ( P T + 3as K Trerdivige (8f(uh))) .

KeT

In addition, from the definition of the discrete divergence, we have that } . |K|divk Ofu, =
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Jo divy 0wy, = 0 since uj = 0 on 99 for all n € [0, Ny]. Consequently, equation (6.11)) reads
E3 + Es +/ Fgﬁgld)h dx
Q

1 Cs
= / (—3a¢7r,7;8{’Th + Nﬂﬁafwh — 3Ty oy Ty, + TT,:’@Z‘T;L> dex
Q

ref

1 al —qpt
— il n Tn:| M h h de.
/Q 5t “ﬁh A Rl O A

Moreover, since M is a real, symmetric, positive definite matrix, we have the following inequality

1 [t
_ n Tn:| M h h
3t “”h L8l O M
1 n , n—1
> gl oG] - b [
1 1 Th
=00 |[m M
9t [ Th h T,
This yields
1
Es + By +/ AP by dz > =00 [wh Th] M | (6.12)
Q 2 T,
1
Furthermore, we recall the inequality a(a — b) > 5((12 —b?) for all a,b € R, which yields the bound
n n 1 n n—1 n 1 n|an 2
af,tuh : af, up = E (af up — at uh) : at up > iat |8t uhl . (613)
In the same way, the second term of F; satisfies
n n 1 n n n—1 1 n 2
c(auf) (O un) = 5oeluuh) - eluf, — ™) = S0P (|e(wn) ). (6.1
Likewise, the third term of E7 satisfies
: n n 1 : n n n—1 1 " ; 2
divy uply : e(Qpup) = 5 (divy, uplly : e(up —up ™)) > §8t (divy, up)”. (6.15)
Combining the three estimates (6.13]), (6.14) and (6.15) yields
1 n|an 2
E; > 3 mo0;' |07 up|” de
o (6.16)
+ 1/ Lanﬂe(u )N?) + L@"(div uy)?| dz
2 Jo [d1 +v) t T (IT+v)(1T—2p) t '
Now, to obtain the estimate on the gradient terms, we expand F, to obtain
1 n n n 1 n n |2
d Jq ' ’ ' d Jq ' '
In the same manner, we obtain
1 n n n 1 n n 2
Es = & anw,thpnw,h ' Vhpnw,h de = E anw,h|Vhpnw,h| dz. (618)
Q Q
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Finally, combining equations (6.10)), (6.12)), (6.16), (6.17)) and (6.18]) with equation (6.4)), we obtain

T
Th

3 " 1 n
/Q O (@nUn)+ D palf(Sandnean) + 50 da

ac{w,nw}

[ T M

1 n|an 2 £ 7 2 Ev
- 5/9 [moaﬁ O+ Gy () D+ =)

1 1 A
- an Av/ 7 2 d - AN v/ T 2 d
d /Q nw,h| hpnw,h| T+ d /Q Trot | htp | T

o7 (divy, uh)ﬂ dx

1
+E/ka%,h|Vhpa,h‘2dw+
Q

pn
< /Q Z o < ;,h +ean— CZ,hTI?> +rey+ fon - Ofun | de.

ac{w,nw} “

Ty (2 v S non n
TZL + 2(1‘1”) |:|€('u’h)| + 1—2v (le uh)2:| +Za€{w,nw} ¢hsa,hpaeoz,h’

it concludes the proof. O

Setting Ef i= opUR + [mf Ty M

Moreover, to obtain the discrete energy estimates, we state in the following lemma some key identities.
The proof can be found in [3§].

Lemma 5. [38] For all K, L € T. We have the following inequality:
My k1 + My k1, > Mo,

and
Mo(pi = p1)* + (B(sh k) = B(sp 1))* < Y Makr(pax — Par)’.

ac{w,nw}

Proposition 4. Let 9 be a space time discretization as defined in Section (uo, Pw,2, Pnw,2, L) be the

solution of (5.20)~(5.23) and o € {w,nw}. Assume that the assumptions stated in Section[2.9 are satisfied.
We have the following estimates:

Ha?u@||L°°(O,tp;(L2(Q))d) + ||pa7-@||Loo(o,tF;L2(Q)) + ||T_@||Loc(o,tF;L2(Q))
Fllea,all oo 0mnr @) T 1221 e (0601 @)y T 1V RP2I L2012 L2(00))

FIVRT2 N 20,002 0))2) T 1021 Loo 0,501 (@) + 172 oo (0,05 2202)) < C-

Proof of Proposition[j First, we sum inequality (6.3) over n =1,..., Nr to obtain

/Q(E,IXT_E2> dm+/§z% (‘fl]v%h‘z—\a?uhf) e

Np Nt
St St A
T (M2 LIV P+ M [V nl?) dz+ = /—VT”2d
+ d n_1\/9 ( w,h‘ hpw,h| + nw,h| hpnw,h‘ ) T + d — Jq Tref‘ h h| T (619)

NT n
p
<oty /Q oo ( ;vh +en, — cgyhT;;) + iy Oy | da.
n=1 @

ac{w,nw}

Let {y™}$2; be the sequence defined by

m
y" ;:/ (Eg+ - |afuh\2) da.
Q 2
Our goal is to apply the discrete Gronwall Lemma. To that end, we aim to show that there exist two
sequences {a"}22; and {b"}22,; such that y" < a" + Z?:ll b'y*, which is the required form to apply

25



Gronwall’s inequality and deduce the desired bounds. Now, using the definition of y™ and employing
inequality (6.19)), we obtain

y" —y°

/ (Ep — E}) dz +/ 20 (|8{‘uh\2 - f@?uhf) dz

Z / M, Vgl o+ M,y [ Vi nl?) da + 2 Z / A v TPz (620)

- (p S , . 4
< 5tz/ o (“h +ebg— _’hT,?L> i+ fin Oluy | de.
Pa
ae{w nw}
From Assumptions (A2) and (A3), there exist positive constants (C,q,Ca,C3,Cua) € RY, a € {w,nw}
such that
ranl < Cra, [ren] < Coy [0l < Cs, €0y = Tiel < Caol T (6.21)

We proceed analogously to the proof of Proposition |1 Employing inequality (6.21} - ) together with Young’s
inequality, we obtain the following estimate on the right-hand side of (6.20):

pn
/Q S, (;”wez,hcz,hT#)+r:,h+fs,h~afuh da

(o3

ac{w,nw}
Ciw  Craw) . . 22
S / <( pl, + pl, >pw,h + (Cl7wc4,w + Cl,nWC4,nW)‘Th |2> dm (6 )
Q W nw

C nw mn n
wf (Lp (s)+ Cat & (F2al? + 07w ))

Pnw

Furthermore from the discrete equivalent pore pressure 7; definition given in , the fact that U n>0,
se.n € [0,1] and Assumption (A7), we obtain that py , <7 <pp ;. Conbequently, equation (6.22)) yields

DPavn
§ n ) n n n n n n
/ Ta,h < p a,h T ca,hTh + Teh + fu,h : 815 uy | dx
Q [e

ac{w,nw}
1
< /Q <C7 (|7rﬁ|2 + |T,€L|2) +Cs + 2|(r“)fuh|2) dex

C'1.,w + C'1,nw
20w 2pnw

(6.23)

Cl,w +Cl,nw + C'1,nwp

+ Cl,wc4,w + Cl,an4,nwv> and C8 = Co+
2pw 20w Paw

where C7 := max (

§C’§ are positive constants.

Now, using the fact that M is a real symmetric matrix, we have

n
Ty,

< )‘maX|(7r}TLLaTiTLL)|2a (6.24)
Ty

Amin| (72, T2 < [w;; T;j} M

where Apin and Apax denote the minimum and maximum eigenvalues of M, respectively. Moreover, em-
ploying Assumptions (A1) and (A4) together with inequality (6.24) and the fact that U]} > 0, we obtain
from the definition of E}'

[y

Ep > 5)‘min|(7r2’ T}?)F + pqu*e@,h + pnwﬁb*egw,h

> Co (I + TR 1> + € s+ emun) »

(6.25)

where C := min (1/\mm, P Doy panﬁ*) is a real positive constant.
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Employing inequalities (6.23]) and (6.25]) in equation (6.20]), we obtain

n ) ) 1 .
Yy <y’ + 6tZ/ ((77 (Jmi)? + |Ti %) + Cs + 2|8;uh|2> de
i=1 7%

n (6.26)
<a+bity y,
i=1
where b := max (%7 m%]) and a := y° + Cstr|Q|. Now, we apply the discrete Gronwall Lemma to inequal-
ity (6.26]). It follows that
Y < aet™t < ae?* n=1,...,Nr.

Hence, there exists a constant C > 0 such that
n Mo, an 2
/ (Eh +72 |0} wn| ) de<C, foralln=1,...,Nr.
Q

Therefrom, E5 € L%°(0,tp;LY(Q)) and 9lugy € L°(0,tp; (L2(Q))4). Moreover, using the lower
bound on EP', we obtain that 7y € L®(0,tp;L%(Q), Ty € L%°(0,tp;L%(2)), ews €
L>(0,tp; LY (Q)) and enw,o € L®(0,tp; L3(Q)). Furthermore, since 7y — pe,o < pPwo < 7y, then
pwo € L®(0,tp; L%()) and paw,o € L(0,tr; L?(2)). Additionally, by the definition of E}, we
have that e(ug) € L>(0,tp; (L2(2)?*9)); therefore, Viug € L>®(0,tp; (L2(22))%%9), and it follows that
ug € L>®(0,tp; (HH(Q))D).

Moreover, using equations and (6.23)), we get

5t <& ) ) SEn [ A )
E E /Qk? (M\’:\;,h|vhpa,h| + MI:LW’h‘Vhp;LW’h ) dx + E E /Q T7f|VhT;:‘ dx < C
n=1 n—1 re

Employing the inequalities in Lemma [5] we obtain
5t <&
5 /Q k (Mol Vapl? + |VaB(s)P) dz < C
n=1

Then, we get that Vipy € L>®(0,tp; (L2(2)Y), ViB(sw2) € L®(0,tr; (L*(2)?) and V,Ty €
L>=(0,tr; (L%(Q))?) which concludes the proof. O

7 Convergence analysis

In this section, we present the following theorem stating the convergence of the sequence of discrete solutions
to the continuous weak solution.

Theorem 1. Let the assumption in Section hold, (Dm)men be a sequence of space time discretizations
defined in Section such that limy, o size(PDy,) = 0. Assume that, for each m € N, the finite volume

scheme (5.2)—(5.8)) has a solution (pw,2,,, Paw, 2y, T2, , U2, )men- Then,

(Pw, 2> Prw, @ s L2, s U2, )men converges, up to a subsequence, to the weak solution (py, Puw, T, w) of (2.1)
in the sense of Definition [1]

In order to prove this theorem, we follow the approach presented in [38]. First, we state some compactness
properties for ¢9sq.9 and Ss o+ > } ®9Ca,25q,2, then we study the limits of the discrete variables.

ac{w,nw

7.1 Compactness properties

In this section, we derive estimates on the space and time translates of the functions U, 9 := ¢9s4,9 for
a € {w,nw} and Vg = Ss 9 + Zae{w’nw} $9Ca, 25,2, Which implies that U, » and Vg are relatively
compact in L'(Q;,) as a result of the Kolmogorov-Riesz-Fréchet theorem [I3, Theorem 4.26]. To this
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end, we replace the study of the discrete functions ¢s, o and Ss o + Zae{w,nw} $9Ca, 7S, (constant
per cylinder Q% := (t"1,¢") x K) by the study of the functions Ua 9 := ¢45a,2 and Vg = Ss o +
Zae {w,nw} ®9Ca,25q,9. The latter being continuous affine in time and constant in space defined by

Nt
_ 1 n—1_n—
Uagtz)=> > 5 ((t = (n = 1)6t) e she + (ndt — t)¢f s ) Lo (¢, @).
n=1KeT
and
_ I, 1
Volt,m):=>_ > = ((t = (n = 1)5t)V + (ndt — )V~ 1) L (t, ).
n=1KeT

Lemma 6. (Estimates on space translate of Ua,@ and Vo). Let the assumptions presented in Section
be valid. Let 2 be a finite volume discretization of Q x (0,tr) and let (pw,2, Paw,2, T2, ua)) be the solution

of (5.20)—(5.23)). Then, we have the following inequalities

/ |Uao(t,x+y) = Ua,o(t )| dedt < w(|yl), (7.1)
(0,00) x €/
and
/ Volt,o+y) - Volt, )| dedt < n(Jy)), (72)
(0,00) x

for all y € RY with Q' := {x € Q, [z, +y] C Q} and |li‘mo(f.u(|y|),77(|y|)) = (0,0).
Y|—

Proof of Lemma[6 From the definition of Uy, o, Assumption (A1) and Lemma [3] we have thanks to the
triangle inequality

/ |Ua,2(t,x +vy) — Upn,o(t,x)| dedt
(0,tp)xQY
<[ st y) et ty) - sns (o) ded
(O,tF)XQ/
+ / |Sa,2(t, @) (9o (t,x +y) — do(t, x))| dedt < Uy + Us,
(O,tF)XQ’
where Uy and Us are defined as follows

U; = / |Sa,2(t, € +Y) — Sa,2(t, )| dedt,
(07tF)><Q/

Uy = / oo (t,x +y) — do(t, )| dedt.
(O,tF)XQ’

Moreover, we assume that B~!, the inverse of the Kirchhoff transform B defined by (2.12)), is a Holder
function of order 8 €]0, 1] on [0, B(1)], i.e, there exists a constant C such that for all a,b € [0, B(1)], we have
|B=Y(a) — B71(b)| < Cla — b|?. Following the same arguments presented in [38, Lemma 7.1]. We have

Ul S C‘y|07 (73)

where C' denotes a generic constant here and throughout the proof.
Now, we aim to obtain an estimate on the spacial translate Us. From the definition of the discrete
porosity given in equation (5.9)), we obtain

¢.@(tv :l‘:) - ¢2(w) =

7.4
b(divy, ug(t, ) — divy, uh(x)) — 3as(To(t,x) — TY) + %(w@(t, x) — mh(x)). 7-4)
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Substituting equation (7.4)) in Us, we obtain
Uy = / lpa(t,x +y) — dg(t, )| dedt

(07tF)><Q/

g/ |09 (x +y) — dh ()| dadt
(O,tF)XQ/

+ / bldivy ug(t,x +y) — divy ug(t, )| dedt
(0,tp)xQ

+ / b|divy, uj (z + y) — divy u) (z)| dedt
(0,tF) XV

+ / 3ag |Ty(t,x+y) —Ty(t,x)| dedt
(0,6 1) X

+ 3 TR (x + y) — T ()| dadt
(0,tp)xQ

1
+ / — |rat,x+y) — mo(t,x)| dedt
O,tryx NV

1
+/ — |mh(x +y) — m (z)| dedt.
o,tryx N

In addition, each term of (|7.5) can be written as follows, for {4 € {divy ug, Ty, 75}

Nt
/( » |£@<t,x+y>—f.@<t,w>|dwdtszatZMz—f?a/Q Xows (@@ + y) da,
0,tp) X 4

n=1 OKL

where Y, is defined by

1 if the line [@, @ + y] intersects ok, K, and L,
Xoxr =

0 otherwise.

And, we have that (see [28, Lemma 9.3])

/ Xoxy (@, +y)de < |okr||y|
Q/

Applying the discrete energy estimates obtained in Proposition together with Assumption (A9), we obtain
Us < Cly|. (7.6)

Furthermore, combining the estimates on U; and Us given in (7.3) and (7.6)), we obtain
[ Waslta+y) - Uaslto)] dadt < C (31" +|y). &
(0,tF) xS
In addition, we have
/ |Ua,9(t7 T+ y) - Uoc,@(ta 113)| dedt
o Jor
tr
< 2/ |Ua,2(t,x +vy) — Uqs.0(t, )| dedt + 2515/ |U2,h(:v)| de,
o Jor Q

where Qf = {z € Q, dist(z, Q') < [[}. From inequality (7.7), the boundedness of U ;, in L'(€}) and the
assumption that 0t goes to zero when size(Z) — 0, we obtain the uniform estimation on the space translate

of Ug, stated in (7.1)).
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Similarly, from the definition of Vg, Assumption (A1) and Lemma |3} we have
/ Vo(t,x +y) — Va(t,x)| dedt
(0,tp)xQY
< / |Ss,2(t,x +1y) — Ss,0(t, @) dedt
(0 tF) xQ/

+ > pa /0 lca,2(t,x +y) (0950,2)(t, T +Y) = (9254,9)(t,x))| dzdt

ac{w,nw} tr) xSV

+ Z /(0 ey (¢2Sa,2)(t, @) (Ca,2(t,x +Y) — ca,2(t, )| dedt

ac{w,nw}

= Vl + Z V2,o¢ + Z ‘/3,a-

ac{w,nw} ac{w,nw}

The term V; is treated in the same way as Us. From the definition of the discrete skeleton entropy given
in (5.9), we have

Cs
Tref

SS,@ - Sg,h = 3a K divy, (U@ - ’U,?L) — 30(¢(7T@ — 7T2) + (T@ - T;?)
Then, applying the discrete energy estimates obtained in Proposition together with Assumption (A9), we
obtain

Vi < Clyl. (7.8)

Furthermore, from the assumption of small temperature variations around the reference temperature Ty >
0, we get that the discrete temperature Ty is bounded. Using the thermodynamic relation de, = T'dc, and
the linear dependence of e, on T, we obtain that

deo  1deo ko

dl T dl T’
where k, is a constant. Hence, ¢4 9 = ¢o(T9) is bounded and Lipschitz continuous. Using this fact together
with Lemma [f] and inequality (7.7), we obtain

‘/2,04 \/( | |Ca,@(t7m + y) ((¢@5a,@)(t7w + y) - ((rb_@sa,@)(t’m)” dedt
0,tp)xQ/

<c (6950.2)(t,@ + ) — (550.9)(t,)| dadt (79)
(O,tF)XQ,
<C(lyl” +lyl) -
Moreover, using that ¢, ¢ is lipschitz continuous and Ty € L%(0,tp; H(£2)), we obtain
‘/3,a S C ‘Ca,@(tvw + y) - Ca,@(t7$)| dadt
(0,tF)x QY
<C Ty (t,x+y) — Ty(t,x)| dedt
(0 tp)x QY (7.10)
<025t2m Tl [ Xows @+ p)de
OKL
< Cly\-

Furthermore, combining the estimates on Vi, V5, and V3 4 given in (7.8)), (7.9) and (7.10), we obtain

F)XQ
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In addition, we have

/ Volt,z+y) - Volt,o)| dedt
0 Q/

tp
32/ / Vo(t,z+y) — Va(t, )| dwdt+26t/ Vi (x)| de,
0 / o

where Qf = {x € Q, dist(x, ') < |§]}. From inequality (7.11]), the boundedness of V}? in L*(Q}) and the
assumption that 0t goes to zero when size(Z) — 0, we obtain the uniform estimation on the space translate

of Vg stated in (7.2). O

Furthermore, we state without proof the following lemma on the time translate of U, o and V. The
proof follows the general idea of [3, Lemma A.1].

Lemma 7. (Estimates on time translate of Uy, and Vo). Let the assumptions of Section hold true.
Let 9 be the discretization of Q x (0,tr) as defined in Section and let (Pw, 2, Pow.2, T2, Ug) be the
solution of (5.20)—(5.23)). Then, we have the following inequalities

/ Ta(t +7,2) — Uagp(t )| dadt < (),
0,tp—T)xXQ
and
/ |V@(t +71,x) — V@(t,w)| daedt < 7(7),
(0 trp T)XQ

for all 7 € (0,tr) and (0(7),7(7)) — (0,0) when 7 — 0.

7.2 Study of the limit

Proposition 5. Let (Pp)m be a sequence of finite volume discretizations of Q X (0,tp) such that
lim,,, 0 size(Zy,) = 0 and assume that the assumptions of Sectz’on are fulfilled. Then, there exist subse-

quences, still denoted (Sq,9,, )meN; (Pa,2,, )meN, (T, )men and (ug,, )men verifying the following conver-
gence

1Ua,2,, = Ua,2, HLl(Q’) —0 -Va, HLl(Q’) —0

Ua,2,, = Ua, Vg,, =V strongly in LP(Q¢,) and a.e. in Q¢ for allp > 1,
Sa,9,, —* Sa strongly in LY(Q:,.) and a.e. in Qy,,
P22y = Pa> T9,, =T weakly in L*(0,tr; L*(Q)),

Vipa,, — Vb, ViB(sw,2,,) = VB(sw) weakly in L2(0,tr; L2 (Q)%),

V Ty, — VT weakly in L?(0,tp; L2(Q)9),

ug, — U weakly in L(0,tp; L?(Q)%),

e(u)g, — e(u) weakly in L2(0, tp; (L*(Q)7%9)),

divy, (ug,,) — div (u) weakly in L*(0,tr; L*(Q)),

Oug,, — Oiu weakly in L*(0,tp; L2(Q)9),

g, =T, bz, — ¢, Ssa, — Ss weakly in L*(0,tr; L*(Q)),

Uy =840, V=54 Z PaCaSad a.e. in Qip,

€ fw,nw}

where

1
T = SwPw +pnw3nw - / pC(Z) dZ7
s

w

6 = 00+ biiv (=) = 3ag(T = T°) + 1o(x =),

C
(T —T%.
Tref( )

Sy = 8% +3a,Kdiv (u — u’) — 3ag(r —7°) +
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Proof of Proposition[5 First, we show that HU(X,@m ~Ua.2, L) 0 when size(Z,,) — 0. To this end,

we employ the following convex inequality, for all a, b € R, 6 € [0, 1],

(la] +[0]) -

M| —

1
/ 60+ (1— 0)b| do >
0

Applying this inequality to a =Ug 5 — U;’_glm, b= Ug_glm — Ug_@%n, from the definition of U, 4 we obtain

tp
/ Ua,2,, (t, @) = Ua,g,,(t,x)| dedt
0o Jor
tp+ot . -
< 2/ Ua,2,,(t + 6t,@) = Uq,g, (t,x)| dedt,
0 o

which tends to zero since ¢ — 0 when size(Z,,) — 0.

Applying the Riesz-Frechet-Kolmogorov compactness theorem to Lemmas [6]and [7, we obtain that the se-
quence (Uq,,, )men is relatively compact in L*(Q,.). Then, there exists a function U, € L'(Q;,) such that
(Uw.2,, )men converges strongly, up to a subsequence, to U, in L'(Q;,.). Since ||U047@7n ~Uaa, Loy 0,

then U, o, — U, strongly in L'(Q:, ) and a.e. in Q¢,. In addition, due to the fact that U,,o,, is bounded,
we obtain the convergence in LP(Q,), for all p > 1. Similarly, we obtain that there exists a function
V € LY(Qy,.) such that Vg, — V strongly in LP(Qy,.) and a.e. in Q.

Moreover, using Assumption (A1), we can recover estimates on the space and time translates for sq4, 9,
then by applying the Riesz-Frechet-Kolmogorov compactness theorem, we obtain that there exists s, €
L' (Q¢,) such that s, o, converges to s, strongly in L'(Q:,) and a.e. in Q.

Now, from the discrete energy estimates Proposition [} we have that, for all & € {w,nw}, (pa,2,,)men
is bounded in L?(Q,) then there exists a function p, € L*(Q;,) such that p, o, — po weakly in L?(Q;,).
In addition, it follows from Proposition [4] that the sequence (V;pg, )men is bounded in L?(Q;, )% and as
a consequence of the discrete Poincaré inequality, the sequence (pg, )men is bounded in L?(Q;,). Then,

m

there exist two functions p € L*(Qy,) and 9 € L%*(Q,)? such that

pg,, — pweakly in L*(Q:,) and Vj,p. g, — b weakly in L?(Q;, )%

We can show that ¢ = Vp in the sense of distributions. For the detailed proof, we refer to [I5]. Similarly,
from the discrete energy estimates Proposition |4, we have that (Tg,,)men is bounded in L?(Q;,) and
(ViT9, )men is bounded in L2(Q;, )¢, then there exist a function T € L?(Q,.) such that

Ty, — Tweakly in L?(Q;,) and V;, Ty, — VT weakly in L?(Q;,)".

Furthermore, we also have that (wg,, )men is bounded in L?(Q;,)% and (e(ug,, ))men is bounded in
L2(Qy,)%*?, then there exists two functions u € L?(Q;,)? and n € L?(Qy,)?*? such that ugp,, — u weakly
in L2(Q;,)¢ and €(ug, ) — n weakly in L?(Q;,.)?*¢. It remains to show that n = e(u). To do so, it can
be shown, analogously to the arguments presented for the convergence of the global pressure, that for all
o € (CZ(Qq,)) ™4 we have

J

Since divy, (ug, ) = tr(e(ug,,)), we obtain that divj(ug, ) — div (u) weakly in L?(Qy, ). Moreover, from
the discrete energy estimates, we get that dyug, — Opu weakly in L2(Q;, )%

Now, from the discrete energy estimates, we have that mg,, is bounded in L?(0,T; L?(2)), then there
exists m € L?(0,T; L?(Q2)) such that 74 converges weakly, up to a subsequence, to 7. In addition, from the
definition of the equivalent pore pressure m given in 7 we have

e(ug,,) : odxedt + / ug, -div(e)dedt -0 asm — 0.
Qup

tp

TD = Pw, Dy SwW, D1, + Pnw,2,, Snw, D, — U@nm

where Uy, = U(sw,2,) = fl pe(2)dz. From Assumption (A7), we have that p. : [0,1] — RT is

Sw,Pm

continuous on [0, 1]. Since sy g, converges to sy a.e. in @y, it results that p.(sw,g,, ) converges a.e. in
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Q@+ 10 pc(Sw). Since p, is continuous on [0, 1], we obtain from the definition of U that U is continuous on
[0,1) and Ug,, = U(Sw,2,,) converges a.e. on Q, to U(sy). Furthermore, since p,, g, converges weakly in
L?(Q;,.) to pa, for a € {w,nw}, we get that ™ = sy Pw + PowSnw — U (Sw)-

Furthermore, ¢9, = Zae{w nw} P Sa,2,,, then there exists ¢ € L? (QtF) such that ¢9, — ¢ weakly
in L2(Q;,). Using the definition of the discrete porosity ¢4, given in , the limits of W@n,T@m and
div ,(ug,, ), and Assumption (A9), we obtain that ¢ = ¢° + bdiv (u —u ) — 30¢¢(T T + & (7 — =0).

Similarly, using the definition of the discrete skeleton entropy S ,, together with the weak convergence
of g, ,Tqy, and divj(ug,, ) and Assumption (A9), we obtain that

Cs
— 8 = 8Y + 3a,Kdiv (u — u’) — 3ay(r — %) + =

Ss 2
’ Trcf

(T —TY).

m

Moreover, since ¢g, — ¢ and s4,9,, — Sa, then Uy, = ¢s,. In addition, c,,9,, — co in LQ(QtF) since
cq is continuous and Ty, — T'. Then, since S5 9, — Ss, po is a constant and ¢g,, 54,9,, — ¢S, a.e. in
Q+, we get that V =S5 + Zae{w’nw} PaCaSad. O

Now, we show the proof of Theorem

Proof of Theorem [Il In this proof, we want to show that our numerical scheme is convergent such that
the limit verifies the weak formulation given in Definition [I} Let ¢,,% € D([0,tr) x Q), for a € {w,nw}
and w € (D([0,tr) x Q))¢. First, we multiply the discrete wetting fluid mass conservation equation
by 6t, then we sum over n = 1,--- , Ny to obtain

n—1_n—1

w,h('bz ~ Sw,h Pn 1 & n n
nZl ot / = punde+ 535 /ﬂ kM V4l Vipann A

n=1

= Zét/ Tw.hPw,h AT,

n=1

which is equivalent to the following discrete variational formulation

J

_ 1
pwatUw,@(pw,@ dx dt + E / pwka7@Vhpw,@ : Vh‘pw7@ da dt
Ur (7.12)
= / Tw, 29w, d dt.
Q

tp

tp

Next, multiplying the discrete non-wetting fluid mass conservation equation (5.21)) by d¢ and summing over
n=1,---, Np yields the following discrete variational formulation

J

— 1
pnwatUnw,.@Sonw,@ dx dt + E / pnwanw,.@Vhpnw,@ : Vh@nw,@ da dt
tp tF

(7.13)
— / an,@@nw,@ d:I: dt.
Q

tp

Moreover, we multiply the discrete entropy conservation equation (5.6) by ¥k, then we sum over K to
obtain

Z |K|$< s, K S;LK1>'¢K
KeT

1
+ Z |K|§ Z PaPk S K CoK — Z Padi ' SukChr | YK

KeT ac{w,nw} ac{w,nw}

+Z Z Z PaCa, i kM, KLTKL(paK paL)'(/}K

KeT LEN(K) ae{w nw}

+ Z 7L (Tk — TL)¢K*Z|K|6K
K

KeT LeN(K) Tret KeT
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From the definition of the discrete functions, we have

> \K%(s;,(—sg;g)w:%/( Sh Sghl) de,

KeT

Z ‘K|6t (pa¢K5a KCa,k — PP 152 Kl 1%) (S

1 n . n n n— n n
= E/Q PaPhSanCah — Z Pady ! Sa hlca hl Yy, dex,

ac{w,nw}

and

> Il e = [ T
KeT @

Furthermore, integrating by parts and using the definition of the discrete gradient, we get

Z Z (Pt e kME i i1 (Do ) — Plr)) VK

KeT LeEN(K)
n n p:)\L/, _p:}V
=d Z <p°‘k|DKL|Ca,KLMa,KL <H(nKL>> (Q/JL ¢K> nKL
dxL dir
oKLEER
1
= a/ﬂ (pakcg,hMg,thpgh) 'V}ﬂ/}h d.’I},

and

1 A
> Z mir (T = Tp) vk = d/inhT}:L'VhT/)hdx-

KeT LeN(K) Trer Trer
Consequently, we obtain
1
E/ th + Z pa¢hsa hca h Sghl — Z pagzﬁ" 1 Zhlcz hl wh dx
Q

ae{w,nw} ae{w,nw}

(7.14)

1 A Teh
+ Q/Q Z pakey My LV pa p + EV}LT{L -V de = / R

ac{w,nw} a2

Moreover, multiplying equation ([7.14]) by d¢t and summing over n = 1,--- , Ny yields the following discrete
variational formulation

— 1
0Vovgdadt+ g [ Y pukcasMasVipes | - Vivs deds
Qip Qtr \ ae{w,nw} (7.15)
1 A Te,2
+ - —V Ty - Vg dedt = ——1)gp dxdt.
d tp Tret Qtp Ty

Similarly, by multiplying the discrete momentum balance equation (5.23)) by d¢ and summing over n =
1,---, Ny, we obtain

1 £
0, Onug - wg dxedt + — pi (1 ) e(ug) : €(wy) dedt
F
/QtF T50) 1 —, )dlvh ugly : e(wy)dxdt (7.16)
/ b’iTj + 3K (T@ Trcf)) divy, (w@) de dt = fu,2 - wg dzdt.
Qip Qi
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Now, in order to pass to the limit in the first term of (7.12)), we integrate by parts to get
/ pwOiUy 9w, dedt = — / pwU v 201pw. o de dt — / pwU&h(m)@gV,h(:c) dx.
Q Q Q

Due to the strong convergence of Uy, g, to Uy, = sw¢ and the strong convergence of ¢y, 9 to ¢ in L?(Q¢,),
we obtain

tp tp

/ pwa,@at(Pw,@ dx dt — Pw ¢(pwu Pnw, T, u) Swaﬂpw dx dt.
Qip Qtp

00

Moreover, using that qﬁgsgv j, converges in L? to , we obtain

/ P2 (@)% () dzz — / P50, 00, () da.
Q Q

Furthermore, applying Assumption (A3) and the strong convergence of ¢y ¢, we obtain the following
limit on the right-hand side of (7.12))

/ Tw,2Pw,9 dedt — rw@w d dt.
Q

tp Qtp

For the second term of ([7.12)), we note that it is defined on the diamonds, thus we will write an equivalent
form of this term. First, recall that

E : n
MW,@ == MW,KLHDKLX]t7L717t7L['
oxLEDKL

Let i :=0xx + (1 — 0)xr, be some point on the segment |xx, x|, for 0 < § < 1, such that
ow(t",xr) — pw(t", xx) = dg L Voo (", kL) - MK
Denoting by (V)9 the function which is constant by diamond and defined as
(VQDW)@ = Z V‘Pw(tn; mKL)]lDKL xJgr—1tn [y

oxkL€DKL

then the second term of (7.12)) can be rewritten as follows:

1
Ay = 3/ pwkMy. 2V 1Py, - Vipw,o dx dt
Q

tp
= / pwka7@Vhpw,@ : (VQDW)@ dx dt.
Qtp

Furthermore, we define Sy, 5, and S, 5 by

§W}@|’DKLX(tn—l’tn] = max{Sw K, Sw.L} §W,@‘DKL><(t"71,t"] = min{sy Kk, Sw,L}-
We also define A% by
A3 = / pwkMy(Sy, 2)Vipw,2 - (Vpy)g dz dt.
Q

tF
We will show that A3 converges to the desired limit and A3 — Az goes to zero when h — 0. Using that
the function B defined by ({2.12) is monotone together with the estimate on V;B(sy, ) and recalling that

_ 1.2
|DKL‘ = EdKLTKIH we get

B(Sy.0) — B(S,, )| dzdt
Q ) K7

fF

<Z§tz Z |Dcr| (B(sy 1) — (s;,)\L/,K)>2

n=0 KeT LeEN(K)
< Csize(T Zét Z Z |0KL‘ |B(sh 1) — B(S@,K)|2
n=0 KeT LeN(K)

< Csize(T)%
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Since B~ is continuous, we deduce up to a subsequence
|Sw,2 — Sy.9l = Oa.e. on Q. (7.17)

Moreover, we have S, 5 < $w 9, < Sw.2,, and Sy g, — Sy a.e. on Q.. Then, due to the continuity
of the mobility function My, we obtain My (S, ¢, ) — My(sw) a.e. on Q;, and in LP(Qy,) for p < +oc.
Then, from the strong convergence of ¢y, 4, and the weak convergence of Vppgy, and VpB(sw, g, ), we
obtain (we refer to [38, Theorem 3.4] for more details)

AT — Pk My (5w)Vpy - Vo, dz dt.
Qip

In order to obtain the limit on A%*, it remains to show that 11111 |AZY — ATV = 0. We remark that
m—r—+o0

|Mv7vL,KL(p?v,L - PrvLV,K) - Mw(min(s$7K, S?V,L))(PGV,L - P@,K)\
< C|S€LV,L - SQKHPQ,L - p@,K|~
Consequently, we get
Ap - 471 <C [y = Sl Vapus, - (Vi) dudt
tp

Applying the Cauchy-Schwarz inequality, the uniform bound on Vjpy 4, and the convergence (7.17), we
get that A" — A3"*| — 0 when m — +o0.
Using similar arguments, we obtain the following equation by passing to the limit in equation ([7.13))

A,
“

In addition, by passing to the limit in equation ([7.15), we obtain the weak formulation (4.3). Finally, using
the strong convergence of wg,, together with weak convergences of diug, , €(u)g,, , divpug,, , 79, and

Pnw ¢5nwat<pnwdmdt_/pnw Osgw@gw(m) de
Q

tp

Pk Mo (S ) V iy - Vit = / Py da dt.
Qtp

tp

m

Tg,,, we obtain the weak formulation (4.4) by passing to the limit in equation (7.16]), which concludes the
proof. O
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