N

N

Residual-based a posteriori error estimate for a parareal
approximation of the cardiac monodomain problem
Jad Dabaghi

» To cite this version:

Jad Dabaghi. Residual-based a posteriori error estimate for a parareal approximation of the cardiac mon-
odomain problem. 2026. ¢hal-05748365)

HAL Id: hal-05748365
https://hal.science/hal-05748365v1

Preprint submitted on 14 Sep 2026

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Copyright - All rights reserved


https://hal.science/hal-05748365v1
https://hal.science/licences/copyright/
https://hal.science/licences/copyright/
https://hal.archives-ouvertes.fr

Residual-based a posteriori error estimate for a parareal
approximation of the cardiac monodomain problem

Jad Dabaghi*

September 14, 2026

Abstract

In this work, we propose a “parareal-in-time” approach over massively parallel computing envi-
ronments to accelerate the numerical resolution of the monodomain problem devoted to simulate the
electrical activity within the heart tissue. From a mathematical standpoint, the monodomain problem
is modeled by a nonlinear parabolic partial differential equation coupled with an ordinary differential
equation whose numerical resolution is often out of reach. The parareal algorithm is based on two dif-
ferent propagators: a low-cost “coarse” propagator based on a very cheap Galerkin scheme and a “fine”
propagator based on a high-fidelity and thus expensive resolution. The fine propagator is performed in
parallel so that the whole computational cost of the simulation is dramatically reduced. Furthermore, at
each parareal iteration, we derive an a posteriori error estimate on the error between the exact solution
at the continuous level and the approximate solution given by the parareal scheme. In particular our ap-
proach enables to distinguish the different sources of the error: the spatial error and the parareal-in-time
error. In a set of numerical experiments we compare our parareal strategy with a standard resolution.
In particular, we show that for a large number of processors, our parareal approach significantly reduces
the computational cost of the simulation while preserving its accuracy.

Keywords: Monodomain model; Reaction-diffusion system; Parareal-in-time algorithm; Galerkin schemes;
A posteriori error estimates; Adaptivity; Cardiac electrophysiology.

1 Introduction

Cardiovascular diseases are the main cause of death worldwide. Studying them represents a significant chal-
lenge for the scientific community in life science and biomedical engineering. From the mathematical point
of view, various models have been developed to simulate accurately the electrical activity of the heart. We
refer to [1, 2] for a global overview. Perhaps, one of the most accurate descriptions of the electrical cardiac
behavior is given by the so-called "bidomain model" [3, 4, 2]. Established by Schmitt [5] and first for-
mally developed by Tung [6], the bidomain formulation consists of two partial differential equations (PDEs)
modeling the intra- and extracellular potentials coupled with a system of ordinary differential equations
(ODEs) describing the ion currents across the membrane. Assuming that anisotropy ratios between intra-
cellular and extracellular media are equal, we obtain a simplification of the bidomain formulation known
as the monodomain model. From a mathematical standpoint, the monodomain formulation consists of a
nonlinear parabolic PDE describing the transmembrane voltage, which is defined as the difference between
the intra- and extracellular potentials, coupled with a system of ODEs representing the ionic dynamics, see
also [3, 4, 7] and the references therein. Unfortunately, deriving analytical solutions for such models is often
out of reach and numerical simulations appear to be in general the only viable approach to approximate
the solution. Among the wide range of numerical methods for solving PDEs, we mention for instance the
traditional finite element method [8, 9, 10], the finite volume method [11, 12, 13], the discontinuous Galerkin
method [14, 15, 16] and the Hybrid High Order method [17, 18]. Some of these methods have been success-
fully employed in the context of cardiac electrophysiology. The literature is substantial in this topic and we
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mention for instance [19, 20] for finite element discretizations. Bendahmane et al. [21, 22] examined finite
volume schemes for the monodomain and bidomain models, proving existence and uniqueness of the discrete
solution. Chehade et al. [23] proposed a TPFA scheme for the microscopic bidomain model with error anal-
ysis and Coudiére et al. [24] investigated a whole analysis of 3D finite volume scheme for the monodomain
model including stability, convergence, and error estimates. Note that some recent contributions provide a
posteriori error estimates for the monodomain problem [25, 26]. In particular, in [26], an adaptive version
of the Newton algorithm based on equilibrated flux reconstructions [27, 28] is formulated in order to localize
and distinguish the different source of the error and to reduce the number of iterations within the simula-
tion. However, real time simulation for evolutive-in-time problems require important computational effort.
In this context, parallelizing the treatment of the time variable appears to provide an effective compromise
between computational efficiency and accuracy, while also alleviating memory requirements. The key idea
behind the time parallelization is to decompose the time direction into “slices” where each interval can be
handled in parallel. In this respect, several strategies have been proposed in order to efficiently cope with
the parallelization in time. Perhaps, the first study dates back to the pioneering work of Nievergelt [29]
where the Multiple Shooting method is introduced to solve in parallel an ordinary differential equation
(ODE). While a classic resolution employs a sequential procedure, this approach proposes to consider that
the set of all solutions to the ODE are the unknowns of a larger nonlinear problem. The benefits of such
approach is to reduce the computational cost of the underlying nonlinear resolution by carrying out some
computations in a parallel fashion. Next, Chartier and Philippe [30] extended the work of Nievergelt [29] to
systems of ODE’s. The parareal algorithm [31] is structurally close to the Multiple Shooting method. One
main advantage of this method, as shown in [31], is that it approximates the solution later in time, before
having fully accurate approximations at earlier times, while preserving the global accuracy of the iterative
process. It involves two propagators F' and G that approximately integrate a given system of partial differ-
ential equations. The propagator F' is a fine, accurate and thus expensive propagator, which approximates
the exact solution with high accuracy; on the contrary, the propagator G is a coarse propagator, which is
a less accurate approximation of the exact solution and much less expensive than F. A prediction term is
first computed thanks to the coarse propagator GG. Then, a correction step involving both propagators is
performed in parallel. These solvers can, e.g., be based on different time steps (6t for F' being typically
much smaller than At for G), but the model that G approximates may also be a simplified version of the
underlying set of partial differential equations describing the model. Let Tp =0 < Ty < ---Tn =T be a
sequence of times. For the sake of simplicity, we choose here T;, = nAT for some appropriate time interval
AT. The parareal algorithm constructs a sequence uy := (u})1<n<n such that, for each iteration k > 0,
u} is an approximation of the analytical solution v of some PDE at time step n (u” = u(nAT)). For the
iteration k = 0, the initial approximation is obtained at each time step n using the coarse propagator G
over a propagation length of fixed size AT (we denote by Gar such a coarse evolution over a time window
of size AT ) :

V>0, uity = Gar(up_y), (1.1)

where u)_, := u’. Next, we perform a prediction, followed by a correction iteration

Vn >0, upil = Gar(ufy,)+ [Far(uf) — Gar(up)] (1.2)

prediction correction

where ug 11 = u®. Note that the coarse solver G is sequential, whereas the fine solver ' computes at the
end of each step k the corrections in parallel. When the algorithm converges, & — +00, equation (1.2)
yields uZii = Far(u}) and thus the final approximation is achieved by the accuracy of the fine propagator
F with a weaker restitution clock time. More precisely, the reduction factor tends to the value of % An
attractive feature of this algorithm is that both fine and coarse propagator are treated as black-boxes and can
encompass explicit or implicit methods as well as arbitrary direct or iterative linear or nonlinear solvers. The
parareal algorithm has been sucessfully applied in several applications. We mention for instance reservoir
simulations [32], pricing in american options [33] and kinetic transport problems to [34, 35, 36]. In particular
in [36] is developed a hybrid version of the parareal algorithm where a deterministic coarse propagator is
coupled with a stochastic fine propagator. Several theoretical convergence results of the parareal algorithm
can be found in [31, 37, 38, 39]. Note also that a recent contribution [40] explores the ability of the parareal
algorithm to converge without the coarse propagator. In particular, the authors show that for parabolic



problems with Dirichlet boundary condition, the use of a coarse propagator is not necessary to achieve
satisfying convergence rate.

In this work, we are interested in constructing a parareal-in-time algorithm for accelerating the numerical
resolution of the monodomain problem in electrocardiology. We also provide at each parareal iteration an
a posteriori error estimate to have a guaranteed upper bound on the error beween the analytical solution
and the numerical solution. Several strategies have been developed in the past concerning a posteriori error
estimates for partial differential equations. We mention for instance the residual based a posteriori error
estimates [41, 42, 43, 44|, the approach by equilibrated flux reconstructions [45, 46, 28, 27], or hierarchical
estimates [47, 48, 49]. In this work we employ residual based a posteriori error estimates that present
attractive features such as low numerical cost and smart location of the error. To the best of our knowl-
edge, coupling a posteriori error analysis with a parareal scheme for mathematical formulations in cardiac
electrophysiology has never been presented before. A gap still remains in this topic and we structure the
paper as follows.

In Section 2, we present the monodomain problem and its weak formulation. Next, in Section 3, we
present an abstract framework dedicated to discretize the weak formulation. Furthermore, in Section 4 we
explicit the whole parareal algorithm including its different stages. Next, in Section 5, we provide some
classical discretization methods that could use within the parareal procedure. Then, Section 6 is devoted to
the a posteriori analysis following the approach of the residual-based estimators. A heuristical distinction
of the error components is also given. Finally, Section 7 reports some numerical experiments, assessing the
strengths of our approach.

2 Model problem and setting

In this section, we set up the notation and describe in detail the monodomain model.

2.1 Monodomain model and setting

We consider a bounded, open, polygonal, connected domain ¢ R?, d = 2, 3, with Lipschitz boundary 9.
We denote by T' > 0 the final simulation time, and we set Qp := (0,T) x Q. Let D(2) be the space of C*
functions with compact support on 2 and D’() its dual version. Let H'(£2) be the space of L? functions
on the domain 2 which admit a weak gradient in L?(2) and H{ () its zero-trace subspace. The duality
pairing between any Sobolev space V' and its dual space V' is denoted by (-, ~>V,’V. The standard notations
V and V- are used respectively for the weak gradient and divergence operators. For a nonempty set O
of R?, we denote its Lebesgue measure by |O] and the L?(0) scalar product by (u,v)o = [, uv dx for
u,v € L*(0). We also use the following notations: ||v]3, := (v,v)0, and ||Vv|% = (Vv, Vv)o.
We consider the monodomain model:

0w — V- (AV) + f(v,w) =0 in Qr,
ow + g(v,w) =0 in Qr,
AVv-n=0 on (0,T) x 09, (2.1)
v]i=o = 0°, W= = w’ in Q.

In System (2.1), the unknown variables are the transmembrane potential v(¢, ) € R, and the ionic
variable w(t, ) € R (gating variable, concentration, etc) which is an auxiliary function characterizing the
underlying transfer of ions across the membrane in the considered medium. The first line of (2.1) describes
the balance of current in the heart muscle where 9v is the capacitive current, V - (AVv) is the ohmic
current, and f(v,w) is the ionic current induced by the cellular activation. In this model, the anisotropic
characteristics of the tissue are given by the tensor A(z) € R?¥*<. The second line of (2.1) describes the
dynamic of the activation and inhibition variables for the ionic channels and g(v, w) is a function representing
the ionic activity. In an isolated heart, no current flows out of the heart, as expressed by the boundary
condition (third line of (2.1)) where n is the outward unit normal vector to 9. Finally, the last line of (2.1)
corresponds to the initial conditions for the functions v and w.



Assumption 2.1 (Assumptions on the conductivity tensor). Assuming an anisotropic medium, the con-
ductivity is represented by the tensor A(x) (with coefficients in L (Q)) which is a symmetric, bounded, and
uniformly positive definite on Q. It means that

3 (mo, My) € R% x R%. s.t V&€ € RY, 0 < mg |€]* < AE-€ < My €7

Assumption 2.2 (Assumptions on the ionic functions (see [50])). The functions f and g are affine with
respect to w and verify

fo,w) = fi(v) + fa()w, g(v,w) = g1(v) + gow
where f1 :R = R, fo: R = R, and g1 : R = R are continuous functions, and go € R. We also assume that
there exist positive constants c; >0, j =1...6 such that Yv € R, for all2 < p <6,

1f1(0)] S er+ et | f2(0)] < ez +eaP2T (g1 (v)] < e+ colvf?/?

Under these assumptions, the mappings f : LP(Q) x L2(Q) — L (Q) and g : LP(Q) x L%(Q) — L2(Q) are
well defined and satisfy (see [50, Lemma 25]):
1L, )| () < ALIQYP + Asl[ollhg) + Asllwl75g,,

Lr() (2.2)

1 2
lg(v,w)]| L2y < BilQU + Bal[vll? gy + Bsllw] ().
In inequalities (2.2) the terms Ay, As, Az, and By, Ba, Bz stand for positive constants that depend on the
parameters p and c; for j =1...6.

Assumption 2.3 (minoration). The functions [ and g satisfy the minoration (2.3)(see [51]). There exist
Co €R, C1 >0, Cy >0 and r > 0 such that for any (v,w) € R?,

Co + Ch|vlP + Colw]? < %f(v,w)v — g(v, w)w, (2.3)

with C' the cellular membrane capacitance.

Remark 2.4. In the mathematical analysis of monodomain equations, we distinguish several paths to define
tonic currents. In general two models are employed : the phenomenological and physiological models. The
first one simplifies the underlying mechanisms and focuses on reproducing characteristic behaviors (such as
ventricular dynamics) at the macroscopic scale. In terms of computational cost, these models are compet-
itive but unfortunately do not capture the entire physical processes. Perhaps, one of the most well-known
phenomenological model is the FitzHugh—Nagumo model [52, 53] that satisfies Assumptions 2.2. We men-
tion other phenomenological ionic models: the Roger-McCulloch model [54], the Aliev-Panfilov model [55],
and the Mitchell-Schaeffer model [56], which may be considered more general than the FitzHugh—Nagumo
model but exhibit some mathematical difficulties. The physiological models, based on the cell membrane for-
mulation developed by Hodgkin-Huxley [57] for nerve fibers, are more realistic and capture several physical
phenomena at different scales such as the mechanical response of the medium or the microscopic behavior
of chemical species. However, the mathematical models developed in this context are systems of monlinear
and parabolic PDEs coupled with multiple ODEs. Numerical simulation would involve many unknowns and
an unaffordable computational cost.

2.2 Weak formulation

Before we define our Galerkin discretization scheme, we start by stating the weak formulation associated
with Problem (2.1).

Definition 2.5. Given f € L*(0,T; (H'(Q))'), g € L*(0,T; L*()), vy € L*(Q), wy € L*(Q) and A €
L>(R2), a weak solution of problem (2.1) is a vector U := (v,w) of functions such that v € L*(0,T; H' (Q)),
O € L?(0,T; (Hl(Q))I) and w € C(0,T; L*(Q)) verifying Vo € H(Q) and V¢ € L*(Q)

d

pn (W(t); 0) )y w2 () T (AV(E), Vo)a = = (f(v(t), w(?)), ) (11 (), 119 (2.4)

(atw(t)7¢)ﬂ - (g(v(t)aw(t))’d))ﬂ :



Regarding the monodomain problem (2.1), the existence of its weak solution is given in the following
theorem.

Remark 2.6 (Well-posedness of Monodomain Model). Assume that the conditions listed in Assumptions 2.1
and 2.2 hold. Then, the monodomain problem (2.1) possesses a unique weak solution in the sense of Defini-
tion 2.4. The proof of such result is standard and relies on semigroup arguments presented in [58, Lemma
31] or on the Faedo-Galerkin procedure (see [59] and the references therein).

3 Discretization methods and propagators

In this section, we present the numerical discretization of problem (2.4) to define the coarse and fine
propagators involved within the parareal scheme. In particular, we specify the coarse and fine grid for the
discretization in time. Several spatial propagators are presented for the coarse resolution (the high-fidelity
resolution follows the same rules with a smaller time step).

3.1 Time discretization

For the coarse time discretization, we introduce a division of the interval [0,77] into subintervals I,,+1 :=

[tn—1,tn], 1 < n < Ny, such that 0 = tg < t; < --- < ty, = T. The time steps are denoted by At,, =
tn — tn—1, with n = 1,..., N;. For a function of time v with sufficient regularity, we denote v™ := v(t,),
0 <n < Ny, and, for 1 <n < N;, we define the backward differencing operator

n 1 n n—
o™ = AL (v —v 1).

Concerning the fine propagator, we consider a subdivision of the interval [0,T] into submtervals [ n— 1,f ]
1 <n < N*such that 0 =ty < t; < --- < ty« = T. The time steps are denoted by 6&t,, —tp_1,
n =1...N*. Note that here, §t,, < Atn.

Dhh o B 1 T =ty
— T T T nl
o7 t ty ty g
At
AT

Figure 1: Subdivision of the time interval [0,T]. AT : time window, At, : time step associated to the
coarse propagator, dt, : time step associated to the fine propagator.

3.2 Space Discretization

Let V;, be a finite dimensional Hilbert space equipped with the scalar product (-, ')Vh,' We also denote
by m > 1 the cardinality of the space V}. We do not specify any specific hypotheses on the space Vj,:
the discretization can be conforming (Vj, € H'(2)) or not conforming (Vj, ¢ H'(2)). We introduce a
bilinear continuous coercive form ay, : Vj, x V, — R. Given U}OL €V, and wg € Vi, the discrete formulation
corresponding to problem (2.4) consists, for each 1 < n < Ny, in searching (v}}, w}') € Vj, x V4, such that for
all (¢n,én) € Vi X Vi,
1

At (vlf - Uh 7<Ph) + ah(“m@h) <f(U2aw}7)7<Ph>v};,Vh Von € Vg,

" (3.1)

-1

Atn (w}? - U)Z a(bh)vh = <9(U2aw2)a¢h>v’;,vh V(bh € Vp.

Let (¥;)1<i<m be a basis of the space Vj,. We have the decomposition

n

vy = Z[Xm Vi, wy Z [X5,); i, where X7 := (X7, X5,) € R*™, (3:2)

i=1



Setting ¢, = ¢p = 95, V1 < j < m and denoting by A € R"™™ and M € R™™ the matrices defined by

Ai,j = ah(z/}iawj)a MZ,] = (whqu)ﬂa V1 S 27.7 S m (33>
and by F' € R™ and G € R™ the vectors defined by
Fi = (f(“ﬁvw;f)v%)g GZ = (g(vﬁvw}?)vwz)g V1 S 1 S m (34)

the system (3.1) reads

o&M+A 0L\ (Xp) (M 0L Xy _( FX (3.5)
0l M)\ X3, 0y —x-M)\ X35! -G(X})
Note that in (3.5) the matrix I; € R™™ is the identity matrix. We thus obtain the following nonlinear
system of algebraic equations : Given X}Zil = [thfl7 X;L};l] € R?™ find X' € R*™ solution to

S(X) =0. (3.6)

3.3 Newton method

In this section we propose a Newton linearization procedure to solve the nonlinear system (3.6) is defined as
follows. Let an initial guess X;LL’O € R?™ be given, typically X,?’O = X,’L“l. Here, X;Zil is the last iterate
from the previous time step. At linearization step [ > 1, one looks for dZ’l € R?™ such that

Is(X;Phdpt = —S(Xp . (3.7)

In (3.7) the term Js(X;"'~") € R?™2?™ is the Jacobian matrix of the function S at point X;"'~*. Once the
Newton direction dZ’l € R?>™ is computed we obtain the Newton solution X;Z’l by

n,l _ gn,l n,l—1
X, =dy + X,

Remark 3.1. Concerning the stopping criterion of the Newton solver, we choose a tolerance € > 0 close

to the machine precision and stop the linearization procedure when the error satisfies HS(X}T;Z)H <e. In
2

this case we set X| = X,?’l, Note that in general, the linear system (3.7) is not solved exactly especially
when the number of degrees of freedom is large. We would rather employ at each Newton step k > 1 an
iterative algebraic solver. This enters in the wide range of inexact Newton algorithms [60, 61, 62] which is
a common approach to speed it up.

4 The parareal algorithm

In Section 3.1- 3.3 we presented a generic space-time discretization of the model problem (2.1). The parareal
algorithm that we use in the sequel is based on two propagators : a low cost coarse propagator denoted by G
where the time step At is large enough, and an expensive fine propagator denoted by F with an associated
time step dt << At. These propagators are computed thanks to Section 3 where S is replaced by Fs; or by
(INE



Algorithm 1 The parareal algorithm

Initialization Choose an initial vector X,? € R?™ and compute a coarse approximation X}Z;LO € R?™ of
the numerical unknown X,?H at each time observable (n+1)AT, 0 <n < N —1, by the coarse propagator

n+1l _ n 0 _ 0
X} im0 = 9ar(X} y=o) where X, =X,

For k=1:k
For n=0: N — 1 (in parallel)
Compute the correction term:

Far(Xy k) — Gar(Xy p)- (4.1)

end

For n=0:N-1
Compute the prediction term QAT(Xﬁ r+1) and next the parareal
solution at the time observable (n 4+ 1)AT :

X} i1 = 9ar(Xp ki) + [Far(Xi k) — Gar(X7,)] - (4.2)

end
For n =0: N — 1 (loop for parareal update)
Check the stopping criterion:

sup |X,7;‘};1+1 - X,’;'};l\ < &g. (4.3)

If satisfied, set X,?H = X,’;J,gl If not, set k := k + 1 and go back to the
loop indexed by k. 7
end
end

Remark 4.1. In Algorithm 1 is presented the parareal scheme for the resolution of the monodomain for-
mulation. In the first stage (Initialization), some coarse approximations are computed at each time step
1 <n < N. Obviously these approrimations are not faithful but are cheap in terms of computational cost.
The coarse propagator Gar correspond to the use of some discretization scheme as presented in Section 3
(see also Section 5 for classical applications). Note that these coarse approzimations are computed once from
the beginning. Next, stage (4.1) corresponds to the computation of the correction terms in parallel. More
precisely, we employ N processors and for each one is computed a correction term. Next, in stage (4.2)
we compute sequentially the parareal update by computing first a prediction term. The last stage (4.3) cor-
responds to the stopping criterion of the parareal scheme. If for a current parareal window the stopping
crierion (4.3) is satisfied for all time steps one can stop the parareal algorithm. Note that the computational
cost of this Algorithm is mainly based on the use of the fine solver.

In the sequel we present some classical propagators that could be employed in the context of the parareal
algorithm. However, the a posteriori analysis developed in this work is restricted to the finite element
method.

5 Application to classical numerical methods

The finite element method Let 7} be a conforming mesh of 2, i.e. T}, is a set of triangles verifying
| E=9
KeTh

where the intersection of the closure of two elements of 7Tj, is either an empty set, a vertex, or an edge. For
K € Tp, hk denotes the diameter of a triangle K. Then, we define the mesh diameter by h := maxge7, hi.



We also assume that the mesh 7, is shape regular in the sense that there exists a constant 3 > 0 such
that, maxge7, Z—g < K7, where pg is the diameter of the largest ball inscribed in K. Note that in two
space dimensions, shape regularity means that the smallest angle in the mesh 7}, is uniformly bounded away
from zero. Thus, we do not consider so-called anisotropic meshes.

The set of vertices of Ty, is denoted by V), and is partitioned into the interior vertices Vi and the
boundary vertices V¢**. We denote by A" the number of interior vertices and by N** the number of
boundary vertices. Then, N}, denotes the total number of vertices. The vertices of an element K € T, are
collected in the set Vg . Furthermore, for a € V4, let the patch wip C Q2 be the domain made up of the
elements of 7, that share a. The vector n,e represents its outward unit normal. In the same way, wx C Q)
is the domain composed by the neighbors of K, more precisely wy = Us;ms;(;é@ K's and wy = Uyeg, K-

We also denote by V7 the set of the Lagrange nodes (points @;) of the space X and by N its cardinality.
The internal Lagrange nodes are collected in the set Vg’int (with MY it cardinality) and the external
ones are collected in the set V2" (with NP" its cardinality). In a same way, the set of edges of the
mesh is denoted by &£,. The internal respectively external edges are collected in the set Slilnt, respectively
EPXY. Finally, for a sufficiently regular function v, we define the jump of v on 0 = K N L € &M as
[v]o := (vIK), — (v]L),-

We use the discrete conforming space of piecewise polynomial functions

XP = {v, €CQ); vn|x €PH(K) VK € Ty} C H'(Q)

where P, (K) stands for the set of polynomials of total degree less than or equal to p > 1 on the element
K € Tp,. The Lagrange basis functions of X} are denoted by (¢n,a,); < pr for @ € V. We recall that
SISNg

Yo, (@) = 1 and ¢Yp z, (@) = 0 for all (wl’>1§l'¢l§/\f;’ € V. In the particular case p = 1, the set V}

coincides with the mesh vertices V}, and the Lagrange basis functions are the "hat" basis functions and are
denoted by ¥y, q,a € V.

Remark 5.1. We observe that in the context of finite elements, our discretization fits our abstract framework
of Section 3 where Vi, = X} and ap, : X} x X} — R is the bilinear coercive form defined by ap(z1p, z2n) ==
(AV 215, Vo). Furthermore, m = NY.

Let p > 1. Given (vg, wg) € X} x X}, a discrete formulation corresponding to (2.4) consists in searching
for all 1 <n < Ny, U} := (v w)) € X; x X7 such that

1 n— n n o,.mn
At (UZL — Uy 1; Qoh)Q + (Avvhavwh)ﬂ = - (f(vhnwh)? @h)ﬂ (51&)
1 n n— no,n
At (wh — Wy, 17¢h)Q = _(g(vh7wh)7¢h)ﬂv (51b)

for all ¢p, and ¢, in X?. Furthermore, we want to express the discrete problem (3.1) under an algebraic
form. Let p > 1 and let (v}, w}) be the solution of problem (3.1). First, we decompose v} and w} in the
Lagrange basis as follows

Nd Ni

’UZ' = Z [X{Lh]l wh,mn w;zl = Z [Xgh]l 1/)h,m17 where Xiril = ( Ilha Xgh) € RQN&)’ (52)
=1 =1

with (Yn,z,);<;<» the Lagrange basis for p > 2 and [ X7} ], := v} (x;) and [X3),], := wj (x;). We denote by
SISNg
A € RNINY respectively M € RVi Vi | the stiffness matrix, respectively the mass matrix defined by

Al,m = (AV%L,wl,th,wm)Q 5 and Ml,m = (¢h,wl 5 wh,wm)g v1 < la m < Ng (53)

Here also the matrices in (5.3) correspond to those of (3.3). Taking ¢j = ¥} 4, in the first line of (3.1)
and ¢p, = Yp e, in the second line of (3.1) for all 1 < m < N7 we get

1 n n 1 - n
EMXUL +AXY), = HMX& L F(X})

n . " (5.4)
Ap MXg, = 1 -MXg, " - G(XR)



where the nonlinear functions F' : R2Vd — RVi and G : R2Vd — RV? are defined by V1 < [ < NP

[F(X)] = (f (v, wh), Yha)q = (FLop) + fa(vp)wp, na)g

(G(X3)], = (9(vi wi), Yna)g = (91 (vR) + g2(vp)wi, Ve, ) g
To compute numerically (5.5) we employ the Ionic Current Interpolation (ICI) method [63, 64]. This method
is widely adopted in the cardiac modeling community and relies on interpolating the ionic current after its
evaluation at the Lagrange nodes. We get

(5.5)

(fl (Uh Pn :cl Z fl th wh,acmvwh,acl)g = MF, (56)

where [F1], = f1([X]}],) and the matrix M is defined by (5.3). In the same spirit

NP
(fo (0P, Y )y Z LX) D (Xl (Yhan Unaps Vi )
r=1 Q (5.7)
= FQT MXoy,
where [Fy], = [f2([X7],)] and Ml € RVZNE is the matrix defined by
My = <wh,mm¢h,wngh,ml>g- (5.8)

Finally, we obtain the compact nonlinear system of algebraic equations: given ngl € R?M: find X7 e

R2VY solution to
Si1(X])=0
5.9
{52( X;)=0 (59)

where S; : R*Nd — RVi and S, : R*Vi — RVi are given by (5.4). Introducing the operator S : R*Vd —
R2NZ such that
S(X3) = [S1(XR), S2( X)) (5.10)

we have to solve the nonlinear problem S(X}') = 0 thanks to the Newton method presented above in
Section 3.3.

Remark 5.2. Observe that the linearization procedure of Section 3.3 can be particularly expensive since it
requires to solve a system containing 2N unknowns. To speed up the numerical resolution, we employ the
Schur complement who enables to solve a N§ xN¥ system of algebraic equations. More precisely X1} * e RNY
is solution to

n a\ n,k n,k—1 A n,k—1
(X 1)+1M> Xk = Bkt - — By (5.11)
(At b+ m— b+ &,
Once Xf’;tlc is computed, the vector X;L;Lk € RNi is obtained as follows
1
n,k — n,k—1 n,k
Xop =M BT+ ; X (5.12)
At, Aty

The cell-centered finite volume method In the context of the cell-centered finite volume method, we
also assume that the family 7 is superadmissible in the sense that for all cells K € 7T, there exists a point
xx € K (the cell center) and for all edges o € &, there exists a point @, € o (the edge center) such that,
for all edges o € Ek, the line segment joining x x with @, is orthogonal to o (see [65]). For an interior edge
o € &£ shared by two elements K and L (denoted in the sequel by o = K N L), we define the distance
between these elements dx 1, := dist(x,xr). We denote by Ko the mirror element of the element K such
that 0 = KN Ko. Furthermore, the total number of elements composing the mesh is denoted by Nj,. Using



the cell-centered finite volume method, the unknowns of the model are discretized using one value per cell:
V1l <n < N; we let

X = (XY )ker, € RV where X3 = [XI%, Xix] € R? (5.13)

where X7} and X7} are respectively the discrete elementwise unknowns approximating the values of v

and w in the element K € 75. To approximate the space gradient we use (Vv -ngq,1), = |of 2= if

o€ &M 5= KnNKo. First, we discretize the diffusion equation in (2.1). Let K € Tj,. By integration over
the element K, and using the Green formula we obtain

B (= i) = 3 (AVO) s, 1), + Ko ) = 0.
At K 70 e ’

c€EEK

For any edge o € E}L“t7 such that 0 = K N L we employ the following harmonic averaging formula [66] to get

an approximation Fg , of (AVv") - ng,,1) :

AL
Ardgys +Ardrs

Fi o= lo| (v} — o) with Ag = n%UAnKJ.
In a same way we discretize the ODE equation as follows. Let K € 7;. By integration over the element

K € T, we obtain
|K| n n— n n
At (Wi — wy Y+ g(vi, wi) = 0. (5.14)

Then, the finite volume scheme corresponding to (2.1) reads: for all 1 < n < N, find X € R*Vs» such
that for all K € 7j,

?K(X}?):O (5.15)
Hiyw (X)) =0 '
where the nonlinear functions H7y : R*Ver — R and Hyy : R*Ver — R are defined by
no(xn <_‘Bgl n . n—1) _ n K n n
1k (Xp) = At (v —vk ) Z Fko + | K[f(vg, wi)
o€ (5.16)
_ K|

Mse(X7) = o (whe — wie) + (v i)

Note that the system (5.15) is local. Its global version reads as: H™(X}') = 0 where H" : R?Nep 5 R2Nep,
This nonlinear system is solved thanks to the Newton procedure presented above.

Remark 5.3. We have considered the finite element method and the cell-centered finite volume method as
propagators within the parareal framework. It is worth emphasizing, however, that the parareal algorithm is
not restricted to these spatial discretization methods, and other numerical approaches can be employed as
propagators, such as the discontinuous Galerkin method [67, 15] or the hybrid high-order method [17, 18].
In practice, the finite element method is among the most commonly used choices for the propagator.

In Section 6, we present the a posteriori analysis of our model in the case of the finite element method.
In particular we employ the approach of residual based a posteriori error estimates. The goal is to construct
an upper bound on the error that depends only on the approximate parareal solution.

6 A posteriori error analysis for finite elements

6.1 Preamble

In Section 4 we have presented the parareal algorithm giving an approximation Xj', = [X X ZZ} € R?m

of X}' where 1 < n < N, is the time step and 1 < k < k is the parareal iteration. We are interested by
deriving an a posteriori error estimate between the exact solution and the parareal solution. For the sake
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of simplicity, we assume that the Newton solver has converged within each time iteration so that the index
l is discarded. The functional representation of the vectors X iZ and X 22, denoted by vZ’k and wZ’k are
given by (5.2) for k > 1. Obviously, (vZk,ka> € XPx X! V1<n<N,.

Next, we associate to the functions in space vZ’k € X}, and w;f’k € XP 1 <n < Ny, their space-time
representation v¥_, respectively wf _ as follows:

n,k n—1,k

v — v .
vfr, = v Gl +o* VI<n <N,
n
n,k n—1,k (61)
Wy Wy

(t—t") +w* V1<n<N.

k
WhrlIn = At
n

Note that this construction ensures that v’,jT and w}’jT are piecewise affine and continuous in time, so that

ok € L? (07T; (H! (Q))/) + L/ (=1(Qy) and dywh € L? (0,T; L*()). For each unknown, we note

nk .k ’ nk .k |
Uhr = Vhr I,° Whr = Why I,

Note that consequently

n,k
atvhr

_ 1 (vn,k o Unfl,k> b wn,k _ 1 (wn,k _ wn717k>
I, Atn h h ? tWhr I, Atn h h :
In the sequel, we will employ the Clément interpolation operator. We recall it for the sake of clarity and we
refer to [68, 10] for a complete description. This operator is denoted by Z, : L?(2) — Hg () and is defined
by

TIn(v) = Z <|w1}f’ /wwz v(z) dm) Vhae vEL*Q).

mLE\}g
This operator satisfies the following local error estimates Vio € H}(Q) and VK € Ty,
[0 = Zn(@) | e < calire [9]] g (e (6.2)

and 1
||’uA) —Ih('UAJ)”Lz(aK) < CBhg ||wHH1(w(,)

where c4 > 0 and cg > 0 are positive constants.

6.2 Residual of the equations

We denote by X,, the restriction of the energy space X := L?(0,T; H'(Q)) to the time interval I, i.e.
X, := L?(I,,, H(Q2)). We also denote by Y,, the restriction of the energy space Y := L2(0,T; L?(2)) to the
time interval I, i.e. Y,, := L%(I,, L?(Q)). Then, we can introduce the following Sobolev space

Zn = {1} e Xn, 8{0 € X,;L = L2 (In7 (Hl(Q))/)}
which is the restriction of the energy space
7 = {’UEX, atUGX/ ::Lz (OaT7(H1(Q))/)}

to the time interval I,,.
For v € X the space-time energy norm on X is given by

o]l := {/OT Io]12 (1) dt+/0T HA%VUHZ (t) dt}2

We augment the energy norm by the dual norm of the time derivative, forming a norm on the space Z. For
v € Z we set,
[ollz := llvll x + |0l x

11



where

=

T
10ev]| . = {/0 1000171y (1) dt}

Oy,
Ollgny = s (Owig) = sup oL
eeHY(Q),ll¢ll g1 (0)y=1 PEHL(Q) ||<PHH1(Q)

Here we recall that

Definition 6.1. The residuals associated to (2.4) are defined by

<R1 (U}];—)’ <‘0>X’,X

T (6.3)
=/ {= Owpr0) g — (AVUE, V)a = (f (U, why), @)} (E) db
0
<R2 (wh'r / { atwhr7 w ( (UZT’ wfw—)a w)Q} (t) dt (64)
foroe X andy €Y.
The dual norm of the residuals is naturally defined by
| <R1(U§fr)a90>xf,X |
IR (w5 = sup
¢ el x
. (6.5)
‘ <R2(wh7)a¢>Y7Y |
lIR2(war)lly = sup
wey 41y

The following proposition links the dual norm of the residual with the energy norm. The proof follows the
lines of [26, Proposition 4.7].

Proposition 6.2. Let (v,w) € X x Y be the solution of (2.4) and let (v} _,wf ) € XI x X} be the
approximate solution. Consider the conditions listed in Assumption 2.2. Then,

o= e I+ 00— b )2+ oo — [+ oo — )
<c. (uml(va mi IR 1 (6:6)
= b0+ a0 — wh ) 0)2)

where C is a generic constant that depends on 2, f, g and T.

6.3 A posteriori error estimates

In this section, for any polynomial degree p > 1, we derive an a posteriori error estimate on the error between
the exact solution (v,w) given by the weak formulation (2.4) and the approximate solution (vh ok Wy k)
given by (5.2) which is valid at any time step 1 < n < N; and any parareal iteration k > 1.

Theorem 6.3. Let (v, w) be the solution of the continuous problem (2.1). Let (th, th) be the approrimate

solution stemming from the parareal scheme at each time step 1 < n < N; and each parareal iteration
1<k<k. Letfinally K € T, and define the element residual estimators by

ngzk (t - Hatwh'r +g Uh'r 7wh‘r H '
the face residual estimator by
1
My, () = h2 [[[AVYE Do - no ||, (t) (6.8)
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and the initial condition estimators by

77?0,1,1{ = ||( U;’iT ||K, 771021( = \ﬁ” w — er HK (6.9)

Then, there exists a generic constant Cye) only depending on the space dimension d, the mesh shape reqularity
parameter K, the constant C, and on the polynomial degree p such that the following a posteriori error
estimate holds,

Jor (o= ), + -t

o], o) =t

with the global estimator n* defined by

A3 (5 () () )+ 3 et 0 a

KET Uegmt

+ Z ( 771(3 1 K (77{60,2,1()2)}

KeTn

(6.10)

SIS

Proof. Using (6.6) it is enough to bound the term ||| Ry (v}) to get the desired result.

Let ¢ € X such that ||¢]|y = 1. First, we have

and || Ra(wi,)]|ly

Il

T
‘ <R1(U}kLT)7 SD>X’,X | = / {7 (atvl]?m' + f(vﬁ7'7w§‘r)’ QO)Q - (AVU’}«CLT, VQO)Q} (t) dtv

Z atvh'r + f(vh'm wf]i'r) )Q - (AV’U}Iira V@)Q} (t) dt.

In

Next, we employ the Green formula to have

(AVE, Ve)a = > {(AVvE 1,0), — (V- (AVU},), ) }- (6.11)

KeTy,

Using the fact that

> AV n9) = Y. (IAVY o 1o, ), (6.12)

KeTh oegint

we get

T
(Ra(02)s0) oy = /O { Y (F0whe = f(Wheywhy) + V- (AVOL), )

KeTy

==Y ([AVU]o mo, ), ¢ (1) dt.

int
oel)

Employing the fact that <R1(v}’jT), gph> xx =0 Vop € X? and next the Cauchy—Schwarz inequality we
obtain

(Ri(vfi)s 0 = on) x0 x _/ (Z Mhy k() [l = <Ph||K> (t)dt

KeTy
(6.13)

T
+/ D oy, e —enll, | () dt.
0

oegint
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Employing first (6.13) with ¢}, = Zj,(¢) where Z;, is the Clément interpolation operator introduced above
and next inequalities (6.2) we have

<R1(v}kLT)7s07§0h>XI,X < / ( Z an CAh’K ||SD||H1(MK)> ( )dt

KeTy

., (6.14)
S b @eshd el | ©d:
0 O.Egmt
Setting Cap = max {ca, cg} and using the Cauchy—Schwarz inequality for sums we get
T . 5?2
(Ra(vh,) 0 — en)x x < CAB/ Z h% (7717{’1, ) Z he (77R3 0) X
0 KeTn (J'Egmt
! (6.15)
3
2 2
Yo el + X el ¢ (@) dt
KeTn Uegihnt

Next, the shape-regularity of the mesh 7; implies that

2 2
Dol + X leline ¢ < lellme

KeTh UGSZ/’“

so that

2

(Ra(vh). 0 = Tn(9)) g1 y < Cas / S ) S b ()Y el (0

KeT; h o€ gmt
Then, using the Cauchy—Schwarz inequality and next (6.5) we get

2

T
IR (@5 < Cas / 3w (k) + X he ()| @ (6.16)

KeTn oegint
Similarly, we can obtain an analogous estimate on |||R2 (w,’fT)MY
[ R2( wy, Ny = sup |<R2(wfw)’90>yy|
PeY llelly =1 '
= o[ {0k ey - Okt P 0
peYliglly=1 “ (6.17)
) 3
LS55 (wta) 0]
In KeTs,
Employing (6.16) and (6.17) with (6.6) we get the desired estimate. O

Remark 6.4. The estimators of Theorem 6.3 reflect various violations of physical properties of the approx-

imate solutions vy and w¥_. The estimators ng’le and ng’sz tllustrate the fact that the residual associated

to (2.4) are not vanishing at the discrete level. More precisely, it shows that EM)Z’k -V (AVU" k)

ht
f(vZTk, i k) %0 and how far is 8tth —|—g(th Wy ) from 0. Next, the face residual estimator g kg rep-

resents the nonconformity of the fluz, i.e. V¥ ¢ H(div,Q). However, at convergence (k — +oo, h — 0
and At, — 0) all the estimators vanish showing that our methodology is consistent.
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6.4 Distinction of the error components

In Section 6.3, we derived an a posteriori error estimate between the exact solution and approximate
solution at each time step 1 < n < Ny, and at each parareal iteration k¥ > 1 when p > 1. We now provide
an a posteriori error estimate distinguishing the different error components, namely the error due to the
discretization in space and the error due to the parallelization in time. Note that several works also propose
adaptivity of nonlinear and linear solvers thanks to heuristical distinction of the linearization error and the
algebraic error. Among them we mention [28, 69, 45], see also the references therein. Recall that we are
interested in solving the nonlinear problem (5.10). The parareal algorithm presented in Section 4 enables
to speed up this resolution by constructing a prediction-correction procedure. In particular the parareal
algorithm constructs a sequence (X ;;‘};1) r>1 that approximates the solution X ;L"H. We also recall that the
final approximation at each time step is achieved by the accuracy of the fine solver. Besides, the high-fidelity
solution is solution to the following nonlinear system of algebraic equation: find X,?'H € R?™ such that

Xpth = Far(X}). (6.18)

In the sequel, we employ an abuse of notation Far(v}) which corresponds to the functional representation
of the fine propagation Far(X]'). We consider the residual estimators of (6.7). Adding and subtracting

Far(v,~ L k) and then using the triangle inequality, we have Vt € I,

n,k n,k n,k
nR1,K — npdral K + ndlscl K (619)
with
77paraul K- H ‘FAT( i k))H ’
* (6.20)
n,k n—1,k n—1,k
Mk HM@T(% M) ) = f(uh ) + V- (AW

K

The first estimator in (6.20) is the "parareal" estimator measuring the residual of the discrete-in-time

target problem (6.18). More precisely, this estimator illustrates how far the parareal solution is from the

fully discrete fine problem solution. Observe that at convergence (k — 400), the estimator U;Lé’:al, x— 0

vanishes. The second estimator in (6.20) is a discretization estimator stemming from the finite element

discretization. It measures the departure of the parareal solution from the continuous spaces. Also note
n,k n,k iy

that when the parareal scheme converges, 141 x = 7Ig, k- In a same way, we have the decomposition

’r}ﬁg,K(t) < ngaraZ,K + ngisc2,K (621)
where
1,k
npardZK H ]:AT< o ))HK7
(6.22)
1,k -1,k k k
nd1§c2 K- H At 'FAT( . ) - w}TLL )) - g(vh'ﬂwhf)
K
so that
n,k < n,k n,k 6.23
T’RQ,K - 77pat1ra2,f( + ndich,K' ( . )

Thus, the estimator ngéfaz, x is a parareal estimator for the ODE equation and the estimator ngi’fcz K 18
a discretization estimator representing an error induced by the ﬁnite element scheme. Note that, when
the parareal scheme converges nparaz x Vvanishes and 77d1<c2 K= 77R i Which shows the performance of our
approach.

Remark 6.5. Observe that the local estimators defined above are easy to implement. For instance,
n,k 2 _ 1
npdral K - Atz
1
A2

where M is the restriction of the mass matriz to the element K € Tp,.

U _]:AT( b 1k)HK

(X33 = Far (X)) M (X5 - Far( )]
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Corollary 6.6. Let (v, w) be the solution of the continuous problem (2.1). Let (v,’jT, w,’jT) be the approximate
solution stemming from the parareal scheme at each time step 1 < n < N; and each parareal iteration
1 <k <k. Let finally K € T;, and consider the estimators given in Theorem 6.3. Let us define the local
parareal and discretization estimators by

n,k L n,k n,k n,k n,k
n ara, K 7 h[(l] aral, K + n ara2, K> Ndisc, K - hKT’dlsCl K + T]dlsc2 K- (624)
P p p )

We also define their global version as

o= {23 [ 5 (o) 0 )

n K67-h
(6.25)

[N

Ndisc *= QZ/ ndi’;i;,K) Z he (77113 a) (t) dt

KEeTi segint

Then, the following a posteriori error estimate distinguishing the error components holds,

viﬁuhT

.

o (o), +Hw it + o (o i)l
~ npara + ndisc + ninit'

Proof. The proof relies on the triangle inequality and the standard inequality (a +b)? < 2(a?+b2) ¥(a,b) €
R+ X R+. O

7 Numerical experiments

This section illustrates numerically our theoretical developments. The numerical results have been imple-
mented using MATLAB. The domain 2 is the unit square  := [—1,1] x [—1,1]. Concerning the spatial
discretization, we use the P; finite element method (see Section 5). The time domain is [0, 7] where T = 200.
Concerning the coarse propagator the time step is supposed constant At, = At = 0.1V1 < n < N; and
for the fine propagator we use a constant time step dt, = dt = 1073V1 < n < N*. Here, N, = 2000 and
N* =200000. The total number of elements is N, = 5536. We consider the well-known phenomenological
FitzHugh-Nagumo model [52, 53]. This model satisfies Assumptions 2.2 where

g(v,w) = —av + bw, (7.1a)
flv,w) == fi(v) + fa(w) (7.1b)

with
filw) :=x(v=1)(v—10) and fa(w)=Iw

and a,b, A\, 0 are given parameters satisfying a > 0, 6 > 0, A > 0 and 0 < 6 < 1. More precisely, these
parameter values are given by A = 1, § = 0.25, a = 0.005, and b = 0.025. The nonlinear system (5.4) is
then solved thanks to the Newton method with a stopping criterion ¢ = 10712 (see also Remark 3.1).

In a first study, we are interested in the shape of the numerical solution after several time steps and in
the behavior of the estimators at convergence of the Newton solver given by Theorem 6.3.

Figure 2 illustrates the temporal evolution of the transmembrane potential v;, and the recovery variable
wy, as functions of the time step, in the case where the Newton solver has converged. The transmembrane
potential vy, (red curve) represents the electrical activation of a cardiac cell, whereas the recovery variable
wp, (blue curve) accounts for the delayed response of ionic channels. The overall dynamics can be divided
into three main phases. First, during the rapid depolarization phase, the membrane potential vy increases
rapidly due to the sudden opening of sodium channels while wy responds more slowly to this excitation.
Then, in the repolarization phase, the variable wj, grows large enough to inhibit the dynamics of vy, which
begins to decrease. This corresponds to the closure of sodium channels and the delayed opening of potassium
channels. Finally, during the return to the resting state phase, both v, and wy gradually return to their
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Figure 2: Temporal evolution of the high-fidelity numerical solution at a fixed spatial point, computed for
5536 mesh elements.
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Figure 3: Distribution of the error between the high fidelity solution and the parareal solution. Error for
transmembrane potential k = 1 (top left), k = 4 (top middle), £ =9 (top right).

baseline values (v, = wyp = 0). The resulting trajectories highlight the coupled nature of excitation and
recovery mechanisms during the signal propagation.

In Figure 3 and 4 we represent the distribution of the error between the high fidelity numerical solution
and the parareal solution for several parareal iterations. We have chosen the time step n = 59. Therefore,

we show VK € Ty, the local error norms ||v) — vj""||  and ‘ w} —wp*|| . In particular, we observe that
K

the error tends to decrease within the spatial domain €2 when the parareal iterations increase. Table 1 is
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Figure 4: Distribution of the error between the high fidelity solution and the parareal solution. Error for
activation variable k = 1 (bottom left), k = 4 (bottom middle), k = 9 (bottom right).
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Para iter. 1 2 3 4 5 6 7 8 9
Error [4.73¢72|1.15e72|1.46e=3|1.72¢=%|1.84¢75|3.89¢76|8.15e=7|1.66e~7 | 3.34¢~8

Table 1: Error as a function of the number of parareal iterations.
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Figure 5: CPU time for sequential High-Fidelity resolution

a complement to Figure 3 . It depicts the behavior of the L>(0,T; L?(f)) error between the high-fidelity
solution and the parareal solution for the transmembrane variable. Here, the error is defined by

2
- ’UikL:THLOC(O,T;L?(Q)) ‘= sup /Q |(U - ’Uflj‘r)(t?w)ﬁ dzx. (72>

v
te[0,T

We observe that the error decreases almost linearly and reach the desired precision in the sense of (4.3)
after 9 parareal iterations. The results for the activation variable are even smaller thats why we focused on
the first variable.

We displayed in Figure 5 the required CPU time to obtain the High-Fidelity numerical solution at each
time step (right) and the cumulated CPU time to reach the time horizon 7' = 200 (right). We observe from
the left figure that the required CPU time is fluctuating are each time step. Overall, the cumulated CPU
time for the full sequential resolution is roughly 3700 seconds.

9

[—4—Parareal resolution

number of parareal iterations
o s o e N @
CPU time
Cumulated GPU time

n
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Time step Parareal iteration Parareal iteration

Figure 6: Number of parareal iterations to reach convergence at each time step(left), CPU time associ-
ated with the parareal resolution (middle), and cumulated CPU time associated with the parareal resolu-
tion(right)

The details of the efliciency of our parareal strategy can finally be appreciated in Figure 6. We report
in the left figure the required number of parareal iterations needed to reach convergence at each time step.
We observe that this number increases slowly when the time step increases. A peak occurs at the middle
of the simulation before reaching roughly a constant profile around 5 — 6 iterations. We also represent the
global CPU time of the simulation when the parallelization in time occurs. More precisely, as mentioned
in Figure 6 a full sequential resolution requires 3700 seconds. In the parareal resolution, 200 processors are
allocated (one for each time window). Our parareal resolution (as indicated on the right figure) required
a total of 270 seconds to converge. For the sake of clarity we have also indicated on the left Figure the
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required CPU time for each opened parareal window. Therefore, our strategy yields a gain factor in the
overall CPU time of around 13.7.
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Figure 7: Parareal solution at convergence as a function of the time step (left) and error between HF solution
and parareal solution (right)

Finally, in Figure 7 we represent for a fixed mesh point the evolution of the parareal solution at con-
vergence (k = 9) with respect to the time step (left) and its corresponding error with the HF solution
(right). We observe that the behavior of the numerical solution is similar to the one provided in Figure 2.
Furthermore, the right figure shows that the error between the HF solution and the parareal solution is very
small at each time step. Therefrom, we deduce that our parareal resolution saves many computational time
while preserving high acuracy.

Now, we carry out numerical simulations concerning the posteriori error estimates developed in Sec-
tion 6.4.
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Figure 8: Estimators as a function of the parareal iteration at 7' = 200 (left) and behavior of the global
space-time discretization estimator (right)

Figure 8 (left) represents at the final simulation time 7" = 200 the evolution of the estimators given

by (6.24). More precisely, at n = 2000 is represented the global parareal estimator ngiajﬂ =5 KeT, n;::a, %

in red and the global discretization estimator 77(71117511,9 =5 KeT, ng{fc’ ) in blue as a function of the parareal
iterations. We observe that the discretization estimator dominates and remains globally constant with
values around 2.5 x 10~% throughout the parareal iterations whereas the parareal estimator decreases until
it reaches a value close to zero. Therefore, although the distinction of the error components presented in
Section 6.4 is heuristic, the parareal estimator represented in red in Figure 8 exhibits a behavior that is
consistent with what is typically observed for the temporal error. The right panel of Figure 8 shows the
behavior of the global discretization estimator 7nqisc defined in (6.25). We observe a systematic decrease of
Ndisc as the mesh is refined. This behavior is consistent with the convergence of the spatial discretization,
for which the discretization error tends to zero as h — 0.
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Figure 9: Effectivity index as a function of the number of space-time unknowns.

The effectivity index, denoted by I.g, is defined as the ratio of the total error estimator n* to the total
error norm. It is reported in Figure 9 as a function of the number of space-time degrees of freedom. Since
the analytical solution of system (2.1) is not available, a highly refined space-time numerical solution is
used as a reference solution. As the computational effort increases, we observe that the effectivity index
consistently approaches the optimal value of 1, indicating the asymptotic exactness of the proposed error
estimator.

8 Conclusion

In this work, we introduced a parareal-in-time algorithm for accelerating a finite element approximation
of the cardiac monodomain problem. The numerical results show that only a few parareal iterations are
sufficient to recover the accuracy of the sequential resolution, while yielding a substantial reduction of the
computational cost. These results demonstrate the efficiency and scalability of the proposed approach for
the resolution of more general cardiac electrophysiology models. Furthermore, we derived an a posteriori
error estimate which is valid at each parareal iterations and each time step and we distinguish the different
component of the error, namely the parareal-in-time error and the discretization error. Future research
will investigate the extension of this methodology to more complex models, including the bidomain and
tridomain models, and to large-scale three-dimensional simulations.
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