
HAL Id: hal-05129874
https://hal.science/hal-05129874v1

Preprint submitted on 25 Jun 2025

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

A posteriori error estimates and adaptive stopping
criteria for cardiac monodomain model

Fakhrielddine Bader, Jad Dabaghi, Hala Ghazi

To cite this version:
Fakhrielddine Bader, Jad Dabaghi, Hala Ghazi. A posteriori error estimates and adaptive stopping
criteria for cardiac monodomain model. 2025. �hal-05129874�

https://hal.science/hal-05129874v1
https://hal.archives-ouvertes.fr
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Fakhrielddine Bader∗† Jad Dabaghi‡ Hala Ghazi§

June 25, 2025

Abstract

In this work, we consider the monodomain problem to simulate the electrical activity within the
heart tissue. From a mathematical standpoint, it is modeled by a nonlinear parabolic partial differential
equation coupled with an ordinary differential equation, whose numerical resolution is often challenging
and computationally expensive. We employ the backward Euler scheme for the time discretization
and the conforming Pp finite element method for the spatial discretization. We derive a guaranteed
a posteriori error estimate on the error between the exact solution at the continuous level and the
approximate solution that is valid at each time step and each iteration of the linearization solver.
Our estimate, based on equilibrated flux reconstructions, also distinguishes the spatial and temporal
components of the error. The spatial component further consists of the discretization error and the
linearization error. At each time step of the simulation, we propose an adaptive version of the Newton
algorithm based on stopping the Newton iterations when the estimators of the corresponding error
components does not affect significantly the overall estimate. In addition, this adaptive procedure
leads to computational savings while ensuring the accuracy of the solution. Numerical experiments are
presented to demonstrate the effectiveness of the proposed approach.

Keywords: Monodomain model; Reaction-diffusion system; The finite element method; A posteriori error
estimates; Adaptivity; Cardiac electrophysiology.

1 Introduction
The study of the electrical activity of the heart generates broad interest among researchers and clinicians
who are concerned with the understanding and the development of therapies for complex chronic diseases.
This subject is of fundamental importance in biomedical sciences since experiments on living hearts provide
only a partial picture of the heart’s electrical activity. The mathematical modeling of the electrical activity
of the heart [43, 63] has received significant attention over the past decades and constitutes one of the most
important applications in life science. These models are used to study various aspects of the electrical activity
in the cardiac tissue to identify dysfunctions such as heart rhythm disorders in the atria and mechanisms
of defibrillation. One of the most accurate descriptions of the electrical cardiac behavior is given by the
so-called "bidomain model" [22, 37, 63]. We also mention the "extracellular-membrane-intracellular" (EMI)
or "tridomain" model [67, 42, 9, 10] that describes the electrical activity of myocyte cells in the presence
of gap junctions. Compared to the bidomain model, the cells are not only electrically coupled by the cell
membranes, which are resistively connected to the extracellular space, but are also connected to each other
via numerous gap junctions.

Established by Schmitt [61] and first formally developed by Tung [66], the bidomain formulation models
an active myocardium at the macroscopic scale. This model consists of two partial differential equations
(PDEs) modeling the intra- and extracellular potentials. The PDEs are coupled with a system of ordinary
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differential equations (ODEs) describing the ion currents across the membrane. A complete derivation of
this macroscopic model directly from the microscopic properties of the cardiac tissue, using asymptotic
and homogenization methods along with basic physical principles, is presented in [39, 4, 7, 8] for the
bidomain model and in [9, 10] for the tridomain model. Assuming that anisotropy ratios between intracellular
and extracellular media are equal, we obtain a simplification of the bidomain formulation known as the
monodomain model. From a mathematical standpoint, the monodomain formulation consists of a nonlinear
parabolic PDE describing the transmembrane voltage, which is defined as the difference between the intra-
and extracellular potentials, coupled with a system of ODEs representing the ionic dynamics, see also
[22, 37, 65] and the references therein. Unfortunately, deriving an analytical solution for the monodomain
model is often out of reach, and numerical simulations seem to be the only viable approach to approximate a
solution. The development of numerical methods for solving complex systems of PDEs has been a very active
field of research in the past. We mention the well-known and rooted finite element method [54, 18, 14],
the finite volume method [34, 41, 35], or the discontinuous Galerkin method [5, 57, 28]. Some recent
contributions about hybrid high-order (HHO) methods have been introduced in the literature, see [29, 23].

Concerning more specifically the monodomain formulation, several numerical approaches have been pro-
posed to address its computational challenges. We mention first the explicit stabilized multirate methods
that have proven to be efficient for solving the nonlinear monodomain equation. These methods leverage
local time-stepping and multirate techniques to handle the fast dynamics of depolarization waves while
circumventing stringent stability constraints associated with mesh refinement [59]. Another promising ap-
proach involves operator splitting techniques, where the PDE is decomposed into its reaction and diffusion
components. Examples include the first-order Godunov method [64] and the second-order Strang splitting
method [53], both of which have shown to improve computational efficiency and accuracy. Furthermore,
advanced time-splitting schemes have been developed to efficiently approximate the rapid depolarization
dynamics. These schemes separate the fast and slow components of the monodomain equations, facilitating
scalable computations for large-scale simulations of cardiac electrical activity [44].

Some fundamental questions arise in the numerical simulation of such systems. Can we estimate the
error and where is it localized ? Can we estimate separately the different error components of the numerical
scheme? To address these points we perform an a posteriori analysis of the monodomain formulation relying
on equilibrated flux reconstruction including adaptive stopping criteria for nonlinear solvers.

A significant amount of work has been carried out in the last years on a posteriori analysis of PDEs (see
for instance the books of Verfürth [69], Ainworth and Oden [2] and Repin [56] for a general introduction)
where the goal is to derive a guaranteed fully computable upper bound for the error in a certain norm. These
estimates differ from the traditional a priori error estimates in which the upper bound on the error depends
on the unknowns of the problem. We mention the pioneering references [19, 62, 17] and also Sanfelici [60]
in the context of electrocardiology. In the context of parabolic problems, the a posteriori analysis mainly
focused on the P1 finite element discretization in space coupled with an implicit Euler or Crank–Nicolson
time-stepping scheme. In general, the estimate is performed on the discretization error. We mention for
instance the contributions of Verfürth [68] or Bernardi, Bergham, and Mghazli [13]. We also emphasize
on the recent survey of [30], in which local efficiency in space and time for the estimators is also proven.
Other works explored the construction of a posteriori error estimates not only on the discretization error but
also at each nonlinear or linear steps employed through the simulation. These works are based on locally
conservative H(div)- conforming reconstruction of the flux, piecewise constant in time. This equilibrated
reconstruction of the flux follows the concept of Destyunder and Métivet [26], Braess, and Schöberl [16],
Dabaghi eal [24, 38, 25], Ern and Vohralík [32]. An attractive feature of this approach is that it is suitable
for a unified setting: the a posteriori error analysis does not rely on the underlying discretization scheme
compared to other approaches such as residual based a posteriori error estimates (see [69] and the references
therein). This method in particular leads to an adaptive procedure in which the iterations of the underlying
solvers are stopped whenever the corresponding errors drop to the level at which they no longer significantly
affect the overall error. We refer to the pioneering studies of [27, 11] and the recent works of [24, 32] for
elliptic problems and [25, 38] for parabolic and industrial problems.

Concerning a posteriori error estimates for monodomain formulation, few works have been addressed in
the literature to the best of our knowledge. Luca and Verani [55] employed the P1 finite element method
and established residual-based a posteriori error estimates, including space-time and linearization indicators.
Their approach provides a guaranteed upper bound on the L2(H1) error norm with a reliability constant
depending on the mesh. Chellappa et al. [20] introduced fast reduced-order models integrated with a
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posteriori error estimators to refine parameter spaces and improve computational efficiency in large-scale
simulations. Similarly, Mirabella et al. [47] proposed a hybrid bidomain-monodomain model coupled with
a posteriori error control to reduce computational costs. Next, in [21] and [6], the authors employed space-
time adaptivity using a posteriori error estimators on the discretization error to dynamically refine spatial
meshes and time steps.

In our work, we employ a high-order finite element method and the methodology of equilibrated flux
reconstruction so as to obtain a fully computable bound on the error at each linearization solver step and
to derive an adaptive procedure so as to save unnecessary iterations. We also emphasize on the fact that
our methodology produces a reliability constant equal to 1.

The present work paper is structured as follows. In Section 2, we present the monodomain problem and
its weak formulation. Next, in Section 3, we introduce its discretization with the implicit Euler scheme in
time and the conforming Pp(p ≥ 1) finite element method in space. Then, we present the Newton algorithm
to approximate the solution of our nonlinear system at each time step. Furthermore, Section 4 is devoted
to the a posteriori analysis following the approach of the equilibrated flux reconstructions. Therefrom,
in Section 5 we propose an adaptive version of our Newton method based on the distinction of the error
components, namely the discretization error and the linearization error. Finally, Section 6 reports some
numerical experiments, assessing the strengths of our approach.

2 Monodomain modeling of the heart tissue
In this section, we set up the notation, describe in detail the monodomain model, and introduce its finite
element discretization for all polynomial degrees p ≥ 1.

2.1 Monodomain model and setting
We consider a bounded, open, polygonal, connected domain Ω ⊂ Rd, d = 2, 3, with Lipschitz boundary ∂Ω.
We denote by T > 0 the final simulation time, and we set ΩT := (0, T )× Ω. Let D(Ω) be the space of C∞

functions with compact support on Ω and D′(Ω) its dual version. Let H1(Ω) be the space of L2 functions on
the domain Ω which admit a weak gradient in L2(Ω) and H1

0 (Ω) its zero-trace subspace. The duality pairing
between any Sobolev space V and its dual space V ′ is denoted by ⟨·, ·⟩V ′,V . Similarly, H(div,Ω) stands for

the space of
[
L2(Ω)

]d functions having a weak divergence in L2(Ω). The standard notations ∇ and ∇· are
used respectively for the weak gradient and divergence operators. For a nonempty set O of R2, we denote
its Lebesgue measure by |O| and the L2(O) scalar product by (u, v)O :=

∫
O uv dx for u, v ∈ L2(O). We also

use the following notations: ∥v∥2O := (v, v)O, and ∥∇v∥2O := (∇v,∇v)O. Besides, the Poincaré-Friedrichs
and the Poincaré-Wirtinger inequalities, see [1], state that if v̄O denotes the mean value of v and hO the
diameter of O, then

∥v∥O ≤ CPFhO∥∇v∥O ∀v ∈ H1
0 (O)

∥v − v̄O∥O ≤ CPWhO∥∇v∥O ∀v ∈ H1(O).

The constants CPF and CPW can be precisely estimated in many cases. In particular, if O is convex,

CPW can be taken as
1

π
, see [1] whereas CPF is at most 1.

We consider the monodomain model:

∂tv −∇ · (Λ∇v) + f(v, w) = 0 in ΩT ,

∂tw + g(v, w) = 0 in ΩT ,

Λ∇v · n = 0 on (0, T )× ∂Ω,

v|t=0 = v0, w|t=0 = w0 in Ω.

(2.1)

In System (2.1), the unknown variables are the transmembrane potential v(t,x) ∈ R, and the ionic
variable w(t,x) ∈ R (gating variable, concentration, etc) which is an auxiliary function characterizing the
underlying transfer of ions across the membrane in the considered medium. The first line of (2.1) describes
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the balance of current in the heart muscle where ∂tv is the capacitive current, ∇ · (Λ∇v) is the ohmic
current, and f(v, w) is the ionic current induced by the cellular activation. In this model, the anisotropic
characteristics of the tissue are given by the tensor Λ(x) ∈ Rd×d. The second line of (2.1) describes the
dynamic of the activation and inhibition variables for the ionic channels and g(v, w) is a function representing
the ionic activity. In an isolated heart, no current flows out of the heart, as expressed by the boundary
condition (third line of (2.1)) where n is the outward unit normal vector to ∂Ω. Finally, the last line of (2.1)
corresponds to the initial conditions for the functions v and w.

Assumption 2.1 (Assumptions on the conductivity tensor). Assuming an anisotropic medium, the con-
ductivity is represented by the tensor Λ(x) (with coefficients in L∞ (Ω)) which is a symmetric, bounded, and
uniformly positive definite on Ω. It means that

∃ (m0,M0) ∈ R∗
+ × R∗

+ s.t ∀ξ ∈ Rd, 0 < m0 |ξ|2 ≤ Λξ · ξ ≤M0 |ξ|2 .

Assumption 2.2 (Assumptions on the ionic functions). The total ionic current f in the first line of (2.1)
can be decomposed as f (v, w) = f1 (v) + f2 (w) where the nonlinear function f1 : R → R is considered as
a C1 function and the functions f2 : R → R and g : R2 → R are considered as linear functions. Also, we
assume that there exists r ∈ (2,+∞) and constants αi > 0 (i = 1, . . . , 5), and βj > 0 (j = 1, 2) such that:

1

α1
|v|r−1 ≤ |f1(v)| ≤ α1

(
|v|r−1

+ 1
)
, |f2(w)| ≤ α2(|w|+ 1), (2.2a)

|g(v, w)| ≤ α3(|v|+ |w|+ 1), and f2(w)v + α4g(v, w)w ≥ α5 |w|2 , (2.2b)

f̃1 : v 7→ f1(v) + β1v is strictly increasing with lim
v→0

f̃1(v)/v = 0, (2.2c)

∀(z1, z2) ∈ R2,
(
f̃1(z1)− f̃1(z2)

)
(z1 − z2) ≥

1

β2
(1 + |z1|+ |z2|)r−2 |z1 − z2|2 . (2.2d)

Remark 2.3. In the mathematical analysis of monodomain equations, several paths have been addressed
in the literature according to the definition of ionic currents. To fix the ideas, we present two common ap-
proaches for constructing these ionic models in cardiac simulation: the phenomenological and physiological
models. The first one simplifies the underlying mechanisms and focuses on reproducing characteristic behav-
iors (such as ventricular dynamics) at the macroscopic scale. In terms of computational cost, these models
are competitive but unfortunately do not capture the entire physical processes. One of the most well-known
phenomenological model is the FitzHugh–Nagumo model [36, 49]. This model is often studied because it is
analytically tractable and satisfies Assumptions 2.2 where

g(v, w) = −av + bw, (2.3a)
f(v, w) := f1(v) + f2(w) (2.3b)

with
f1(v) := λv(v − 1)(v − θ) and f2(w) = λw

and a, b, λ, θ are given parameters satisfying a ≥ 0, b ≥ 0, λ > 0 and 0 < θ < 1. We mention other
phenomenological ionic models: the Roger-McCulloch model [58], the Aliev-Panfilov model [3], and the
Mitchell-Schaeffer model [48], which may be considered more general than the FitzHugh–Nagumo model
but exhibit some mathematical difficulties. We mention for instance the complexity to prove the existence
and uniqueness of a weak solution. The physiological models, based on the cell membrane formulation
developed by Hodgkin-Huxley [40] for nerve fibers, are more realistic and capture several physical phenomena
at different scales such as the mechanical response of the medium or the microscopic behavior of chemical
species. However, the mathematical models developed in this context are systems of nonlinear and parabolic
PDEs coupled with multiple ODEs. Numerical simulation would involve many unknowns and an unaffordable
computational cost and memory burden. We end this remark by highlighting other physiological models such
as the Beeler-Reuter model [12], which was the first ventricular membrane model of mammalian cardiac
myocytes; and the Luo and Rudy model [45].
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2.2 Weak formulation
Before we define our discretization scheme, we start by stating the weak formulation associated with Prob-
lem (2.1). Here, we use for r > 2 the norm

∥·∥L2(0,T ;H1(Ω))∩Lr(ΩT ) = max
{
∥·∥L2(0,T ;H1(Ω)) , ∥·∥Lr(ΩT )

}
and the dual norm

∥v∥L2(0,T ;(H1(Ω))′)+Lr/(r−1)(ΩT ) = inf
v=v1+v2

{
∥v1∥L2(0,T ;(H1(Ω))′) + ∥v2∥Lr/(r−1)(ΩT )

}
.

It is easy to see that L2
(
0, T ; (H1(Ω))′

)
+ Lr/(r−1) (ΩT ) ⊂ Lr/(r−1)

(
0, T ; (H1(Ω))′

)
since r

r−1 ≤ 2 and
Lr/(r−1)(Ω) ⊂ (H1(Ω))′ (Sobolev inequality). Hence ∂tv remains in a bounded set of Lr/(r−1)

(
0, T ; (H1(Ω))′

)
while v remains in a bounded set of L2

(
0, T ;H1(Ω)

)
(see [15]).

Definition 2.4. Given f ∈ L2(0, T ;
(
H1(Ω)

)′
), g ∈ L2(0, T ;L2(Ω)), v0 ∈ L2(Ω), w0 ∈ L2(Ω) and Λ ∈

L∞(Ω), a weak solution of problem (2.1) is a vector U := (v, w) of functions such that v ∈ L2
(
0, T ;H1 (Ω)

)
∩

Lr(ΩT ), r ≥ 2, ∂tv ∈ L2
(
0, T ;

(
H1(Ω)

)′)
+ Lr/(r−1)(ΩT ) and w ∈ C(0, T ;L2(Ω)) verifying

d

dt
⟨v(t), φ⟩(H1(Ω))′,H1(Ω) + (Λ∇v(t),∇φ)Ω = −⟨f(v(t), w(t)), φ⟩(H1(Ω))′,H1(Ω)

(∂tw(t), ϕ)Ω = − (g(v(t), w(t)), ϕ)Ω

∀φ ∈ H1(Ω), ∀ϕ ∈ L2(Ω).

(2.4)

Regarding the monodomain problem (2.1), the existence of its weak solution is given in the following
theorem

Theorem 2.5 (Well-posedness of Monodomain Model). Assume that the conditions listed in Assuptions 2.1, 2.2
hold. Then, the monodomain problem (2.1) possesses a unique weak solution in the sense of Definition 2.4.
Furthermore, this solution verifies the following a priori estimates: for any t ∈ (0, T ) there exists constants
C1, C2, C3, C4 > 0 such that

∥v∥L∞(0,t;L2(Ω)) + ∥w∥L∞(0,t;L2(Ω)) ≤ C1
∥v∥L2(0,t;H1(Ω))∩Lr(Ωt)

≤ C2
∥∂tv∥L2(0,t;L2(Ω)) + ∥∂tv∥L2(0,t;(H1(Ω))′)+Lr/(r−1)(Ωt)

≤ C3
∥∂tw∥L2(Ωt)

≤ C4.

Proof. The proof of Theorem 2.5 is standard and relies on semigroup arguments presented in [15, Lemma
31] or on the Faedo-Galerkin procedure (see [9] and the references therein).

3 Discretization by finite elements
We now present the discretization and linearization of our model. The discretization relies on the backward
Euler scheme in time and the conforming finite element method of degree p ≥ 1 in space.

3.1 Time Discretization
For the time discretization, we introduce a division of the interval [0, T ] into subintervals In+1 := [tn−1, tn] ,
1 ≤ n ≤ Nt, such that 0 = t0 < t1 < · · · < tNt

= T . The time steps are denoted by ∆tn = tn − tn−1, with
n = 1, . . . , Nt.

For a function of time v with sufficient regularity, we denote vn := v(tn), 0 ≤ n ≤ Nt, and, for
1 ≤ n ≤ Nt, we define the backward differencing operator

∂tv
n :=

1

∆tn

(
vn − vn−1

)
.
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3.2 Space Discretization
Let Th be a conforming mesh of Ω, i.e. Th is a set of triangles verifying⋃

K∈Th

K̄ = Ω̄

where the intersection of the closure of two elements of Th is either an empty set, a vertex, or an edge. The
set of vertices of Th is denoted by Vh and is partitioned into the interior vertices V int

h and the boundary
vertices Vext

h . We denote by N int
h the number of interior vertices and by N ext

h the number of boundary
vertices. Then, Nh denotes the total number of vertices. The vertices of an element K ∈ Th are collected in
the set VK . For K ∈ Th, hK denotes the diameter of a triangle K. Then, we define the mesh diameter by
h := maxK∈Th

hK . Furthermore, for a ∈ Vh, let the patch ωa
h ⊂ Ω be the domain made up of the elements

of Th that share a. The vector nωa
h

represents its outward unit normal.
We use the discrete conforming space of piecewise polynomial functions

Xp
h :=

{
vh ∈ C0(Ω̄); vh|K ∈ Pp(K) ∀K ∈ Th

}
⊂ H1(Ω)

where Pp(K) stands for the set of polynomials of total degree less than or equal to p ≥ 1 on the element
K ∈ Th. We also denote by Vpd the set of the Lagrange nodes (points xl) of the space Xp

h and by N p
d its

cardinality. The internal Lagrange nodes are collected in the set Vp,int
d (with N p,int

d its cardinality) and
the external ones are collected in the set Vp,ext

d (with N p,ext
d its cardinality). The Lagrange basis functions

of Xp
h are denoted by (ψh,xl

)1≤l≤Np
d

for xl ∈ Vpd . We recall that ψh,xl
(xl) = 1 and ψh,xl

(xl′) = 0 for all
(xl′)1≤l′ ̸=l≤Np

d
∈ Vpd . In the particular case p = 1, the set V1

d coincides with the mesh vertices Vh and the
Lagrange basis functions are the "hat" basis functions and are denoted by ψh,a,a ∈ Vh.

Discrete problem Let p ≥ 1. Given
(
v0h, w

0
h

)
∈ Xp

h ×Xp
h, a discrete formulation corresponding to (2.4)

consists in searching for all 1 ≤ n ≤ Nt, U
n
h := (vnh ;w

n
h) ∈ Xp

h ×Xp
h such that

1

∆tn

(
vnh − vn−1

h , φh
)
Ω
+ (Λ∇vnh ,∇φh)Ω = − (f(vnh , w

n
h), φh)Ω (3.1a)

1

∆tn

(
wnh − wn−1

h , ϕh
)
Ω
= − (g(vnh , w

n
h), ϕh)Ω , (3.1b)

for all φh and ϕh in Xp
h. We want to express the discrete problem (3.1) under an algebraic form. Let p ≥ 1

and let (vnh , w
n
h) be the solution of problem (3.1). First, we decompose vnh and wnh in the Lagrange basis as

follows

vnh =

Np
d∑

l=1

[Xn
1h]l ψh,xl

, wnh =

Np
d∑

l=1

[Xn
2h]l ψh,xl

,

where Xn
h := (Xn

1h,X
n
2h) ∈ R2Np

d ,

(3.2)

with (ψh,xl
)1≤l≤Np

d
the Lagrange basis for p ≥ 2 and [Xn

1h]l := vnh(xl) and [Xn
2h]l := wnh(xl). We denote by

S ∈ RNp
d ,N

p
d respectively M ∈ RNp

d ,N
p
d , the stiffness matrix, respectively the mass matrix defined by

Sl,m := (Λ∇ψh,xl
,∇ψh,xm)Ω, and Ml,m := (ψh,xl

, ψh,xm)Ω
∀1 ≤ l,m ≤ N p

d .
(3.3)

Taking φh = ψh,xm
in the first line of (3.1) and ϕh = ψh,xm

in the second line of (3.1) for all 1 ≤ m ≤ N p
d

we get

1

∆tn
MXn

1h + SXn
1h =

1

∆tn
MXn−1

1h − F (Xn
h )

1

∆tn
MXn

2h =
1

∆tn
MXn−1

2h −G(Xn
h )
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where the nonlinear function F : R2Np
d → RNp

d is defined by

[F (X)]l = (f(v, w), ψh,xl
)Ω ∀1 ≤ l ≤ N p

d . (3.4)

Here, X = [X1,X2] and v respectively w is the functional representation of X1, respectively X2. Employing
Assumption 2.2 we also get

[F (X)]l = (f1(v), ψh,xl
)Ω + (f2(w), ψh,xl

)Ω ∀1 ≤ l ≤ N p
d

= (f1(v), ψh,xl
)Ω + (λw,ψh,xl

)Ω ∀1 ≤ l ≤ N p
d .

(3.5)

Matricially (3.5) reads as
F (X) := F̃ (X1) + λMX2 (3.6)

where
[
F̃ (X1)

]
l
:= (f1(v), ψh,xl

)Ω ∀1 ≤ l ≤ N p
d . Furthermore, the function G : R2Np

d → N p
d is defined by

[G(X)]l := (g(v, w), ψh,xl
)Ω ∀1 ≤ l ≤ N p

d .

Furthermore, as the function g is linear, we have

G(Xn
h ) = −aMXn

1h + bMXn
2h. (3.7)

Observe that the first term in (3.5) is nonlinear since the function f1 is intrinsically nonlinear. We could
not express it conveniently as in (3.7). This term will be treated afterward thanks to a linearization Newton
scheme. Finally, we obtain the compact nonlinear system of algebraic equations: given Xn−1

h ∈ R2Np
d find

Xn
h ∈ R2Np

d solution to {
S1(X

n
h ) = 0

S2(X
n
h ) = 0

(3.8)

where S1 : R2Np
d → RNp

d and S2 : R2Np
d → RNp

d are defined locally by

[S1(X
n
h )]l =

1

∆tn
[MXn

1h]l + [SXn
1h]l + [F (Xn

h )]l −
1

∆tn

[
MXn−1

1h

]
l

[S2(X
n
h )]l =

1

∆tn
[MXn

2h]l − a [MXn
1h]l + b [MXn

2h]l −
1

∆tn

[
MXn−1

2h

]
l

(3.9)

for l ∈ J1,N p
d K.

Introducing the operator S : R2Np
d → R2Np

d such that

S(X) := [S1(X),S2(X)] (3.10)

we have to solve the equation S(Xn
h ) = 0. We present in the sequel at each time step 1 ≤ n ≤ Nt a Newton

algorithm to approximate the solution of system (3.10).

3.3 Newton method
Let p ≥ 1 be given. The Newton algorithm is defined as follows. For 1 ≤ n ≤ Nt and Xn,0

h ∈ R2Np
d fixed,

typically, Xn,0
h := Xn−1

h where Xn−1
h is the last iterate from the previous time step, one looks at step k ≥ 1

for Xn,k
h ∈ R2Np

d such that
An,k−1Xn,k

h = Bn,k−1. (3.11)

Here, the Jacobian matrix An,k−1 ∈ R2Np
d ,2N

p
d and the right hand side vector Bn,k−1 ∈ R2Np

d are defined
by

An,k−1 := JS(Xn,k−1
h ) andBn,k−1 := JS(Xn,k−1

h )Xn,k−1
h − S(Xn,k−1

h ) (3.12)

where JS(Xn,k−1
h ) is the Jacobian matrix of the function S at point Xn,k−1

h obtained by a Newton lin-
earization. More precisely,

An,k−1 :=

(
1

∆tn
M+ S+ JF̃ (X

n,k−1
1h ) λM

−aM
(
b+ 1

∆tn

)
M

)
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and

Bn,k−1 :=

(
JF̃ (X

n,k−1
1h ) λM

0INp
d ,N

p
d

0INp
d ,N

p
d

)
Xn,k−1
h +

(
1

∆tn
M 0INp

d ,N
p
d

0INp
d ,N

p
d

1
∆tn

M

)
Xn−1
h

−

(
F (Xn,k−1

h )

0

) .

Here, the Jacobian matrix of the vectorial function F̃ is defined by[
JF̃ (X

n,k−1
1h )

]
l,m

:=
(
f ′1(v

n,k−1
h )ψh,xm , ψh,xl

)
Ω

∀1 ≤ l,m ≤ N p
d .

In the exact Newton method, the linear system (3.11) is solved exactly. For the linearization stopping
criterion, we choose a tolerance ε close to the machine precision and stop the linearization procedure when
the error satisfies ∥∥∥Xn,k

h −Xn−1
h

∥∥∥
∞

≤ ε. (3.13)

Remark 3.1. The numerical computation of F̃ (Xn,k−1
1h ) as well as JF̃ (X

n,k−1
1h ) is tricky. Indeed, their

computation requires the knowledge of the function vn,k−1
1h , which is not suitable. To tackle this difficulty,

two main approaches are presented in the literature: Ionic Current Interpolation (ICI) and State Variable
Interpolation (SVI). The ICI method is widely adopted in the cardiac modeling community, as noted by Gray
et al. [50] and Pezzuto et al. [51]. This approach relies on interpolating the ionic current after its evaluation
at the Lagrange nodes.
Alternatively, the SVI method first interpolates individual state variables, such as the transmembrane po-
tential v and the gate variable w at the quadrature nodes before evaluating the ionic current function f at
these interpolated points. Although SVI can potentially offer higher accuracy in some scenarios, it induces
a significant computational cost, especially for complex ionic models with numerous state variables, as high-
lighted by Pezzuto et al. [59].
In this work, we employed the ICI methodology. Therefrom, the nonlinear term f1(vh) computed as follows
:

f1(vh) =

Np
d∑

l=1

f1 ([X1h]l)ψh,xl
.

Hence, we can express the nonlinear term F̃ in (3.6) and its corresponding Jacobian matrix by

F̃ (Xn,k−1
1h ) = MF̂ (Xn,k−1

1h ) and JF̃ (X
n,k−1
1h ) = MDT

where the vector F̂ ∈ RNp
d and the diagonal matrix D ∈ RNp

d ,N
p
d are defined by[

F̂ (Xn,k−1
1h )

]
l
:= f1

([
Xn,k−1

1h

]
l

)
and Dl,l := f ′1

([
Xn,k−1

1h

]
l

)
∀1 ≤ l ≤ N p

d .

4 A posteriori error analysis

4.1 Preamble
At each time step 1 ≤ n ≤ Nt, we have presented the nonlinear system (3.8) giving, in particular, the
degrees of freedom of the linearized numerical solution Xn,k

h ∈ R2Np
d . The functional representation of the

vectors Xn,k
1h and Xn,k

2h , denoted by vn,kh and wn,kh are given by (3.2) for p ≥ 1. Obviously,
(
vn,kh , wn,kh

)
∈

Xp
h×X

p
h ∀1 ≤ n ≤ Nt. Next, we associate to the functions in space vn,kh ∈ Xp

h, and wn,kh ∈ Xp
h, 1 ≤ n ≤ Nt,

their space-time representation vkhτ , respectively wkhτ as follows:

vkhτ |In :=
vn,kh − vn−1

h

∆tn
(t− tn) + vn,kh ∀1 ≤ n ≤ Nt,

wkhτ |In :=
wn,kh − wn−1

h

∆tn
(t− tn) + wn,kh ∀1 ≤ n ≤ Nt.

(4.1)
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Note that this construction ensures that vkhτ and wkhτ are piecewise affine and continuous in time, so
that ∂tvkhτ ∈ L2

(
0, T ;

(
H1(Ω)

)′)
+ Lr/(r−1)(ΩT ) and ∂tw

k
hτ ∈ L2

(
0, T ;L2(Ω)

)
. In the expressions of vkhτ

and wkhτ , the index k is kept to indicate the presence of a nonlinear solver. For each unknown, we note

vn,khτ := vkhτ
∣∣
In
, wn,khτ := wkhτ

∣∣
In
.

Note that consequently

∂tv
n,k
hτ

∣∣∣
In

=
1

∆tn

(
vn,kh − vn−1

h

)
, ∂tw

n,k
hτ

∣∣∣
In

=
1

∆tn

(
wn,kh − wn−1

h

)
.

Our a posteriori analysis relies on the equilibrated flux reconstructions following the concept of Destuyn-
der and Métivet [26], Braess and Schöberl [16], Dabaghi et al. [24, 25], Ern and Vohralík [31]. Since
the reaction-diffusion equation in (2.1) is nonlinear we need to build two equilibrated flux reconstruction(
σn,kh,disc,σ

n,k
h,lin

)
∈ [H(div,Ω)]

2 to recover fully the structural properties violated by the approximate so-
lution. More precisely, these fluxes are obtained by solving mixed finite element systems on the patches ωa

h

around the mesh vertices a ∈ Vh on the mesh Th. It is easily seen that the first equation of Problem (3.11)
reads

1

∆tn

(
vn,kh − vn−1

h , ψh,xl

)
Ω
+
(
Λ∇vn,kh ,∇ψh,xl

)
Ω

+
(
Fn,k(vn,kh , wn,kh ), ψh,xl

)
Ω
= 0

(4.2)

where

Fn,k(vn,kh , wn,kh ) := f ′1(v
n,k−1
h )

(
vn,kh − vn,k−1

h

)
+ f ′2(w

n,k−1
h )

(
wn,kh − wn,k−1

h

)
+ f(vn,k−1

h , wn,k−1
h ).

The functional representation of (3.11) given by (4.2) is essential for our a posteriori analysis as we
will see in the sequel. The fluxes σn,kh,disc and σn,kh,lin are reconstructed in the Raviart-Thomas subspaces of
H(div,Ω). We recall that the Raviart-Thomas spaces of order p ≥ 1 are defined by

RTp(Ω) := {τh ∈ H(div,Ω), τh|K ∈ RTp(K) ∀K ∈ Th} ,

where RTp(K) := [Pp(K)]
2
+−→xPp(K), with −→x = [x1, x2]

T . For a ∈ Vh, let

RTp(ω
a
h ) := {τh ∈ H(div, ωa

h ), τh|K ∈ RTp(K),∀K ∈ Th such that K ⊂ ωa
h} ,

be the restriction of the Raviart–Thomas space to the patch ωa
h , and let Pp

(
Th|ωa

h

)
stand for piecewise

discontinuous polynomials of order p in the patch ωa
h . Define consequently the spaces Va

h and Qa
h , when

a ∈ V int
h by

Va
h :=

{
τh ∈ RTp(ω

a
h ), τh · nωa

h
= 0 on ∂ωa

h

}
, (4.3)

Qa
h :=

{
qh ∈ Pp

(
Th|ωa

h

)
, (qh, 1)ωa

h
= 0
}
,

and when a ∈ Vext
h by

Va
h :=

{
τh ∈ RTp(ω

a
h ), τh · nωa

h
= 0 on ∂ωa

h\∂Ω
}
, Qa

h := Pp
(
Th|ωa

h

)
. (4.4)

Remark 4.1. Observe from the construction of the discrete spaces in (4.3) and (4.4) that if θh ∈ Va
h then

θh ∈ H(div,Ω). In Section 4.2, we develop the construction of the total flux σn,kh,tot defined as the sum
of the discretization flux σn,kh,disc and the linearization flux σn,kh,lin. Next, we propose the construction of the
discretization flux σn,kh,disc. Therefrom, we immediately obtain the linearization flux.
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4.2 Total flux reconstruction
For all time steps 1 ≤ n ≤ Nt, and all Newton step k ≥ 1, let

(
vn,kh , wn,kh

)
be the approximate solution

given by (3.11), verifying in particular (4.2). For each vertex a ∈ Vh, define σn,k,ah,tot ∈ Va
h and γn,ah ∈ Qa

h ,
by solving: (

σn,k,ah,tot , τh

)
ωa

h

−
(
γn,k,ah ,∇ · τh

)
ωa

h

= −
(
ψh,aΛ∇vn,kh , τh

)
ωa

h

∀τh ∈ Va
h ,(

∇ · σn,k,ah,tot , qh

)
ωa

h

=
(
f̂n,k,ah , qh

)
ωa

h

∀qh ∈ Qa
h ,

(4.5)

where the spaces Va
h and Qa

h are defined by (4.3)-(4.4). The right-hand side function f̂n,k,ah is defined by

f̂n,k,ah :=
1

∆tn

(
vn,kh − vn−1

h

)
ψh,a + Λ∇vn,kh ·∇ψh,a + Fn,k(vn,kh , wn,kh )ψh,a

As a result of (4.2) we note that (
f̂n,k,ah , 1

)
ωa

h

= 0. (4.6)

This implies the Neumann compatibility condition for (4.5). At each time step 1 ≤ n ≤ Nt the total flux
reconstruction is defined by

σn,kh,tot =
∑
a∈Vh

σn,k,ah,tot .

Proposition 4.2. The total flux reconstruction σn,kh,tot ∈ H(div,Ω) and satisfies the equilibration property
∀K ∈ Th (

∇ · σn,kh,tot, qh
)
K

=
(
Fn,k(vn,kh , wn,kh ) + ∂tv

n,k
hτ , qh

)
K

∀qh ∈ Pp(K). (4.7)

Proof. First, we have σn,k,ah,tot ∈ H(div, ωa
h ). From Remark 4.1 we obtain that σn,k,ah,tot ∈ H(div,Ω) and thus

σn,kh,tot ∈ H(div,Ω). Next, for a ∈ V int
h , defining Q̃a

h := Pp
(
Th|ωa

h

)
we have obviously the inclusion Qa

h ⊂ Q̃ah

and the decomposition qh = q∗h + c∗ where qh ∈ Q̃a
h , q

∗
h ∈ Qa

h , and c∗ = 1

|ωa
h |

(qh, 1)ωa
h

a constant. Note

that the spaces Va
h defined by (4.3)-(4.4) in combination with the Green formula gives

(
∇ · σn,k,ah,tot , 1

)
ωa

h

=(
σn,k,ah,tot · nωa

h
, 1
)
∂ωa

h

= 0. Thus,

(
∇ · σn,k,ah,tot , qh

)
ωa

h

=
(
∇ · σn,k,ah,tot , q

∗
h + c∗

)
ωa

h

=
(
∇ · σn,k,ah,tot , q

∗
h

)
ωa

h

+ c∗
(
∇ · σn,k,ah,tot , 1

)
ωa

h

=
(
∇ · σn,k,ah,tot , q

∗
h

)
ωa

h

=
(
f̂n,k,ah , q∗h

)
ωa

h

.

(4.8)

Employing the Neumann compatibility property (4.6) we get(
f̂n,k,ah , q∗h

)
ωa

h

=
(
f̂n,k,ah , qh − c∗

)
ωa

h

=
(
f̂n,k,ah , qh

)
ωa

h

.

Finally, (
∇ · σn,k,ah,tot , qh

)
ωa

h

=
(
f̂n,k,ah , qh

)
ωa

h

∀qh ∈ Q̃ah. (4.9)

We thus observe that the condition (4.9) holds for all piecewise polynomials belonging to Pp
(
Th|ωa

h

)
and

not only for those with zero mean value. Next, crucial argument is that the polynomials in Pp
(
Th|ωa

h

)
are
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discontinuous, so that we can restrict qh to any element K ∈ Th. If a ∈ Vext
h , this is immediate. Then, for

any qh ∈ Pp(K) we get(
∇ · σn,kh,tot, qh

)
K

=
∑

a∈VK

(
∇ · σn,k,ah,tot , qh

)
K

=
∑

a∈VK

(
f̂n,k,ah , qh

)
K

=
∑

a∈VK

(
Fn,k(vn,kh , wn,kh )ψh,a + ∂tv

n,k
hτ ψh,a + Λ∇vn,kh ·∇ψh,a, qh

)
K
.

Remarking that
∑
a∈VK

ψh,a
∣∣
K

= 1, so we get the desired property 4.2.

4.3 Discretization flux reconstruction
For all time steps 1 ≤ n ≤ Nt, and all Newton step k ≥ 1, let

(
vn,kh , wn,kh

)
be the approximate solution given

by (3.11), verifying in particular (4.2). We define for each internal vertex a ∈ V int
h the following quantity

Rka :=
1

∆tn

(
vn,kh − vn−1

h , ψh,a

)
ωa

h

+
(
Λ∇vn,kh ,∇ψh,a

)
ωa

h

+
(
f(vn,k−1

h , wn,k−1
h ), ψh,a

)
ωa

h

.

For each vertex a ∈ Vh, define σn,k,ah,disc ∈ Va
h and γn,ah ∈ Qa

h , by solving:(
σn,k,ah,disc, τh

)
ωa

h

−
(
γn,k,ah ,∇ · τh

)
ωa

h

= −
(
ψh,aΛ∇vn,kh , τh

)
ωa

h

∀τh ∈ Va
h ,(

∇ · σn,k,ah,disc, qh

)
ωa

h

=
(
f̃n,k,ah , qh

)
ωa

h

∀qh ∈ Qa
h ,

(4.10)

where the spaces Va
h and Qa

h are defined by (4.3)-(4.4). The right-hand sides are defined by

f̃n,k,ah :=
1

∆tn

(
vn,kh − vn−1

h

)
ψh,a + Λ∇vn,kh ·∇ψh,a + f(vn,k−1

h , wn,k−1
h )ψh,a

− 1

|ωa
h |
Rka.

Observe that the Neumann compatibility condition is satisfied for system (4.10). At each time step
1 ≤ n ≤ Nt the discretization flux reconstruction is defined by

σn,kh,disc =
∑
a∈Vh

σn,k,ah,disc.

Following the methodology of Section 4.2 we get the following equilibration property.

Proposition 4.3. The discretization flux reconstruction σn,kh,disc ∈ H(div,Ω) and satisfies ∀K ∈ Th(
∇ · σn,kh,disc, qh

)
K

=

(
∂tv

n,k
hτ + f(vn,k−1

h , wn,k−1
h )−

∑
a∈VK

1

|ωa
h |
Rka, qh

)
K

(4.11)

for all qh ∈ Pp(K).

Proof. The proof is similar to the one presented in Proposition 4.2.

Remark 4.4. Having constructed the total flux reconstruction σn,kh,tot and the discretization flux reconstruc-
tion σn,kh,disc we deduce the linearization flux reconstruction σn,kh,lin = σn,kh,tot − σn,kh,disc. Furthermore, when
the Newton solver has converged, i.e. when k → +∞, the nonlinear term Fn,k(vn,kh , wn,kh ) coincides with
f(vnh , w

n
h) so that the equilibrium relation of Proposition 4.2 reads(

∇ · σnh,tot, qh
)
K

= (f(vnh , w
n
h) + ∂tv

n
hτ , qh)K ∀qh ∈ Pp(K).

The same phenomenon occurs for the equilibrium property given by Proposition 4.3. In this scenario (4.7)
and (4.11) are identical assessing the coherence of our approach.
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4.4 Residual of the equations
We denote by Xn the restriction of the energy space X := L2(0, T ;H1(Ω)) to the time interval In, i.e.
Xn := L2(In, H

1(Ω)). We also denote by Yn the restriction of the energy space Y := L2(0, T ;L2(Ω)) to the
time interval In, i.e. Yn := L2(In, L

2(Ω)). Then, we can introduce the following Sobolev space

Zn :=
{
v ∈ Xn; ∂tv ∈ X ′

n := L2
(
In, (H

1(Ω))′
)}

which is the restriction of the energy space

Z :=
{
v ∈ X; ∂tv ∈ X ′ := L2

(
0, T ; (H1(Ω))′

)}
to the time interval In.
For v ∈ X the space-time energy norm on X is given by

∥v∥X :=

{∫ T

0

∥v∥2Ω (t) dt +

∫ T

0

∥∥∥Λ 1
2∇v

∥∥∥2
Ω
(t) dt

} 1
2

.

We augment the energy norm by the dual norm of the time derivative, forming a norm on the space Z. For
v ∈ Z we set

∥v∥Z := ∥v∥X + ∥∂tv∥X′

where

∥∂tv∥X′ =

{∫ T

0

∥∂tv∥2(H1(Ω))′ (t) dt

} 1
2

.

Here we recall that

∥∂tv∥(H1(Ω))′ := sup
φ∈H1(Ω),∥φ∥H1(Ω)=1

⟨∂tv, φ⟩ = sup
φ∈H1(Ω)

⟨∂tv, φ⟩
∥φ∥H1(Ω)

.

For the sake of completeness, we also recall the Gronwall Lemma that will be used in the sequel.

Lemma 4.5 (Gronwall’s Lemma). Let φ and y : [a, b] → R+ be two continuous functions satisfying

∃C ≥ 0, ∀t ∈ [a, b], y′(t) ≤ C +

∫ t

a

φ(s)y(s) ds.

Then, for all t ∈ [a, b] we have

y(t) ≤ Ce

∫ t

a

φ(s) ds
.

The residuals associated to (2.4) are defined by〈
R1(v

k
hτ ), φ

〉
X′,X

=

∫ T

0

{
−
(
∂tv

k
hτ , φ

)
Ω
− (Λ∇vkhτ ,∇φ)Ω − ⟨f(vkhτ , wkhτ ), φ⟩

}
(t) dt

(4.12)

〈
R2(w

k
hτ ), ψ

〉
Y,Y

= −
∫ T

0

{(
∂tw

k
hτ , ψ

)
Ω
−
(
g(vkhτ , w

k
hτ ), ψ

)
Ω

}
(t) dt (4.13)

for φ ∈ X and ψ ∈ Y . The dual norm of the residuals is naturally defined by

∣∣∥∥R1(v
k
hτ )
∥∥∣∣
X′ = sup

φ∈X

|
〈
R1(v

k
hτ ), φ

〉
X′,X

|
∥φ∥X

|∥R2(whτ )∥|Y = sup
ψ∈Y

|
〈
R2(w

k
hτ ), ψ

〉
Y,Y

|
∥ψ∥Y

.

(4.14)
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Proposition 4.6. Let (v, w) ∈ X × Y be the solution of (2.4) and let (vkhτ , w
k
hτ ) ∈ Xp

h × Xp
h be the

approximate solution. Assume that f is Kf -Lipschitz and g is Kg-Lipschitz. We have∣∣∥∥R1(v
k
hτ )
∥∥∣∣
X′ ≤

∥∥∂t(v − vkhτ )
∥∥
Y
+
∥∥v − vkhτ

∥∥
X
+Kf

(∥∥v − vkhτ
∥∥
Y
+
∥∥w − wkhτ

∥∥
Y

)
∣∣∥∥R2(w

k
hτ )
∥∥∣∣
Y
≤
∥∥∂t(w − wkhτ )

∥∥
Y
+Kg

(∥∥v − vkhτ
∥∥
Y
+
∥∥w − wkhτ

∥∥
Y

)
.

Proof. Employing System (2.4) together with the expressions of the residual R1 we have, ∀φ ∈ X,∫ T

0

(
∂t(v − vkhτ ), φ

)
Ω
(t) dt +

∫ T

0

(
Λ∇

(
v − vkhτ

)
,∇φ

)
Ω
(t) dt

+

∫ T

0

〈
f(v, w)− f(vkhτ , w

k
hτ ), φ

〉
(t) dt =

〈
R1(v

k
hτ ), φ

〉
.

The Cauchy–Schwarz inequality gives

|
〈
R1(v

k
hτ ), φ

〉
X′,X

| ≤
∥∥∂t(v − vkhτ )

∥∥
Y
∥φ∥Y +

∥∥∥Λ 1
2∇(v − vkhτ )

∥∥∥
Y
∥∇φ∥Y

+
∥∥f(v, w)− f(vkhτ , w

k
hτ )
∥∥
X′ ∥φ∥X .

Next we use the fact that ∥φ∥Y ≤ ∥φ∥X and ∥∇φ∥Y ≤ ∥φ∥X , so we get

|
〈
R1(v

k
hτ ), φ

〉
X′,X

| ≤
(∥∥∂t(v − vkhτ )

∥∥
Y
+
∥∥∥Λ 1

2∇(v − vkhτ )
∥∥∥
Y

)
∥φ∥X

+
∥∥f(v, w)− f(vkhτ , w

k
hτ )
∥∥
X′ ∥φ∥X .

Nevertheless, the Lipschitz behavior of f implies that

|
〈
R1(v

k
hτ ), φ

〉
X′,X

| ≤
(∥∥∂t(v − vkhτ )

∥∥
Y
+
∥∥∥Λ 1

2∇(v − vkhτ )
∥∥∥
Y

)
∥φ∥X

+Kf

(∥∥v − vkhτ
∥∥
Y
+
∥∥w − wkhτ

∥∥
Y

)
∥φ∥X .

Thus ∥∥R1(v
k
hτ )
∥∥
X′ ≤

∥∥∂t(v − vkhτ )
∥∥
Y
+
∥∥v − vkhτ

∥∥
X

+Kf

(∥∥v − vkhτ
∥∥
Y
+
∥∥w − wkhτ

∥∥
Y

)
.

Employing the same arguments we have∫ T

0

(
∂t(w − wkhτ ), ψ

)
Ω
(t) dt +

∫ T

0

(
g(v, w)− g(vkhτ , w

k
hτ ), ψ

)
Ω
(t) dt

=
〈
R2(w

k
hτ ), ψ

〉
Y,Y

and then
|
〈
R2(w

k
hτ ), ψ

〉
Y,Y

| ≤
∥∥∂t(w − wkhτ )

∥∥
Y
∥ψ∥Y

+Kg

(∥∥v − vkhτ
∥∥
Y
+
∥∥w − wkhτ

∥∥
Y

)
∥ψ∥Y .

Therefore, ∥∥R2(w
k
hτ )
∥∥
Y
≤
∥∥∂t(w − wkhτ )

∥∥
Y
+Kg

(∥∥v − vkhτ
∥∥
Y
+
∥∥w − wkhτ

∥∥
Y

)
.

Proposition 4.7. Let (v, w) ∈ X × Y be the solution of (2.4) and let (vkhτ , w
k
hτ ) ∈ Xp

h × Xp
h be the

approximate solution. Consider the conditions listed in Assumption 2.2. Then,∥∥v − vkhτ
∥∥2
X
+
∥∥∂t(v − vkhτ )

∥∥2
Y
+
∥∥w − wkhτ

∥∥2
Y
+
∥∥∂t(w − wkhτ )

∥∥2
Y

≤ C⋆

(∣∣∥∥R1(v
k
hτ )
∥∥∣∣2
Y
+
∣∣∥∥R2(w

k
hτ )
∥∥∣∣2
Y

+
∥∥(v − vkhτ )(·, 0)

∥∥2
Ω
+ α4

∥∥(w − wkhτ )(·, 0)
∥∥2
Ω

) (4.15)

where C⋆ is a generic constant that depends on Ω, f , g and T .
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Proof. Employing System (2.4) together with the expressions of the residuals R1(v
k
hτ ) and R2(w

k
hτ ) given

by (4.12) and (4.13) we have, ∀φ ∈ X,∀ψ ∈ Y ,∫ T

0

(
∂t(v − vkhτ ), φ

)
Ω
(t) dt +

∫ T

0

(
Λ∇

(
v − vkhτ

)
,∇φ

)
Ω
(t) dt

+

∫ T

0

〈
f(v, w)− f(vkhτ , w

k
hτ ), φ

〉
(t) dt +

∫ T

0

(
∂t(w − wkhτ ), ψ

)
Ω
(t) dt

+

∫ T

0

(
g(v, w)− g(vkhτ , w

k
hτ ), ψ

)
Ω
(t) dt =

〈
R1(v

k
hτ ), φ

〉
X′,X

+
〈
R2(w

k
hτ ), ψ

〉
Y,Y

.

(4.16)

Next, we substitute φ = v − vkhτ ∈ X and ψ = α4

(
w − wkhτ

)
∈ Y in (4.16) and employing [33, Theorem

5.9.3] to obtain

1

2

(∥∥(v − vkhτ )(·, T )
∥∥2
Ω
−
∥∥(v − vkhτ )(·, 0)

∥∥2
Ω
+ α4

∥∥(w − wkhτ )(·, T )
∥∥2
Ω

−α4

∥∥(w − wkhτ )(·, 0)
∥∥2
Ω

)
+

∫ T

0

(
Λ∇

(
v − vkhτ

)
,∇
(
v − vkhτ

))
Ω
(t) dt

+

∫ T

0

〈
f(v, w)− f(vkhτ , w

k
hτ ), v − vkhτ

〉
(t) dt

+

∫ T

0

α4

(
g(v, w)− g(vkhτ , w

k
hτ ), w − wkhτ

)
Ω
(t) dt

=
〈
R1(v

k
hτ ), v − vkhτ

〉
X′,X

+
〈
R2(w

k
hτ ), w − wkhτ

〉
Y,Y

.

which is equivalent (using the linearity of f2 and the bilinearity of g) to

1

2

[∥∥(v − vkhτ )(·, T )
∥∥2
Ω
+ α4

∥∥(w − wkhτ )(·, T )
∥∥2
Ω

]
+
∥∥v − vkhτ

∥∥2
X

+

∫ T

0

(
f̃1(v)− f̃1(v

k
hτ ), v − vkhτ

)
Ω
(t) dt

+

∫ T

0

((
f2
(
w − wkhτ

)
, v − vkhτ

)
Ω
+ α4

(
g
(
v − vkhτ , w − wkhτ

)
, w − wkhτ

)
Ω

)
(t) dt

=
〈
R1(v

k
hτ ), v − vkhτ

〉
X′,X

+
〈
R2(w

k
hτ ), w − wkhτ

〉
Y,Y

+ (β1 + 1)

∫ T

0

∥∥v − vkhτ
∥∥2
Ω
(t) dt

+
1

2

[∥∥(v − vkhτ )(·, 0)
∥∥2
Ω
+ α4

∥∥(w − wkhτ )(·, 0)
∥∥2
Ω

]
.

(4.17)

Then, equation (4.17) reads as

E1 + E2 + E3 + E4 = E5 + E6 + E7 + E8

with

E1 :=
1

2

[∥∥(v − vkhτ )(·, T )
∥∥2
Ω
+ α4

∥∥(w − wkhτ )(·, T )
∥∥2
Ω

]
, E2 :=

∥∥v − vkhτ
∥∥2
X

E3 :=

∫ T

0

(
f̃1(v)− f̃1(v

k
hτ ), v − vkhτ

)
Ω
(t) dt

E4 :=

∫ T

0

((
f2
(
w − wkhτ

)
, v − vkhτ

)
Ω
+ α4

(
g
(
v − vkhτ , w − wkhτ

)
, w − wkhτ

)
Ω

)
(t) dt

E5 :=
〈
R1(v

k
hτ ), v − vkhτ

〉
X′,X

, E6 :=
〈
R2(w

k
hτ ), w − wkhτ

〉
Y,Y

E7 := (β1 + 1)

∫ T

0

∥∥v − vkhτ
∥∥2
Ω
(t) dt,

E8 :=
1

2

[∥∥(v − vkhτ )(·, 0)
∥∥2
Ω
+ α4

∥∥(w − wkhτ )(·, 0)
∥∥2
Ω

]
.
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Now, we estimate Ei with i = 3, . . . , 7 as follows. Using Assumption 2.2 on f̃1, we deduce that

E3 ≥ 0. (4.18)

Using again Assumption 2.1 this time on f2 and g, we obtain

E4 ≥ α5 ∥w − whτ∥2Y . (4.19)

As a result of the Cauchy–Schwarz inequality and the Young inequality, we get

E5 + E6 ≤ 1

2

(∣∣∥∥R1(v
k
hτ )
∥∥∣∣2
X′ +

∣∣∥∥R2(w
k
hτ )
∥∥∣∣2
Y

)
+

1

2

(∥∥v − vkhτ
∥∥2
X
+
∥∥w − wkhτ

∥∥2
Y

)
. (4.20)

Using the definition of E7 and applying the Cauchy–Schwarz inequality, we get the following bound

E7 ≤ (β1 + 1)

∫ T

0

∥∥v − vkhτ
∥∥2
Ω
(t) dt. (4.21)

Combining (4.18), (4.19), (4.20), (4.21) with (4.17) we obtain

1

2

[∥∥(v − vkhτ )(·, T )
∥∥2
Ω
+ α4

∥∥(w − wkhτ )(·, T )
∥∥2
Ω

]
+

1

2

∥∥v − vkhτ
∥∥2
X
+ α5

∥∥w − wkhτ
∥∥2
Y

≤ 1

2

(∣∣∥∥R1(v
k
hτ )
∥∥∣∣2
X′ +

∣∣∥∥R2(w
k
hτ )
∥∥∣∣2
Y
+
∥∥(v − vkhτ )(·, 0)

∥∥2
Ω
+ α4

∥∥(w − wkhτ )(·, 0)
∥∥2
Ω

)
+max

{
β1 + 1,

1

2

}[∫ T

0

∥∥v − vkhτ
∥∥2
Ω
(t) dt +

∫ T

0

∥∥w − wkhτ
∥∥2
Ω
(t) dt

]
.

(4.22)

It immediately follows that∥∥(v − vkhτ )(·, T )
∥∥2
Ω
+ α4

∥∥(w − wkhτ )(·, T )
∥∥2
Ω

≤
∣∣∥∥R1(v

k
hτ )
∥∥∣∣2
X′ +

∣∣∥∥R2(w
k
hτ )
∥∥∣∣2
Y
+
∥∥(v − vkhτ )(·, 0)

∥∥2
Ω
+ α4

∥∥(w − wkhτ )(·, 0)
∥∥2
Ω

+ 2 (β1 + 1)max

{
1,

1

α4

}[∫ T

0

(∥∥v − vkhτ
∥∥2
Ω
+ α4

∥∥w − wkhτ
∥∥2
Ω

)
(t) dt

]
.

As a result of Gronwall’s Lemma 4.5 and setting C̃ := 2T (β1 + 1)max

{
1,

1

α4

}
we find

∥∥(v − vkhτ )(·, T )
∥∥2
Ω
+ α4

∥∥(w − wkhτ )(·, T )
∥∥2
Ω

≤ eC̃
(∣∣∥∥R1(v

k
hτ )
∥∥∣∣2
X′ +

∣∣∥∥R2(w
k
hτ )
∥∥∣∣2
Y
+
∥∥(v − vkhτ )(·, 0)

∥∥2
Ω
+ α4

∥∥(w − wkhτ )(·, 0)
∥∥2
Ω

)
.

Hence, we deduce that∥∥v − vkhτ
∥∥2
L∞(0,T ;L2(Ω))

+ α4

∥∥w − wkhτ
∥∥2
L∞(0,T ;L2(Ω))

≤ eC̃
(∣∣∥∥R1(v

k
hτ )
∥∥∣∣2
X′ +

∣∣∥∥R2(w
k
hτ )
∥∥∣∣2
Y
+
∥∥(v − vkhτ )(·, 0)

∥∥2
Ω
+ α4

∥∥(w − wkhτ )(·, 0)
∥∥2
Ω

)
.

Moreover, one can obtain from (4.22) the following estimate on
∥∥v − vkhτ

∥∥
X

and
∥∥w − wkhτ

∥∥
Y∥∥v − vkhτ

∥∥2
X
+ 2α5

∥∥w − wkhτ
∥∥2
Y

≤
∣∣∥∥R1(v

k
hτ )
∥∥∣∣2
X′ +

∣∣∥∥R2(w
k
hτ )
∥∥∣∣2
Y
+
∥∥(v − vkhτ )(·, 0)

∥∥2
Ω

+ α4

∥∥(w − wkhτ )(·, 0)
∥∥2
Ω

+ C̃
[∥∥v − vkhτ

∥∥2
L∞(0,T ;L2(Ω))

+ α4

∥∥w − wkhτ
∥∥2
L∞(0,T ;L2(Ω))

]
.

(4.23)

15



Finally, we take ψ = 0 in (4.16), to get∫ T

0

(
∂t(v − vkhτ ), φ

)
Ω
(t) dt +

∫ T

0

(
Λ∇

(
v − vkhτ

)
,∇φ

)
Ω
(t) dt

+

∫ T

0

〈
f(v, w)− f(vkhτ , w

k
hτ ), φ

〉
(t) dt =

〈
R1(v

k
hτ ), φ

〉
X′,X

.

Then, using the Cauchy–Schwarz inequality and the Lipshitz behavior of the function f we obtain∥∥∂t (v − vkhτ
)∥∥
Y
≤
∣∣∥∥R1(v

k
hτ )
∥∥∣∣
X′ +

∥∥v − vkhτ
∥∥
X

+Kf

√
T α̃4

(∥∥v − vkhτ
∥∥
L∞(0,T ;L2(Ω))

+
√
α4

∥∥w − wkhτ
∥∥
L∞(0,T ;L2(Ω))

) (4.24)

with α̃4 = max
{
1, 1√

α4

}
. Similarly, taking ϕ = 0 in (4.16) we get,

∫ T

0

(
∂t(w − wkhτ ) + g(v, w)− g(vkhτ , w

k
hτ ), ψ

)
Ω
(t) dt =

〈
R2(w

k
hτ ), ψ

〉
X′,X

.

Employing the Cauchy–Schwarz inequality we get∥∥∂t(w − wkhτ )
∥∥
Y
∥ψ∥Y ≤

∣∣∥∥R2(w
k
hτ )
∥∥∣∣
Y
∥ψ∥Y +

∥∥g(v, w)− g(vkhτ , w
k
hτ )
∥∥
Y
∥ψ∥Y .

Therefore, we have thanks to the Lipschitz behavior of the function g,∥∥∂t(w − wkhτ )
∥∥
Y
≤
∣∣∥∥R2(w

k
hτ )
∥∥∣∣
Y

+Kg

√
T α̃4

(∥∥v − vkhτ
∥∥
L∞(0,T ;L2(Ω))

+
√
α4

∥∥w − wkhτ
∥∥
L∞(0,T ;L2(Ω))

)
.

(4.25)

Combining (4.23), (4.24) and (4.25), we get∥∥v − vkhτ
∥∥2
X
+
∥∥∂t(v − vkhτ )

∥∥2
Y
+ 2α5

∥∥w − wkhτ
∥∥2
Y
+
∥∥∂t(w − wkhτ )

∥∥2
Y

≤ C
(∣∣∥∥R1(v

k
hτ )
∥∥∣∣2
X′ +

∣∣∥∥R2(w
k
hτ )
∥∥∣∣2
Y
+
∥∥(v − vkhτ )(·, 0)

∥∥2
Ω
+ α4

∥∥(w − wkhτ )(·, 0)
∥∥2
Ω

)
with C = 6+

[
C̃ +

(
6K2

f + 4K2
g

)
α̃2
4T
]
eC̃ . Hence, we obtain the desired estimate with C⋆ =

Cmax{1, α4}
min{1, 2α5}

.

4.5 A posteriori error estimates
In this section, for any polynomial degree p ≥ 1, we derive an a posteriori error estimate on the error between
the exact solution (v, w) given by the weak formulation (2.4) and the approximate solution

(
vn,kh , wn,kh

)
given by (3.2) which is valid at any time step 1 ≤ n ≤ Nt and any Newton step k ≥ 1.

Theorem 4.8. Let (v, w) be the solution of the continuous problem (2.1). Let
(
vkhτ , w

k
hτ

)
be the ap-

proximate solution stemming from the exact linearization solver at each time step 1 ≤ n ≤ Nt. Let
σkhτ,tot ∈ L2(0, T ;H(div,Ω)) be the equilibrated flux reconstruction satisfying (4.5). Let finally K ∈ Th
and define the residual estimators by

ηn,kR1,K
(t) := CP,KhK

∥∥∥∂tvn,khτ + F(vn,khτ , w
n,k
hτ ) +∇ · σn,khτ,tot

∥∥∥
K
(t)

ηn,kR2,K
(t) :=

∥∥∥∂twn,khτ + g
(
vn,khτ , w

n,k
hτ

)∥∥∥
K
(t)

(4.26)

the flux estimator by
ηn,kF,K(t) :=

∥∥∥Λ∇vn,khτ + σn,khτ,tot

∥∥∥
K
(t) (4.27)
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the linearization estimator by

ηn,klin,1,K :=
∥∥∥F(vn,khτ , w

n,k
hτ )− f(vn,khτ , w

n,k
hτ )

∥∥∥
K
(t) (4.28)

and the initial condition estimators by

ηkIC,1,K :=
∥∥(v − vkhτ )(·, 0)

∥∥
K
, ηkIC,2,K :=

√
α4

∥∥(w − wkhτ )(·, 0)
∥∥
K
. (4.29)

Then, the following a posteriori error estimate holds,

1

2
√
C⋆

(∥∥∥∂t (w − wn,khτ

)∥∥∥
Y
+
∥∥∥w − wn,khτ

∥∥∥
Y
+
∥∥∥∂t (v − vn,khτ

)∥∥∥
Y
+
∥∥∥v − vn,khτ

∥∥∥
X

)
≤ ηk

with the global estimator ηk defined by

ηk :=

{
Nt∑
n=1

∫
In

∑
K∈Th

((
ηn,kR1,K

+ ηn,kF,K + ηn,klin,1,K

)2
+
(
ηn,kR2,K

)2)
(t) dt

+
∑
K∈Th

((
ηkIC,1,K

)2
+
(
ηkIC,2,K

)2)} 1
2

.

(4.30)

Proof. Using (4.15) it is enough to bound the term
∣∣∥∥R1(v

k
hτ )
∥∥∣∣
X′ and

∣∣∥∥R2(w
k
hτ )
∥∥∣∣
Y

to get the desired
result. First, employing the defintion (4.14) we have

∣∣∥∥R1(v
k
hτ )
∥∥∣∣
X′ = sup

φ∈X,∥φ∥X=1

∫ T

0

{
−
(
∂tv

k
hτ + f(vkhτ , w

k
hτ ), φ

)
Ω
− (Λ∇vkhτ ,∇φ)Ω

}
(t) dt.

Adding and subtracting ∇·σkhτ,tot and using afterwards the Green-formula (since σhτ,tot ∈ L2(0, T ;H(div,Ω))
and φ ∈ X) we get

∣∣∥∥R1(v
k
hτ )
∥∥∣∣
X′ = sup

φ∈X,∥φ∥X=1

Nt∑
n=1

∫
In

∑
K∈Th

{
−
(
∂tv

n,k
hτ + f(vn,khτ , w

n,k
hτ ) +∇ · σn,khτ,tot, φ

)
K

−(Λ∇vn,khτ + σn,khτ,tot,∇φ)K

}
(t) dt.

We add the linearized source term F(vn,khτ , w
n,k
hτ ) so that

∣∣∥∥R1(v
k
hτ )
∥∥∣∣
X′ = sup

φ∈X,∥φ∥X=1

Nt∑
n=1

∫
In

∑
K∈Th

{
−
(
∂tv

n,k
hτ + F(vn,khτ , w

n,k
hτ ) +∇ · σn,khτ,tot, φ

)
K

−(Λ∇vn,khτ + σn,khτ,tot,∇φ)K +
(
F(vn,khτ , w

n,k
hτ )− f(vn,khτ , w

n,k
hτ ), φ

)
K

}
(t) dt.

Next, as a result of (4.7) we observe that

−
(
∂tv

n,k
hτ + F(vn,khτ , w

n,k
hτ ) +∇ · σn,khτ,tot, φ

)
K

= −
(
∂tv

n,k
hτ + F(vn,khτ , w

n,k
hτ ) +∇ · σn,khτ,tot, φ− φK

)
K
.

Besides, the Cauchy–Schwarz and next the Poincaré–Wirtinger inequalities give

−
(
∂tv

n,k
hτ + F(vn,khτ , w

n,k
hτ ) +∇ · σn,khτ,tot, φ− φK

)
K

≤ ηn,kR1,K
∥∇φ∥K . (4.31)

Furthermore, applying again the Cauchy–Schwarz inequality we obtain

−(Λ∇vn,khτ + σn,khτ,tot,∇φ)K ≤ ηn,kF,K ∥∇φ∥K . (4.32)
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and also (
F(vn,khτ , w

n,k
hτ )− f(vn,khτ , w

n,k
hτ ), φ

)
K

≤ ηn,klin,1,K ∥φ∥K . (4.33)

Finally combining (4.31), (4.32) and (4.33) we get

−
∑
K∈Th

(
∂tv

n,k
hτ + F(vn,khτ , w

n,k
hτ ) +∇ · σn,khτ,tot, φ

)
K
−
∑
K∈Th

(Λ∇vn,khτ + σn,khτ,tot,∇φ)K

+
∑
K∈Th

(
F(vn,khτ , w

n,k
hτ )− f(vn,khτ , w

n,k
hτ ), φ

)
K

≤
∑
K∈Th

(
ηn,kR1,K

+ ηn,kF,K

)
∥∇φ∥K +

∑
K∈Th

ηn,klin,1,K ∥φ∥K

≤
∑
K∈Th

(
ηn,kR1,K

+ ηn,kF,K + ηn,klin,1,K

)
max {∥φ∥K , ∥∇φ∥K} .

The Cauchy–Schwarz inequality gives

−
∑
K∈Th

(
∂tv

n,k
hτ + F(vn,khτ , w

n,k
hτ ) +∇ · σn,khτ,tot, φ

)
K
−
∑
K∈Th

(Λ∇vn,khτ + σn,khτ,tot,∇φ)K

+
∑
K∈Th

(
F(vn,khτ , w

n,k
hτ )− f(vn,khτ , w

n,k
hτ ), φ

)
K

≤

{ ∑
K∈Th

(
ηn,kR1,K

+ ηn,kF,K + ηn,klin,1,K

)2} 1
2

max {∥φ∥Ω , ∥∇φ∥Ω} .

Hence, we obtain the estimate on
∣∣∥∥R1(v

k
hτ )
∥∥∣∣
X′ thanks to the Cauchy–Schwarz inequality

∣∣∥∥R1(v
k
hτ )
∥∥∣∣
X′ ≤

{
Nt∑
n=1

∫
In

∑
K∈Th

(
ηn,kR1,K

+ ηn,kF,K + ηn,klin,1,K

)2
(t) dt

} 1
2

. (4.34)

Similarly, we can obtain an analogous estimate on
∣∣∥∥R2(w

k
hτ )
∥∥∣∣
Y

∣∣∥∥R2(w
k
hτ )
∥∥∣∣
Y
≤

{
Nt∑
n=1

∫
In

∑
K∈Th

(
ηn,kR2,K

)2
(t) dt

} 1
2

. (4.35)

Employing (4.34) and (4.35) we get the desired estimate.

Remark 4.9. The estimators of Theorem 4.8 reflect various violations of physical properties of the approx-
imate solution vkhτ and wkhτ . The estimators ηn,kR1,K

and ηn,kF,K represent the nonconformity of the flux, i.e.
∇vkhτ /∈ H(div,Ω). The term ηn,kR2,K

is an estimator associated to the residual equation of the second line
of (2.1). Indeed, ∂tw

n,k
hτ + g(vn,khτ , w

n,k
hτ ) ̸= 0. However, at convergence (k → +∞, h → 0 and ∆tn → 0) all

the estimators vanish showing that our methodology is consistent.

5 Error components and adaptive algorithm
In Section 4, we derived an a posteriori error estimate between the exact solution and approximate solution
at each time step 1 ≤ n ≤ Nt, and at each Newton step k ≥ 1 when p ≥ 1. We now provide an a posteriori
error estimate distinguishing the different error components, namely the error due to the discretization in
space and the error due to the discretization in time. In particular, from the spatial error, we distinguish
the discretization error stemming from the finite element method and the linearization error coming from
the Newton scheme, following the heuristic approach presented in [24].
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5.1 Space-time adaptivity
The flux estimator ηn,kF,K(t) is split into two contributions using the triangle inequality:

ηn,kF,K(t) ≤
∥∥∥Λ∇(

vn,khτ (t)− vn,kh

)∥∥∥
K
+
∥∥∥Λ∇vn,kh + σn,khτ,tot

∥∥∥
K
.

Using (4.1) we have ∀t ∈ In

vkhτ (t) =

(
t− tn

∆tn
+ 1

)
vn,kh − t− tn

∆tn
vn−1
h = (1− ρ(t)) vn,kh + ρ(t)vn−1

h

where ρ(t) = tn−t
∆tn

. Furthermore, we have

∇vkhτ (t) = ∇vn,kh − ρ(t)∇(vn,kh − vn−1
h ).

Therefore, we get
ηn,kF,K(t) ≤ ρ(t)

∥∥∥Λ∇(vn,kh − vn−1
h )

∥∥∥
K
+
∥∥∥Λ∇vn,kh + σn,khτ,tot

∥∥∥
K
.

Nevertheless, the function ρ : In → R is decreasing so that ∀t ∈ In, ρ(t) ≤ ρ(tn−1) = 1. Therefore, we
obtain

ηn,kF,K(t) ≤
∥∥∥Λ∇(vn,kh − vn−1

h )
∥∥∥
K︸ ︷︷ ︸

ηn,k
tm,K

+
∥∥∥Λ∇vn,kh + σn,khτ,tot

∥∥∥
K︸ ︷︷ ︸

ηn,k
DF,K

. (5.1)

Corollary 5.1. Let
(
vkhτ , w

k
hτ

)
be the approximate solution issued from the exact linearization solver at

each time step 1 ≤ n ≤ Nt. Let σkhτ,tot ∈ L2(0, T ;H(div,Ω)) be the equilibrated flux reconstruction satisfy-
ing (4.5). Consider the global estimator ηk of Theorem 4.8. Then, we obtain the following error estimate,
distinguishing the two sources (spatial and temporal) of the error

ηk ≤ ηktm + ηksp + ηkinit

where

ηksp = 2
1
2

{
Nt∑
n=1

∫
In

∑
K∈Th

(
ηn,kR1,K

+ ηn,kR2,K
+ ηn,kDF,K + ηn,klin,1,K

)2
(t) dt

} 1
2

,

ηktm = 2
1
2

{
Nt∑
n=1

∫
In

∑
K∈Th

(
ηn,ktm,K

)2
(t) dt

} 1
2

,

ηkinit :=

{ ∑
K∈Th

{(
ηkIC,1,K

)2
+
(
ηkIC,2,K

)2}} 1
2

.

Proof. We first employ the inequality A2 + B2 ≤ (A + B)2 ∀(A,B) ∈ R+ × R+ to gather the residual
estimators and we obtain

ηk ≤

{
Nt∑
n=1

∫
In

∑
K∈Th

(
ηn,kR1,K

+ ηn,kR2,K
+ ηn,kF,K + ηn,klin,1,K

)2
(t) dt

+
∑
K∈Th

((
ηkIC,1,K

)2
+
(
ηkIC,2,K

)2)} 1
2

.

Next, we use (5.1) to obtain

ηk ≤

{
Nt∑
n=1

∫
In

∑
K∈Th

(
ηn,kR1,K

+ ηn,kR2,K
+ ηn,kDF,K + ηn,ktm,K + ηn,klin,1,K

)2
(t) dt

+
∑
K∈Th

((
ηkIC,1,K

)2
+
(
ηkIC,2,K

)2)} 1
2

.
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The Minkowski inequality yields

ηk ≤


{ Nt∑

n=1

∫
In

∑
K∈Th

(
ηn,kR1,K

+ ηn,kR2,K
+ ηn,kDF,K + ηn,klin,1,K

)2
(t) dt

} 1
2

+

{
Nt∑
n=1

∫
In

∑
K∈Th

(ηn,ktm,K)2(t) dt

} 1
2

2

+
∑
K∈Th

((
ηkIC,1,K

)2
+
(
ηkIC,2,K

)2)} 1
2

.

Now, we employ the Cauchy–Schwarz inequality to get

ηk ≤

{
2

Nt∑
n=1

∫
In

∑
K∈Th

(
ηn,kR1,K

+ ηn,kR2,K
+ ηn,kDF,K + ηn,klin,1,K

)2
(t) dt

+ 2

Nt∑
n=1

∫
In

∑
K∈Th

(ηn,ktm,K)2(t) dt

+
∑
K∈Th

((
ηkIC,1,K

)2
+
(
ηkIC,2,K

)2)} 1
2

.

Finally, we get the desired result

ηk ≤ 2
1
2

{
Nt∑
n=1

∫
In

∑
K∈Th

(
ηn,kR1,K

+ ηn,kR2,K
+ ηn,kDF,K + ηn,klin,1,K

)2
(t) dt

} 1
2

+ 2
1
2

{
Nt∑
n=1

∫
In

∑
K∈Th

(
ηn,ktm,K

)2
(t) dt

} 1
2

+

{ ∑
K∈Th

((
ηkIC,1,K

)2
+
(
ηkIC,2,K

)2)} 1
2

.

Remark 5.2. The goal of an efficient numerical simulation is to achieve the equilibration of the spatial and
temporal error components so that ηn,ksp ≈ ηn,ktm ∀1 ≤ n ≤ Nt where ηn,ksp = ηksp|In and ηn,ktm = ηktm|In as well
as the equilibration of the spatial error in all mesh elements ηn,ksp,K′ ≈ ηn,ksp,K , ∀K ′ ̸= K ∈ Th, ∀1 ≤ n ≤ Nt.
This concept can be achieved thanks to an adaptive choice of the time step and mesh refinement procedures
through algorithms such as those presented in Picasso [52], Makridakis and Nochetto [46], or Ern and
Vohralík [31]. In this work, we mainly focus on the spatial component of the error. In the sequel, we present
how to estimate the two spatial error components separately.

5.2 Distinguishing the spatial-error components for p ≥ 1

Let 1 ≤ n ≤ Nt. First, we have σn,kh,tot = σn,kh,disc + σn,kh,lin so the triangle inequality reads

ηn,kDF,K(t) ≤
∥∥∥Λ∇vn,kh + σn,khτ,disc

∥∥∥
K︸ ︷︷ ︸

discretization

+
∥∥∥σn,khτ,lin∥∥∥

K︸ ︷︷ ︸
linearization

, (5.2)

which separates the linearization and discretization contributions of the error. We then define

ηn,kFEM,K :=
∥∥∥Λ∇vn,kh + σn,khτ,disc

∥∥∥
K
, ηn,klin2,K :=

∥∥∥σn,khτ,lin∥∥∥
K
.

Thus, we can estimate separately the two contributions of the spatial error
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Corollary 5.3. Let
(
vkhτ , w

k
hτ

)
be the approximate solution issued from the exact linearization solver at

each time step 1 ≤ n ≤ Nt. Let σkhτ,tot ∈ L2(0, T ;H(div,Ω)) be the equilibrated flux reconstruction sat-
isfying (4.5). Then, we get the following estimate distinguishing the two components (discretization and
linearization) of the spatial error:

ηksp ≤ ηkFEM + ηklin

where

ηkFEM := 2
1
2

{
Nt∑
n=1

∫
In

∑
K∈Th

(
ηn,kR1,K

+ ηn,kR2,K
+ ηn,kFEM,K

)2
(t) dt

} 1
2

,

ηklin := 2
1
2

{
Nt∑
n=1

∫
In

∑
K∈Th

(
ηn,klin,1,K + ηn,klin,2,K

)2
(t) dt

} 1
2

.

Proof. We use (5.2) and then the Minkowski inequality to obtain

ηksp = 2
1
2

{
Nt∑
n=1

∫
In

∑
K∈Th

(
ηn,kR1,K

+ ηn,kR2,K
+ ηn,kDF,K + ηn,klin,1,K

)2
(t) dt

} 1
2

≤ 2
1
2

{
Nt∑
n=1

∫
In

∑
K∈Th

(
ηn,kR1,K

+ ηn,kR2,K
+ ηn,kFEM,K + ηn,klin,1,K + ηn,klin,2,K

)2
(t) dt

} 1
2

≤ 2
1
2

{
Nt∑
n=1

∫
In

∑
K∈Th

(
ηn,kR1,K

+ ηn,kR2,K
+ ηn,kFEM,K

)2
(t) dt

} 1
2

+ 2
1
2

{
Nt∑
n=1

∫
In

∑
K∈Th

(
ηn,klin,1,K + ηn,klin,2,K

)2
(t) dt

} 1
2

.

Combining the previous results, we get the a posteriori error estimate distinguishing the different error
components

Corollary 5.4. Let
(
vkhτ , w

k
hτ

)
be the approximate solution issued from the exact linearization solver at

each time step 1 ≤ n ≤ Nt. Then, we get the following error estimate, distinguishing the different error
components

ηk ≤ ηktm + ηkFEM + ηklin + ηkinit.

Remark 5.5. The estimators defined in Corollary 5.4 are global. Their local versions are defined by

ηn,kFEM := 2
1
2

{∫
In

∑
K∈Th

(
ηn,kR1,K

+ ηn,kR2,K
+ ηn,kFEM,K

)2
(t) dt

} 1
2

,

ηn,klin := 2
1
2

{∫
In

∑
K∈Th

(
ηn,klin,1,K + ηn,klin,2,K

)2
(t) dt

} 1
2

,

ηn,ktm := 2
1
2

{∫
In

∑
K∈Th

(
ηn,ktm,K

)2
(t) dt

} 1
2

.

Remark 5.6. Note that the total discretization error estimator has two components: the first one comes from
the finite element method, and the second one stems from the Newton linearization procedure. Therefore,
the total discretization estimator is a combination of ηkFEM and ηktm. More precisely one has

ηkFEM + ηktm ≤ ηkdisc := 2
1
2

{
Nt∑
n=1

((
ηn,kFEM

)2
+
(
ηn,ktm

)2)
(t) dt

} 1
2
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so that its local-in-time version reads

ηn,kdisc := 2
1
2

{(
ηn,kFEM

)2
+
(
ηn,ktm

)2} 1
2

.

5.3 Adaptive Newton algorithm
We finally present our adaptive Newton algorithm. Following the concept of [24, 32], it is designed only
to perform the linearization resolution with minimal necessary precision, and thus to avoid unnecessary
iterations. Let γlin be a positive parameter, typically of order 0.1, representing the desired relative size of
the linearization error. Assuming that the initial estimator ηinit is negligible, we summarize it in Algorithm 1.

Algorithm 1 Adaptive Newton algorithm at each time step n ≥ 1

1. Choose an initial vector Xn,0
h ∈ R2Np

d , typically as Xn−1
h , and set k = 1.

2. From Xn,k−1
h define An,k−1 ∈ R2Np

d ,2N
p
d and Bn,k−1 ∈ R2Np

d by (3.12).
3. Consider the linear system

An,k−1Xn,k
h = Bn,k−1.

4. Compute the estimators of Theorem 4.8 and check the stopping criterion for the linear solver in the
form:

ηn,klin ≤ γlinη
n,k
disc. (5.3)

If satisfied, return Xn
h = Xn,k

h . If not, set k = k + 1 and go back to 1.

6 Numerical experiments
This section illustrates numerically our theoretical developments in the case of linear p = 1. We first assume
that the Newton solver has converged, i.e., we apply the “exact Newton” method as described in Section 3.3,
using the stopping criterion with ε = 10−12. In this scenario, the Newton index k can be discarded. Let
Ω := [−1, 1]×[−1, 1] denotes the unit square. In a first study, we are interested in the shape of the numerical
solution after several time steps and in the behavior of the estimators at convergence of the solvers given
by Theorem 4.8. We recall that in this scenario, the linearization estimators vanish, so that it will not
be represented in our figures. In a second study, we will focus on our adaptive Newton strategy given by
Algorithm 1. For all the studies, the initial conditions are given by

v0(x) = 0.3, and w0(x) = 0.

Furthermore, the simulations are conducted under the assumption of an isotropic tissue structure, with a

conductivity tensor Λ :=

(
2 1

1 2

)
. We take a constant time step ∆tn = ∆t = 0.1 for all 1 ≤ n ≤ Nt = 2000,

and the final time of simulation is T = 200. For modeling ionic current flows, we employ the original
FitzHugh–Nagumo model [36, 49], with parameter values given by λ = 1, θ = 0.25, a = 0.005, and b = 0.025.
The discrete initial conditions are chosen such that v0h(x) = v0(x) and w0

h(x) = w0(x). Obviously, the initial
condition estimators given by (4.29) vanish.

6.1 Exact Newton method at convergence
In this section, the Newton algorithm has converged, and we employ the stopping criterion (3.13) with
ε = 10−12. Figure 1 illustrates the temporal evolution of the transmembrane potential vh and the recov-
ery variable wh as functions of the time step, in the case where the Newton solver has converged. The
transmembrane potential vh (blue curve) represents the electrical activation of a cardiac cell, whereas the
recovery variable wh (red curve) accounts for the delayed response of ionic channels, such as potassium (K+)
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Figure 1: Temporal evolution of the exact numerical solution (vnh , w
n
h) at a fixed spatial point, computed

for 15130 mesh elements.

and sodium (Na+) channels. The overall dynamics can be divided into three main phases. First, during
the rapid depolarization phase, the membrane potential vh increases rapidly due to the sudden opening of
sodium channels. It exceeds a critical threshold (θ = 0.25) and increases rapidly, while wh responds more
slowly to this excitation. Then, in the repolarization phase, the variable wh grows large enough to inhibit
the dynamics of vh, which begins to decrease. This corresponds to the closure of sodium channels and the
delayed opening of potassium channels, leading to an efflux of K+ ions and a consequent drop in trans-
membrane potential. Finally, during the return to the resting state phase, both vh and wh gradually return
to their baseline values (vh = wh = 0). This recovery process is supported by the closure of potassium
channels and the activity of ionic pumps, such as the Na+/K+-ATPase, which helps restore ionic balance
by actively transporting Na+ ions out of the cell and K+ ions in. The resulting trajectories highlight the
coupled nature of excitation and recovery mechanisms during the signal propagation.
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Figure 2: Estimators at convergence for approximately 148 elements at time value tn = 20. Left: flux
estimator ηnF,K . Middle and right: residual estimators ηnR1,K

and ηnR2,K
, respectively.

Figures 2 and 3 display the behavior of the flux estimator ηnF,K(tn) (4.27) and of the residual estimators
ηnR1,K

(tn) and ηnR2,K
(tn) (4.26) (see Theorem 4.8) associated to the transmembrane potential vnh and the

recovery variable wnh at the time value tn = 20, for two different meshes. We observe that for several spatial
meshes, these discretization estimators are very small. It in particular shows that when the Newton solver
has converged the numerical flux ∇vn,khτ is almost conforming since it is very close in the sense of the L2

norm to the equilibrated flux σn,khτ,tot ∈ H(div,Ω). Obviously, this amazing phenomenon does not occur
within the Newton iteration. Thus, our finite element method produces a high-fidelity numerical solution
that recovers the structural properties of the solution at the continuous level.
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Figure 3: Estimators at convergence for approximately 600 elements at time value tn = 20. Left: flux
estimator ηnF,K . Middle and right: residual estimators ηnR1,K

and ηnR2,K
, respectively.
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Figure 4: A posteriori estimators ηk, ηkdisc, and ηklin at convergence, as a function of the total number of
space-time unknowns. Exact Newton method (left); adaptive Newton method (middle); error between the
two approaches (right).

6.2 Comparison of exact and adaptive Newton algorithm
Figure 4 displays the curves of the different global estimators as a function of the total number of space-time
unknowns. More precisely, if we denote by |Th| the total number of elements composing the mesh Th, then
the total number of space-time unknowns is Nt × |Th|. Therefore, the x-axis represents a sequence of values
corresponding to different mesh refinements. In the left part of Figure 4, the Newton stopping criterion (3.13)
is satisfied, while in the middle one, the adaptive stopping criterion (5.3) is applied. In both cases, the total
estimator ηk defined by (4.30) (red curve) is nearly identical, indicating that the adaptive method achieves
comparable accuracy to the exact Newton method. In fact, the discretization estimator ηkdisc (green curve)
is dominant, with values around 10−3 in both configurations (the right figure confirms that both curves are
quite similar). In the exact case, the linearization estimator ηklin (blue curve) is extremely small (around
10−12). On the other hand, in the adaptive case, the linearization estimator takes slightly larger values
(around 10−6), which however remain small enough not to affect the overall estimator. Note that the right
part of Figure 4 depicts the errors between each methods for each estimators. It enables us to show clearly
the deviation between the two approaches.

Figure 5 presents the evolution of the various estimators as a function of the Newton iterations at three
time values tn = 116, tn = 144, and tn = 200. We observe that the discretization estimator globally
dominates and is close to the total estimator. The linearization estimator (blue curve) is small from the
second Newton iteration (around 10−2) and next decreases rapidly to reach the value 10−15. From the first
Newton iteration, the discretization estimator stagnates, which means that the linearization component
of the error does not influence the behavior of the total error estimator. Then, the Newton algorithm
performs unnecessary iterations and could be stopped after the second iteration. Here again, we highlight
an interesting observation: the linearization estimator and the Newton error exhibit similar behavior, up
to a small constant shift. This result confirms the consistency of our heuristic approach in separating the
different error components from the total estimator.

Figure 6 shows the number of Newton iterations and the cumulative number of Newton iterations required
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Figure 5: Estimators as a function of the Newton iterations for three different time steps: tn = 116, tn = 144,
and tn = 200.

0 500 1000 1500 2000

Time step

1

1.5

2

2.5

3

3.5

4

N
u

m
b

e
r 

o
f 

N
e

w
to

n
 i
te

ra
ti
o

n
s

Exact method

Adaptive method

0 500 1000 1500 2000

Time step

10
0

10
1

10
2

10
3

10
4

N
u
m

b
e
r 

o
f 
N

e
w

to
n
 i
te

ra
ti
o
n
s

Exact method

Adaptive method

Figure 6: Left: number of Newton iterations at each time step. Right: cumulated number of Newton
iterations as a function of time.

to meet the stopping criteria at each time step of the simulation. In particular, the first plot shows that, for
almost all time steps, our adaptive strategy requires only 2 Newton iterations to converge and is cheaper in
terms of Newton iterations than the exact resolution. The second graph presents the cumulated number of
Newton iterations as a function of time step. A clear advantage of the adaptive Newton approach can be
observed, as it reduces the total number of iterations by approximately 35% by the end of the simulation.

Figure 7 (left) displays the evolution of the adaptive numerical solution as a function of the time step. The
second graph illustrates the error between the solutions given by the exact (recall Figure 1) resolution and
the adaptive one. In particular, the curves of the solutions given by exact Newton and adaptive Newton
almost coincide. Thus, our adaptive Newton algorithm saves many Newton iterations and generates a
solution whose precision does not differ from the exact one more than by a fraction of the discretization
error.

Figure 8 displays the behavior of the spatial estimator ηksp and the temporal estimator ηktm of Corollary 5.1
for several space-time meshes. We observe in both figures that the temporal estimator is very small,
indicating that the error stemming from the implicit Euler scheme is also small. This result is coherent and
explained by the fact that the numerical solution evolves very slowly over time. Next, we observe a small
fluctuation of the spatial estimator between the two methods. The spatial estimator is obviously higher
than the temporal estimator since it concentrates the main source of the error. It gives important tools for
adaptive space-time mesh refinement strategies where an equilibrium between the spatial error and temporal
error is sought. It will be considered in a future work.
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Figure 7: Left: temporal evolution of the adaptive numerical solution (vnh , w
n
h) at a fixed spatial point at

convergence. Right: error between the exact and adaptive methods.
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Figure 8: Spatial ηksp and temporal ηktm estimators as a function of the total number of space–time unknowns.
Exact (left) and adaptive (right) Newton method.

7 Conclusion
In this work, we devised an adaptive version of the Newton algorithm for the monodomain problem in
electrocardiology. We employed the conforming Pp finite element method for spatial discretization and the
implicit Euler scheme for time discretization. Using equilibrated flux reconstructions, we established an a
posteriori error estimate on the error between the exact and approximate solutions, which is valid at each
time step and each Newton iteration. Our a posteriori error estimate also distinguishes — through a heuristic
approach — the main component of the error (spatial error), which is splitted into two contributions: the
discretization error and the linearization error. This distinction of error components enabled us to formulate
an adaptive stopping criterion for the linearization solver in order to reduce the computational cost. In
the numerical experiments, we tested the effectiveness of our adaptive strategy. In particular, the results
confirmed the robustness of the proposed approach.
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