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Motivation

Let Q ¢ R? be a smooth connected domain.
H : Hilbert space, g : convex set
a: H x H — R: bilinear continuous form, ¢ : H — R : linear continuous form

Find vely a(u,v—u)>4(v—u) VveKy
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Motivation

Let Q ¢ R? be a smooth connected domain.
H : Hilbert space, g : convex set
a: H x H — R: bilinear continuous form, ¢ : H — R : linear continuous form

Find vely a(u,v—u)>4(v—u) VveKy
Application to several problems in contact mechanics
Obstacle problem: Find u € ICg := {v € H'(Q) s.t. v =gon 99, and v > ¥ in Q} such

that
(Vu,V(v—=u))g > (fiv—u)q YveKy

@ u: displacement of an elastic membrane

@ W ¢ H'(Q): position of the lower obstacle
@gc H%(aﬂ): Dirichlet boundary datum for u
@ f ¢ L?(Q): force acting on the membrane



Scalar Signorini problem: 90Q =Ty Ul UT3.

I'1: Dirichlet boundary conditions, I'>: Neumann boundary conditions
I'3: Unilateral contact boundary conditions

Find u € ICq .= {v e H'(Q) st. v=gonTy, and v > W on '3} such that
(Vu,V(v—-u))g > (fLv-u), VYveKy
@gec H%(ﬂ) Dirichlet boudary datum for u
o Ve H%(I's): Obstacle function, f € L2(Q): force acting on the membrane.
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Scalar Signorini problem: 90Q =Ty Ul UT3.
I'1: Dirichlet boundary conditions, I'>: Neumann boundary conditions
I'3: Unilateral contact boundary conditions

Find u € ICq .= {v e H'(Q) st. v=gonTy, and v > W on '3} such that
(Vu,V(v—-u))g > (fLv-u), VYveKy
@gec H%(ﬂ) Dirichlet boudary datum for u
o Ve H%(I's): Obstacle function, f € L2(Q): force acting on the membrane.

Contact between two membranes:

Find u == (us, Up) € Kg := {v = (v, v2) € H}, (Q) x Hy,(Q) s.t. vi — v > 0 a.e. in Q} such
that

32 ta (VUa, V (Vo = Ua))g = Yoy (fas Vo — Un)g YV € Kg

@ L1, po: tensions of the membranes
@ g1 > go : boundary data
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Study the contact problem between two membranes

Propose robust algorithms

@ Discretization by the finite element method, the discontinuous Galerkin method, the
hybrid high-order method

Nonlinear resolution

@ Semismooth Newton methods
Quantify the error

@ A posteriori error estimates

@ Distinction of each error components
Save computational time

@ Adaptivity
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Study the contact problem between two membranes

Propose robust algorithms

@ Discretization by the finite element method, the discontinuous Galerkin method, the
hybrid high-order method

Nonlinear resolution

@ Semismooth Newton methods
Quantify the error

@ A posteriori error estimates

@ Distinction of each error components
Save computational time

@ Adaptivity
Extension to unsteady problems?
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Model problem and settings: contact between two membranes

—/L1AU1 — A= f1 in Q,

—poAUs + X =y in Q,

U1*U220, )\ZO, (U1*U2))\:0 in Q,
Uy =91, Uo = go on 09.

Find uq, us, A such that
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Continuous problem

° H) (Q)={ue H'(Q), u=g.ondQ} A= {xel?Q), x>0ae.inQ}
Saddle point type weak formulation: For (f;, %) € [L’ﬁ’(Q)]2 and g > 0 find
(ug, Uz, A) € HY, () x HL, () x A such that
2 2 2
D 10 (VUa, VVa)g — (A vt = 2)g = Y (faVa)g V(1. v2) € [HS(Q)}
= a=1

a=1

X =AU~ l2)g >0 VyeA
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Continuous problem

° H) (Q)={ue H'(Q), u=g.ondQ} A= {xel?Q), x>0ae.inQ}
Saddle point type weak formulation: For (f;, %) € [L’ﬁ’(Q)]2 and g > 0 find
(ug, Uz, A) € HY, () x HL, () x A such that
2 2 2
D 10 (VUa, VVa)g — (A vt = 2)g = Y (faVa)g V(1. v2) € [HS(Q)}
= a=1

a=1

X — A, U —Ug)QZO Vx €A
equivalent to
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Continuous problem

° H) (Q)={ue H'(Q), u=g.ondQ} A= {xel?Q), x>0ae.inQ}
Saddle point type weak formulation: For (f;, %) € [L’ﬁ’(Q)]2 and g > 0 find
(ug, Uz, A) € HY, () x HL, () x A such that
2 2 2
D 10 (VUa, VVa)g — (A vt = 2)g = Y (faVa)g V(1. v2) € [HS(Q)}
= a=1

a=1

X—/\,U1—U2)QZO Vx €A

(S)

equivalent to
Variational inequality:
0 Kg:={(v1,v2) € H},(Q) x H(Q), vi —v> >0 a.e.in Q} convex
2
Find u = (uy, o) € Kg sit. ZMQ(VUQ,V —Uy))g > Z (frs Vo — Ua)q YV E K4 (R)

a=1
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The finite element method

Forany p > 1
Spaces for the discretization:
g p={Vh € C%Q), Vhk € Pp(K), VK € Tp, Vh=ga On 0Q}

X5, = {vh € CO(Q); vhlk € Pp(K), VK € Th, Van=0 on 9Q}

KB, = {(v”,, Ven) € XD, x XP

g V1n(X1) = Van(X)) 2 0 VX € Vf} 7Kg Vp=2
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The finite element method

Forany p > 1
Spaces for the discretization:
g p={Vh € C%Q), Vhk € Pp(K), VK € Tp, Vh=ga On 0Q}

X5, = {vh € CO(Q); vhlk € Pp(K), VK € Th, Van=0 on 9Q}

KB, = {(v”,, Ven) € XD, x XP

g V1n(X1) = Van(X)) 2 0 VX € Vf} 7Kg Vp=2

Discrete variational inequality: find uy, = (uyp, U2p) € Icgh such that

2
> 10 (Vo V (Van — Q2= Z (fas Vah = Uah)g  YVh = (Vin, Van) € Kf,  (DR)

Well-posed problem (Lions—Stampacchia)
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The finite element method

Forany p > 1
Spaces for the discretization:
g p={Vh € C%Q), Vhk € Pp(K), VK € Tp, Vh=ga On 0Q}

X5, = {vh € CO(Q); vhlk € Pp(K), VK € Th, Van=0 on 9Q}

K:Zh = {(V1h7 V2h) € X; Xg h V1h(X/) — Vgh(X/) >0 Vx5 e Vf} §Z Kg vp > 2

Discrete variational inequality: find uy, = (uyp, U2p) € Icgh such that

2 2
D 1 (VUah, V (Vah = Uah))g 2 Y (fas Vah — Uah)q  Vh = (Vin, van) € Khy,  (DR)
=1

Well-posed problem (Lions—Stampacchia)

Resolution techniques: Projected Newton methods (Bertsekas 1982), Active set Newton method
(Kanzow 1999), Primal-dual active set strategy (Hintermuller 2002).
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Saddle point formulation Recall A = {x € L?(Q), x > 0a.e.inQ}
p=1: /\}, = {Vh € Xgh vh(a) > 0Va e V:,’im} C A Ben Belgacem, Bernardi, Blouza, and Vohralik (2012).

p =2 (new): Ay := {Vh € XP (Vn ) g = 0 € VE™ (Vi tonx)q = 0V € V(’f’e’“} 7 A

(Wh, V), = Z wh(a)vh(a) (h.a, 1)w2 if p=1 and (W, Vp), = (Wh,vh)q If p>2

acVy
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Saddle point formulation Recall A = {x € [3(Q), x > 0a.e.in Q}

p=1: A= {vh € X3, va(a) >0Vva e yh mt} C A Ben Belgacem, Bernardi, Blouza, and Vohralik (2012).

p>2(new): Ap:= {vh € XE (Vhhx) g = 0VX € VP™ (Vi oy ) = 0VX) € vg’v"’“} Z A

(Wh, Vi = > Wh(@)Vh(@) (n,a; 1 )ﬁ it p=1 and (Wh, Vi) = (Wh,Vh)q if p>2

acVy

Continuous weak formulation

2 2
Z“a (VUa, VVa)g — (O vy — 12)q Z (frsVa)g (w4, v2) € [H&(Q)}2
a=1

a=1

(S)
(X = A U1 —2)g >0 VxeAN
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Saddle point formulation

Recall A = {x € [3(Q), x > 0a.e.inQ}
p=1: /\}, = {Vh € XJh vp(a) > 0Vac V;/’im} C A Ben Belgacem, Bernardi, Blouza, and Vohralik (2012).

p =2 (new): A= {vh e XE (Vi tn)g = 0 VX € VP™ (vi, Ung)g = OV € VP ] 7 A

(Wh, Vi = > Wh(@)Vh(@) (n,a; 1 )ﬁ if p=1 and (Wph, Vi) = (Wh,Vh)q If p=>2

acVy

Discrete weak formulation Find (u;p, Uap, Ap) € Xé’;h XP, x A\ st.
2

2
Z oo (VUah, VZan)q — (An, Z1h — Zon)p = Z (fasZan)a s Y(Zin, Zon) € (X5 J?
a=1

a=1

(Xh = Any Uth — Uop)p >0 Vxp € AL

(DS)
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Discrete complementarity problem

2 2
Z o (VUah, VZon)g — (Ans Z1h — Zon)p, = Z (fasZan)g  Y(Z1h, Z2n) € [XBI2,

a=1 a=1

(Uih — Uzn) (X)) = 0 VX € V™, (A, onx ), = 0VX € V™ (\p, Uiy — Usp), = 0. (DS2)
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Discrete complementarity problem
2

2
> tta (VUan, VZan)g = (Any Zth = Zonhp = Y (far Zan)q - (210, Z2n) € [XE1Z,
a=1 a=1

(Uih — Uzn) (X)) = 0 VX € V™, (A, onx ), = 0VX € V™ (\p, Uiy — Usp), = 0. (DS2)

Matrix representation of (DS2)
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Discrete complementarity problem
2

2
> tta (VUan, VZan)g = (Any Zth = Zonhp = Y (far Zan)q - (210, Z2n) € [XE1Z,
a=1 a=1

(Uih — Uzn) (X)) = 0 VX € V™, (A, onx ), = 0VX € V™ (\p, Uiy — Usp), = 0. (DS2)
Matrix representation of (DS2)

A/;ip,inl A/’dp,inl j\/;jp,im
p=1itin=> (Xin)Ynx, Uten= Y (Xen)¥nx, An= Y (Xan),Onx-
I—1 I—1 I—1
EX, = F, E-—[‘“S 0 -D
Xin—Xop >0, X3p>0, (Xip— Xop)-X3p=0. ' 0 S +D
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The Discontinuous Galerkin method

Discontinuous spaces:

X = { vy € L3(9) s.t. volx € Po(K) VK € T}
X0, = {v,, € [2(Q) st. vhlk € Pp(K) VK € Th and vy, = ga ON aQ}
’Cgh = {Vh = (V1h7 Vgh) S Vﬁ1 X Vﬁz s.t. (V1h — Vgh) |K(X/) >0Vx € V;?t VK € 777}

Discrete variational inequality: find u, = (uqp, U2p) € K:gh such that

2 2
> taAn(Uah; Vah = Uah) = DY (falk; Vahlk — UanlK)e  IVh = (Van, van) € K5, (DR)
a=1 a=1KeTy

Ap : bilinear form a + consistency and stability terms [SIPG, NIPG]

Well-posed problem (Lions—Stampacchia)
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Discrete complementarity problem

Ny = {vh € X, st (Vilk: ¥nxlk)x = O VK € Th, VX € V', and (Vhlk, Ynxlk)x =0
VK € Tp VX € V& p>2

Find (U1h, Uop, )\h) € X;h X ngh X /\2 such that

2 2
2

D taAn(Uah, Van) = Y (Vinlk = Vanli Al = D D (falks Vanlk)e YV € [XE]7,

a=1 KeTh . a=1KeT, )

(Uthlk — Uonlk) (X)) = 0 VX € V'™ (Nnlkstbmy) > 0YX € V™, (Mnlk Uthlk — Uznlk) = 0.
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Discrete complementarity problem

/\g = {Vh € Xﬁ s.t. (Vh‘K7¢h,X/’K)K >0VK e Tp, VX € Vint, and (Vh’Kﬂ/}h,x,‘K)K =0
VK € Tp VX € V& p>2
Find (U1h, Uop, )\h) € X;h X ngh X /\2 such that

2

2
2

> taAn(Uan: Van) = Y (Vinlk = Vanlic Ml = D Y (falks Vanlk)  YVh € [X5]7,

a=1 KeTh . a=1KeT, )

(Uthlk — Uonlk) (X)) = 0 VX € V'™ (Nnlkstbmy) > 0YX € V™, (Mnlk Uthlk — Uznlk) = 0.

Matrix representation X, := [Xip, Xon, X5n] € R3N:"
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Discrete complementarity problem

/\g = {Vh S Xﬁ s.t. (Vh‘K7"¢h,x, K)K >0VK e Tp, VX € Vint, and (Vh’Kﬂ/}h,x,‘K)K =0
VK € Tp VX € V& p>2
Find (U1h, Uop, )\h) € X;h X ngh X /\2 such that

2

2
2

D taAn(Uah, Van) = Y (Vinlk = Vanli Al = D D (falks Vanlk)e YV € [XE]7,

a=1 KeTh ) a=1KeT, )

(Uthlk — Uonlk) (X)) = 0 VX € V'™ (Nnlkstbmy) > 0YX € V™, (Mnlk Uthlk — Uznlk) = 0.

Matrix representation X, := [Xip, Xon, X5n] € R3N:"

IEXh: F, E = |: [MS 0 -D
Xip—Xon>0, X3y >0, (Xip— Xop)- X3 =0. ' 0 S +D
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The Hybrid High-Order method

The unknowns are polynomial functions attached to the cells and the edges of the mesh.
The polynomials attached to the cells can be eliminated through a static condensation
procedure.

Py (K) x Po(F) Py (K) x P1(F) P3(K) x Po(F)

The blue DOFs are eliminated!
HHO papers: Di Pietro, Ern (2015), Cockburn, Di Pietro, Ern (2016), Cascavita, Chouly, Ern (2019), Cicuttin, Ern, Gudi
(2020), Chouly, Ern, Pignet (2020)
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Discontinuous spaces: Ep . set of edges, Vi : DOFs in a triangle
X7 = 11 Po(K) x TT Pot(F). XEic =Pp(K) x [] Pour(F)
KeTy Feé&p Fe&x
X0 = {vne X0 st vh=gaondQ}: v,z Api= [ Pp(K): A
KeTh

K:Zh = {Vh = (V1h, Vgh) S Vg1 X ng s.t. (V1h - Vgh) |K(X/) >0Vx € Vg VK € 777}
Gradient reconstruction operator in every cell: Gk : Uy — Pp(K; R?) such that

(Gk(Vk), q)k = (VVk,q)k + Z (VE— vk, q-nk)F, Yk € XPy, Vg e Py(K; R?),
FEgK

Bilinear form: Vi, € X{, Vi, € X

An(n, W) = > (G0, Gl + e D7 (M (v = V), wic — wee) ).
KeTh Fe&k
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Discrete variational inequality: find uy, = (uip, Uap) € Klgh such that

ZMaAh Uah, Vah — Z > (falks Vanlk = Uanl) - ¥Vh = (vin, Van) € Kpy,  (DR)
a=1 a=1KeTy

Well-posed problem (Lions—Stampacchia)
HHO without static condensation:

XC
11Scc mScr 0 0 Iy F; X:FZ
MSFc  H1SEF 0 0 0 0 I
E:= , F:= , Xp=| X
0 0  u2Scc peScr L F> h Xt
0 0  uSec poSer 0 0 2h
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Discrete variational inequality: find uy, = (uyp, U2p) € K:gh such that

ZMaAh Uah, Vah — Z > (falks Vanlk = Uanl) - ¥Vh = (vin, Van) € Kpy,  (DR)
a=1 a=1KeTy

Well-posed problem (Lions—Stampacchia)
HHO without static condensation:

XC
11Scc mScr 0 0 Iy F; X:FZ
MSFc  H1SEF 0 0 0 0 I
E:= , F:= , Xp=| X
0 0  u2Scc peScr L F> h Xt
0 0  uSec poSer 0 0 Xi:

Discrete complementarity problem
EX, = F,
X, — X5, >0, Xzp >0, (Xfj— X5;) - Xz =0.
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Discrete variational inequality: find uy, = (uyp, U2p) € K:gh such that

ZMaAh Uah, Vah — Z > (falks Vanlk = Uanl) - ¥Vh = (vin, Van) € Kpy,  (DR)
a=1 a=1KeTy

Well-posed problem (Lions—Stampacchia)
HHO without static condensation:

XC
11Scc mScr 0 0 Iy F; X:FZ
MSFc  H1SEF 0 0 0 0 ¢
E:= , F:= , Xp=| X
0 0  poScc p2Scr g F h el
0 0  uSec poSer 0 0 Xi:

Discrete complementarity problem

EX, = F,

Xih —Xzp >0, Xap>0, (Xi,—X5) - Xap =0.
Static condensation procedure: Later, need the semismooth resolution!
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C-functions

Definition

f: (R™? — R™ (m > 1) is a C-function or a complementarity function if

V(x,y) € (R™)? f(x,y)=0 <= x>0, y>0, xy=0.
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C-functions

Definition

f: (R™? — R™ (m > 1) is a C-function or a complementarity function if

V(x,y) € (R™)? f(x,y)=0 <= x>0, y>0, xy=0.

min function: (min{x,y}), := min{x;, y;} I=1,....m
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C-functions

Definition

f: (R™? — R™ (m > 1) is a C-function or a complementarity function if

V(x,y) € (R™)? f(x,y)=0 <= x>0, y>0, xy=0.

min function: (min{x,y}), := min{x;, y;} I=1,....m

Fischer—Burmeister function: (fes(x,y)), := /X2 +y? —(xi+y;) [I=1,....m
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C-functions

Definition
f: (R™? — R™ (m > 1) is a C-function or a complementarity function if

V(x,y) € (R™)? f(x,y)=0 <= x>0, y>0, xy=0.

min function: (min{x,y}), := min{x;, y;} I=1,....m
Fischer—Burmeister function: (fes(x,y)), := /X2 +y? —(xi+y;) [I=1,....m
X =Xin— Xon, ¥ = Xan, C(Xn) = C(Xip — Xon, Xap)-

EX, =F,
C(X,) =0.



Semismooth Newton and first numerical results
00000000000

C-functions

Definition
f: (R™? — R™ (m > 1) is a C-function or a complementarity function if

V(x,y) € (R™)? f(x,y)=0 <= x>0, y>0, xy=0.

min function: (min{x,y}), := min{x;, y;} I=1,....m
Fischer—Burmeister function: (fes(x,y)), := /X2 +y? —(xi+y;) [I=1,....m
X =Xin— Xon, ¥ = Xan, C(Xn) = C(Xip — Xon, Xap)-

EX, =F,
C(X,) =0.

The C-function is not Fréchet differentiable.
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C-functions

Definition

f: (R™? — R™ (m > 1) is a C-function or a complementarity function if

V(x,y) € (R™)? f(x,y)=0 <= x>0, y>0, xy=0.

min function: (min{x,y}), := min{x;, y;} I=1,....m
Fischer—Burmeister function: (fes(x,y)), := /X2 +y? —(xi+y;) [I=1,....m
X =Xin— Xon, ¥ = Xan, C(Xn) = C(Xip — Xon, Xap)-

EX, =F,
C(X,) =0.

The C-function is not Fréchet differentiable.

We will use semismooth Newton algorithms.
Facchinei and Pang (2003), Bonnans, Gilbert, Lemaréchal, and Sagastizabal (2006).
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Inexact semismooth Newton method

Newton initial vector: X0 := (X%, X2, X3,)" € R3™, on step k > 1, one looks for
X;\ € R®" such that
Ak 1xk Bk 1
where
E F

Ak_11:[ k1} Bk_11:[ k—1y yk—1 k-1
JC(Xhi ) ] JC(Xhi )th _C(Xh7 )

Inexact solver initial vector: X;"° € R3", often taken as X;"* = X", this yields on step
i > 1 an approximation X,’,‘” to X/ satisfying

AIX = BT R

where R,f” € R3" is the algebraic residual vector.
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Newton-min convergence

Theorem

The Newton-min Algorithm is well defined. Moreover, if the first guess X ,? is close enough to
the solution X;; to the nonlinear system, then the sequence (Xj\), ., converges to X;; with a
finite number of semismooth iterations and the local convergence is quadratic.

In other words,

k * 2
% - x; .

<K
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HHO with static condensation

@ Express the cell components from the face components by local problems
@ By substitution derive from the global system the edge unknowns problem
@ Recover the solution attached to the cells

@ Important computational speed-up

Py DOFs P> DOFs P3 DOFs P, DOFs
Mesh | no SC SC no SC SC no SC SC no SC SC
To 752 176 1504 352 2448 528 3584 704
T 3040 736 6080 1472 9888 2208 14464 2944
T> 12224 3008 24448 6016 39744 9024 58112 12032
T3 49024 | 12160 | 98048 | 24320 | 159360 | 36480 | 232960 | 48640
Ta 196352 | 48896 | 392704 | 97792 | 638208 | 146688 | 932864 | 195584
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Numerical experiments

@ unit square domain Q := (0,1) x (0,1)
@ We compare the performance of FEM and HHO
First test case

Un(r) = —up(r) = {

(rP— RN ifr >R, A(F) = 0 ifr>R,
0 otherwise, "~ 11000r3(R2 — r?)®  otherwise,

@ r:=./(x—05)2 +(y —0.5)2: distance to the center of the domain,
@ R :=1/3: radius of the disk where contact occurs,
e N:=6

This solution is associated to the right-hand sides f; and f, defined by

—4N(r?> — R)N=2(Nr2 — R?) ifr > R,
—1000r3(R? — r?)3 otherwise.

f1(f') = —fg(r) = {
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For both schemes, the errors are reported in the energy norm

=

2 2
|Hu — UhH|Q = E A ||V(U1 — U1K)||L2(K) + [ ||V(U2 - u2K)||L2(K) )
KeTh

TR R

)

A
iy

B

W
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Number of Newton-min iterations

140 : : : 60 ,
—e—P, FEM —e—1P; HHO
—a—P, FEM ' —a—P, HHO ’
120 H_4 p. FEM 50 |- |—&—[P; HHO g
—4—P, FEM —4—P, HHO

N
o

w
o

n
o

—_
o

Number of Newton-min iterations
Number of Newton-min iterations

O . .\ .\ O L L L
0 1 2 3 4 0 1 2 3 4

Refinement level Refinement level
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Convergence

energy error
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A second test case

0 ifr<R 1 ifr<R
r) = — 7 w(r):=0, Xr):= -
th (1) {(r?-/??)2 ir-np, 0 () {o itr>R,

This solution is associated to the right-hand sides f; and £, given by

_8R? ifr<R {8/?2 ifr<R
f = -7 f = -
(7 { 2(7) 0 ifr>AR.

8R% —16r2 ifr > R,
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Convergence

107" ; ;

energy error
=
w

—e—P, FEM
—a—P, FEM
—A—P3; FEM
—4—P, FEM

-5 L L
1075 1 2

Refinement level

energy error

—e—P, HHO
—a—P, HHO

2
Refinement level

@ J. DABAGHI, G. DELAY, A unified framework for high-order numerical discretizations of variational inequalities.
Submitted in Computers & Mathematics with Applications (2020). https ://hal.archives-ouvertes.fr/hal-02969793v1
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A posteriori analysis for finite elements

1
2

K,i
lu-w;

9 (o)

) == (3 b))

KeTh

2
Q = <Z Ko
a=1

° nK(u’,;”) local estimator depending on the approximate solution
ki o ki Ki | o Kii.
@ ! < Ndisc + Mhin + nalg'

° nK(u,’;”) < local error + Jocal contact term: local efficiency

identification of the error components

typicallyﬁvrery small
@ adaptive inexact stopping criteria based on the error components
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A posteriori analysis for finite elements

K,i
lu-w;

9 (o)

) == (3 b))

KeTh

2
Q = <Z Ko
a=1

° nK(u’,;”) local estimator depending on the approximate solution
ki o ki Ki | o Kii.
@ ! < Ndisc + Mhin + nalg'

° nK(u,’;”) < local error + Jocal contact term: local efficiency

identification of the error components

typicallyﬁvrery small
@ adaptive inexact stopping criteria based on the error components

We employ the methodology of equilibrated flux reconstruction to obtain local error
estimators.
Destuynder & Métivet (1999) Braess & Schéberl (2008), Ern & Vohralik (2013)

1
2
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Component flux reconstruction

Motivation:
1o VU, € H(div,Q), —pa VU ¢ H(div,Q), V- (_uawgv,;‘) £ £, — (—1)2AK
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Component flux reconstruction

Motivation:
1o VU, € H(div,Q), —pa VU ¢ H(div,Q), V- (_uawgv,;‘) £ £, — (—1)2AK

Flux reconstruction:
oy e H@iv, Q) (Volint) = (f— (=10 1)
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Component flux reconstruction

Motivation:
1o VU, € H(div,Q), —pa VU ¢ H(div,Q), V- (_uang;;) £ £, — (—1)2AK
Flux reconstruction:
ki . ki _ gy ki
oly e H@v, Q) (Vealp 1) = (h— (1) 1)
Decomposition of the flux:

K ki + k,i
Ouh = chh,alg Uah,disc
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Component flux reconstruction

Motivation:
1o VU, € H(div,Q), —pa VU ¢ H(div,Q), V- (—uawg;;') £ £, — (—1)2AK
Flux reconstruction:
oly e H@v, Q) (Vealp 1) = (h— (1) 1)

Decomposition of the flux:
ki _ ghol 4 ko
Tah = chh,alg ah disc

Algebraic error flux reconstruction:

ki ki - - ki
OCha]geH(dw Q) V%halg r., Wwhere r . isthe functional representation of R_}

Papez, Riide, Vohralik and WohImuth (2020).



A posteriori analysis
0O®00000000

Component flux reconstruction

Motivation:
1o VU, € H(div,Q), —pa VU ¢ H(div,Q), V- (—uawg;;') £ £, — (—1)2AK
Flux reconstruction:
oly e H@v, Q) (Vealp 1) = (h— (1) 1)

Decomposition of the flux:
Ki ki k,i
Tah = chh,alg t+o ah disc
Algebraic error flux reconstruction:

ki ki - - ki
OCha]geH(dw Q) V%halg r., Wwhere r . isthe functional representation of R_}

Papez, Riide, Vohralik and WohImuth (2020).
Discretization flux reconstruction:

ahdlSCEH(dIV Q) (Vag,;dlst)K (f —(=1)e k/_(fh/J)K
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Estimators

Violations of physical properties of the numerical solution
4wl Vel £ — (—1)e

Flux estimator:
k,i
ah

1 . 1
pa VU + pa o

)

K

Ki
nF,K,a T
Residual estimator:

he _1 ) )
= 7Kuof fo = Vool — (=12

K

nR:K,a :
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Violations of the complementarity constraints

p=1: at convergence:
(uth—Ugp)(@) > 0= Up €Ky, Ap(a) > 0= Ap €N, Ap(@):(Uih—Uzp)(@) =074 Ap- (Uth— Uop) =0
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p =1: at convergence:
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Violations of the complementarity constraints
p =1: at convergence:

(U1h—Uzp)(8) > 0= Up e KCg, Ap(a)>0=ApeN, Ap(@)-(Uih—Uzn)(@) =07 Ap-(U1p—Uz2p) =0
p = 1: at each inexact semismooth step:
(U —us)@ 20 MA@ #0 Ao(a)- (ufy — us) (@) #0 vae it
p > 2: at convergence:
(Uth — Ugp)(X) > 0 A Up € g, (An,¥hx)gq =07 Ap €N
(Any Uth — Uen)gq = 0 7 Ap - (Uih — Uzp) =0
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Violations of the complementarity constraints
p =1: at convergence:

(Up—Uzp)(@) > 0= up € ICq, Ap(a)>0=Ap €A, Ap(@)-(Uth—Uzn)(@) =07 Ap-(U1h—Uz2p) =0
p = 1: at each inexact semismooth step:
(U —us)@ 20 MA@ #0 Ao(a)- (ufy — us) (@) #0 vae it
p > 2: at convergence:
(Uth — Ugp)(X) > 0 A Up € g, (An,¥hx)gq =07 Ap €N
(A, Uth — Uz2n)q = 0 7 Ap - (Uth — U2p) = 0
p > 2: at each inexact semismooth step:

. . P
(ufy = us)(x) 20, (A n ) 2 0¥ € VE™ (W, 0y = ugy) 0
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Violations of the complementarity constraints
p =1: at convergence:

(Up—Uzp)(@) > 0= up € ICq, Ap(a)>0=Ap €A, Ap(@)-(Uth—Uzn)(@) =07 Ap-(U1h—Uz2p) =0
p = 1: at each inexact semismooth step:

(U —us)@ 20 MA@ #0 Ao(a)- (ufy — us) (@) #0 vae it
p > 2: at convergence:

(Uth — Ugp)(X) > 0 A Up € g, (An,¥hx)gq =07 Ap €N
(A, Uth — Uz2n)q = 0 7 Ap - (Uth — U2p) = 0

p > 2: at each inexact semismooth step:

(ufy = us)(x) 20, (A n ) 2 0¥ € VE™ (W, 0y = ugy) 0
Contact estimator:

Ki o (Kipos ki ki
Ik =2 ()‘h Uip — u2h)K’
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Violations of the complementarity constraints
p =1: at convergence:

(u1h—ugp)(@) > 0= up e Kg, Ap(a)>0= Ay A, Ap(@)-(U1p—Uzp)(@) =07 \p- (U1 —Uz2p) =0
p = 1: at each inexact semismooth step:

(uiy —usp)@) 20 Ny'(a) 20 A(@) (ufy — upp)(@) #0 Vae Vi
p > 2: at convergence:

(Uth — Ugp)(X) > 0 A Up € g, (An,¥hx)gq =07 Ap €N
(A, Uth — Uz2n)q = 0 7 Ap - (Uth — U2p) = 0

p > 2: at each inexact semismooth step:

(Ul — ushx) 20, ()\g”, %,x,)n # 0 vx e VP (Aﬁ’/, ul — ué‘;,’)g #0
Contact estimator: o PR

ek =2 ()‘ g, - Uzh)Kv

Nonconformity estimators: We construct ICgh C Ko Ay Ak”’p‘“

+>\ e 3 astimators.
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Theorem (A posteriori error estimate)

1 2 2
2

. 2 . .
N K,i K,i ,/,pos
H‘U uh H’ < E : E : (nFKa nR,K,a) +nnonc,1 +nnonc,2 +77n0nc3 +§ :77
KeTh a=1 KeTh
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Theorem (A posteriori error estimate)
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2
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N K,i K,i ,/,pos
H‘U uh H’ < E : E : (nFKa nR,K,a) +nnonc,1 +nnonc,2 +77n0nc3 +§ :77
KeTh a=1 KeTh

Corollary (Distinction of the error components)

Jla =i

+ 771m + nalg

Adaptive algorithm

i K,i
If nalg < Yalg Max {77dlsc7 Min }

Stop Ilnear solver

If n, k i
771m — ’ylmndlsc

Stop nonlinear solver




A posteriori analysis
[e]e]ee] lele]elele)

Theorem (A posteriori error estimate)

1 2 2
2

. 2 . .
N K,i K,i ,/,pos
H‘U uh m < E : E : (nFKa nR,K,a) +nnonc,1 +nnonc,2 +77n0n03 +§ :77
KeTh a=1 KeTh

Corollary (Distinction of the error components)

Jlu—ui

< ndlSC + 771m + nalg

Adaptive algorithm

i ki Theorem (Local efficiency under adaptive stopping criteria :
If nalg < Yalg Max {ndlsw T’lm } . i
V (etn) | gt A3 @]
Stop Ilnear solver ndlscK NZ <H @ “ah wg+ n (@) Ho ' (w?)
I n < e’
1‘“ — disc + contact term

Stop nonlinear solver
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Numerical experiments P,

@ semismooth solver: Newton-min. Linear solver: GMRES with ILU preconditionner.

Exact Newton | ekx/a t Nexv/ton 0 Adaptive Inexact Newton
(‘ Rrkell.ala <1072 ’ Rrkel,hn < 10719 (‘ el “lg ‘ < ‘ Rfel tin || ‘ Rfel tinf| < 1077) (i = 1071, yye = 1071)
T 10—1

10° —4—total estimator
—e— discretization estimator

——o— - Py o ———
o ¢ ¢ 102 * - = —=—linearization estimator
—4—total estimator v . N
" " . i —A—algebraic estimator
—e—discretization estimator —4—total esnm_ator _ 9
5 ||—=—linearization estimator 404 || @ discretization estimator 1 102 J
10 i i —=— linearization estimator

—A—algebraic estimator N N
—A—algebraic estimator

10° .\.—-\._._.\-'

10710 108 1078
\///\/ . ‘\W"‘\\/

10718
0

Estimators
Estimators
Estimators

05 1 1.5 2 25 3 35 o o5 p 15 > 25 3 35 0 05 1 15 2 25 3 35
Number of elements x10*

4
Number of elements %10 Number of elements x10*

Precision is preserved for adaptive inexact semismooth Newton method.
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Adaptivity

Exact Newton/Adaptive inexact Newton

10° 10° ; ; ; ; ;
o o o b o o o ]
100 FFEEEEEEET 1001 1
n n
o S .
S 5| 1 = = [ |—#—total estimator
10 < 105+ " A . i
g = —@— discretization estimator
b7 g —#— linearization estimator
w - i —k— linearization residual
4—total estimator —A— algebraic estimator
10-10 | |—@—discretization estimator ] 10°10 L |
—#— linearization estimator
—=k— linearization residual
—#— algebraic estimator
—#— algebraic residual
10715 : : : . . . 10715 . . . . .
0 100 200 300 400 500 600 700 0 5 10 15 20 25 30

Algebraic iteration Newton iteration



Overall performance
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A . . K, i .
Effectivity indices: L := m contact estimator
U*Uh'
x10710
14
25
~—#— exact
3 —®— inexact 12
20 —A— adaptive inexact
1
é 15
S 15 ¢
5 08
2
=
g 10 06
i
°f 0.4
0 , . . . , 0.2
0 20 40 60 80 100 120

Newton iteration 0

@ J. DABAGHI, V. MARTIN, M. VOHRALIK, Adaptive Inexact Semismooth Newton Methods for the Contact Problem
Between Two Membranes. Journal of Scientific Computing (2020).
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Parabolic model problem with linear complementarity constraints

OtU7 — 1Ay —)\:f1 in QX]O, T[,
Otlo — o Als + A = fo in Qx ]0, T[,
U1—U220, /\ZO, /\(U1—U2):O in QX]O,T[,
Uy = g on 00 x]0,T[,
U = go on 9Qx]0,T[,

[ ur(x,0) = ud(x), up(x,0) = ud(x), uf(x)— ud(x) >0 in Q.
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Parabolic model problem with linear complementarity constraints

OtU7 — 1Ay —)\:f1 in QX]O, T[,

Otlo — o Als + A = fo in Qx ]0, T[,

Uy —us >0, X>0, /\(U1—U2):O in QX]O,T[,

ur = g4 on 00 x]0,T[,

Up = o on 9Qx]0,T[,
[ ur(x,0) = ud(x), up(x,0) = ud(x), uf(x)— ud(x) >0 in Q.

Two possibilities to characterize the weak solution

Recall A = {x € L3(Q), x > 0a.e.inQ}
@ Saddle point formulation (u1, tz, \) € L2(0, T; H}, () x L2(0, T; HL, () x L2(0, T; A)
@ Parabolic variational inequality: u € IC

K = {v € L2(0, T; H}, (Q)) x L3(0, T; HL(Q)), v(t) e Ky aein]o, T[}
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Discrete complementarity problems for finite elements

n>1, p>1:

E"X = F", B pS+2r M 0 -D
X{h — Xz, > 0 X3, > 0 (X7}, — XZ},)- X3}, = 0. 0 “ZS""ALMM +D
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Discrete complementarity problems for finite elements

n>1, p>1:
E"X = F", B pS+2r M 0 -D
X{h — X3 >0 X3, > 0 (X{}, — X3},)- X3, = 0. . 0 “ZS""ALMM +D

Employing a C-function our problem reads

EX? = F",
C(X?) =o.
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Discrete complementarity problems for finite elements

n>1, p>1:
E"X = F", B pS+2r M 0 -D
X{p — Xz, > 0 X5, > 0 (X7, — X2,)- X3, = 0. . 0 peStxpM 4D
Employing a C-function our problem reads
E"X) =F",
C(X)) =0o.

Inexact semismooth Newton method:

An,k—‘]x”,k,l’ _ Bn7k_1 _ Rn,k,/
h - h
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A posteriori analysis

We employ the methodology of equilibrated flux reconstructions

Theorem (Guaranteed upper bound)

Vp>1, Yk >0, Vi >0, mu—u,k,;"

<
[2(0,T;H}(Q)) —

Corollary (Distinction of the error components)

K,i
o=

K,i K,i k.i
< ) _|_ b + 9 + -
[2(0,T;H} () — Taisc ™ Min T Tlarg T "init
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A posteriori error at convergence for p = 1

Theorem (Guaranteed upper bound)

llu— Uhr\”iZ(o () U= ZH\iz(o,T;Hg(Q)) + | (u—up) (-, TG < 51

P

n"KeTh

2 2
( (MRKa T M ka) T 778,/() () dt+ || (u — up;) (-, 0)[lg -
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A posteriori error at convergence for p = 1

Theorem (Guaranteed upper bound)

llu— Uhr\”iZ(o () U= ZH\iz(o,T;Hg(Q)) + | (u—up) (-, TG < 51

P

"KeTh

2 2
( (MRKa T M ka) T 778,/() () dt+ || (u — up;) (-, 0)[lg -

Auxiliary problem: Given u € ICy and up, € Ky, let z € Ky be such that Vv € IC,

.
/a(z uv-—2z)(t)dt> — /Zat o — Uahr) — (=1)Apry Vo — Zo) (1) dt
0
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A posteriori error at convergence for p = 1

Theorem (Guaranteed upper bound)

e =t 2o, 745327y + 16— 2l 20,7135y + (U = tnr) (- Tl < 50
( Q)

P

"KeTh

2 2
( (MRKa T M ka) T 778,/() () dt+ || (u — up;) (-, 0)[lg -

Auxiliary problem: Given u € ICy and up, € Ky, let z € Ky be such that Vv € IC,

/Ta(z uv—2)(t)dt > — /Zat(uauahT)(1)a)\hT,vaza>(t)dt
0

1 1
5 1

T , 2
+</0 [Anr = Allf-1() (1) dt)

llu = 2l 20,711 ) S (/ Z 10 (Ua — Uahr ”H o) ( )dt>
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Numerical experiments p = 1

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner
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Numerical experiments p = 1

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner
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Numerical experiments p

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner
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Numerical experiments p

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner
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Numerical experiments p = 1

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner
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Numerical experiments p

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner
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Numerical experiments p

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner
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Numerical experiments p

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner
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Numerical experiments p

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner
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Numerical experiments p = 1

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner
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Numerical experiments p =

@ semismooth solver: Newton—Fischer—Burmeister
iterative algebraic solver : GMRES with ILU preconditionner
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Numerical experiments p = 1

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner
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Numerical experiments p = 1

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner

0.08

PRV

0.06 il e il

y

i
f"h(‘i‘ il

4

0.04

0.02




Extension to unsteady problems
0000@0000000000000

Numerical experiments p =

@ semismooth solver: Newton—Fischer—Burmeister
iterative algebraic solver : GMRES with ILU preconditionner

0.08
0.06

0.04

i
0.02 /'IMH'\“IM |

0 o i _—

e




Newton—Fischer—Burmeister adaptivity
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Min = Yalg = 10_3

102 |
104k /‘ adaptive stopping criterion ‘ 3
106 ’classical stopping criterion ‘ 4
<
2 8
© 8L 1
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k7]
i}
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—e—discretization estimator
1012 b |—®—linearization estimator 1
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—k—algebraic residual
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Algebraic iteration
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Newton—Fischer—Burmeister performance

4
23000 ‘ : : 35 10 : : : : :
S —e—exact Newton Fischer-Burmeister —e—exact Newton Fischer-Burmeister
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@ J. DABAGHI, V. MARTIN, M. VOHRALIK, A posteriori estimates distinguishing the error components and adaptive
stopping criteria for numerical approximations of parabolic variational inequalities. Computer methods in applied
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Two-phase flow with phase appearance and disappearance

Storage of radioactive wastes in deep geological layers
Fth(S) + V- 8, (S, P\, \}) = Qu,
Oth(S', P, xi,) + V - @n(S', Pl xi) = G,
1-8'>0, HIP'+ Pp(S")] = Bixi, 20, [1 =S - [H[P'+ Pp(S")] — Bixi] =0
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Two-phase flow with phase appearance and disappearance

Storage of radioactive wastes in deep geological layers

aILIW('SI) + V : QW(SI‘/ Pl? XL) = QW7
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Unknowns: liquid saturation S', liquid pressure P!, mole fraction of liquid hydrogen x|
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Two-phase flow with phase appearance and disappearance

Storage of radioactive wastes in deep geological layers

aILIW('SI) + V : (I)W(Sl‘/ Pl? XL) = QW7
Oth(S', P'xy) + V- @4(S, Plxg) = Qi,
1-S8'>0 H [Pl + PCP(S])} — leL >0, [1 — Sl] . [H [P] + PCP(SI)] — BIXH =0

Unknowns: liquid saturation S', liquid pressure P!, mole fraction of liquid hydrogen x|

Linear functions: amount of water /,, amount of hydrogen £,
Nonlinear function: capillary pressure P,

Nonlinear fluxes: water flux  ®,, , hydrogen flux &,
~— ~~

Darcy+Fick Darcy+Fick

Nonlinear complementarity constraints: = Phase change
Ben Gharbia and Jaffré (2014)
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Discretization by the finite volume method

Numerical solution:
U™ = (UR)keTs, Ug .= (Sk, P, xk) one value per cell and time step
Discretization of the water equation

vk (U") = [K0fhvk + Y Fuko(U") - |KIQhk =0,

o€k
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Discretization by the finite volume method

Numerical solution:
U™ = (UR)keTs, Ug .= (Sk, P, xk) one value per cell and time step
Discretization of the water equation

V(U = KoMk + Y Fuko(U") = [KIQx =0,
o€k
Discretization of the hydrogen equation
ST k(U") = |K[0f bk + Z Foko(U") — |K|Qlx =0,
o€k

At each time step t", we obtain the nonlinear system of algebraic equations
ex(U") =0 VK e Ty Vee {wh}
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Discrete complementarity problem and semismoothness

Discretization of the nonlinear complementarity constraints

K(UR) =1~ Sk G(UR) == H(Pg + Pep(Sk)) — B'xk
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Discrete complementarity problem and semismoothness

Discretization of the nonlinear complementarity constraints
K(Ug) :=1-S8k G(UR) := H(PR+Pep(Sk)) — B'xk
The discretization reads

Sek(U)=0 VYKec Ty Yce{w,h}
K(UZ) >0, G(UR) >0, K(UR)-GUZ)=0 VKeT,
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Discrete complementarity problem and semismoothness

Discretization of the nonlinear complementarity constraints
K(Ug) :=1-S8k G(UR) := H(PR+Pep(Sk)) — B'xk
The discretization reads

Sek(U)=0 VYKec Ty Yce{w,h}
K(UZ) >0, G(UR) >0, K(UR)-GUZ)=0 VKeT,

@ We reformulate the complementarity constraints with C-functions
@ We employ inexact semismooth linearization

@ Can we estimate the error?

@ Can we distinguish the error components?



Extension to unsteady problems
000000000 0e0000000

Weak solution

X = L2((0,t); H'(Q)), Y := H'((0, t); L3(Q)), Z := LZ((0, t); L>(R))

Assumption: There exists a unique weak solution satisfying
e1-SezZ lbeY, PeX, x| €X, ®&:¢c L?((0,t); H(div,Q))

g

g g
0/0 (8tlc,g0)Q(t)dt—/0 (q)C,VQO)Q(t)dt:/O (Qc, @) ()dt Vo e X

° /IF (A= (1= 8, HIP' + Pyp(S] = B'xh) (dt >0 VAeZ
0

@ the initial condition holds
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Error measure

@ Dual norm of the residual for the components

- _ ki ) (@”’kv’v) 1) dt
ol =1

nK, pnhk, _ nk,i
HRC(ShT ’PhT » Xhr )
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Error measure

@ Residual for the constraints

Re(Sp, PRl Xl = / (1= Sp H PR+ PSRN = B (1) a

n
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Error measure

© Error measure for the nonconformity of the pressure Ap(Pp*")
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Error measure

Q Error measure for nonconformity of the molar fraction AV, (x}’ K, ’)

1 1

2 2 2
= {ZHRC (S P”k',xZTk')HX,} FOSTNRENRY RS, PR

ceC peP
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Post-processing

The discrete liquid pressure and discrete molar fraction are piecewise constant

P”’k”) € Po(7; ( "’k”) € Po (75
(K ke o(7n)  (xK P o(7h)
Piecewise polynomial reconstruction:

P € Pa(Th),  xp™' € Pa(Th)
Conforming reconstruction:

PRY € Bo(Th) N HY(Q), %7 € Po(Th) N H'(R).
Po(Tn)  Po(T)  PBo(T) NHY(Q)
\—/ \_/

solving local problems Oswald interpolation
in each cell operator
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A posteriori error estimate distinguishing the error components

n,K,i n,K,i n,k,i n,k,i
N S Mdisc + Mhin + 77alg

Construction of the estimators:
@ Equilibrated component flux reconstruction in H(div, Q2)
@ Potential reconstruction in H'(Q)



Numerical experiments
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Q: one-dimensional core with length L = 200m.

Semismooth solver: Newton-min
Iterative algebraic solver: GMRES.
Time step: At = 5000 years,
Number of cells: N, = 1000,

Final simulation time: t =5 x 10° years.

o O
—e——=

Gas injection '

Liquid
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Phase transition estimator

t = 2500 years

10714 , , ,
—k— Phase transition estimator

1 T

—e—gas saturation
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i
Estimator

10 -16 | 4
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Phase transition estimator

t =1.25 x 10% years

, x10™ 106 ‘
1 # ‘—*— Phase transition estimator
64 1
108 % ]
5 i
4] | gw® ]
g
£
3 1 K 10712 ]
2 i
107 1
1 i
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Phase transition estimator

t = 4.25 x 10% years

%107

10 . . .

\—A-— Phase transition estimator

7 1

%
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Overall performance 7, = Yag = 1073
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—4&— exact Newton-min
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—+— adaptive inexact Newton-min

——exact Newton-min
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Accuracy Nin = Yalg = 1073

t =1.05 x 10° years t =3.5x 10° years
4o x10° 0.02 ; ; :
. ; — —— exact Newton-min
exact ‘Ne\_/vton—mm ) —+— adaptive inexact Newton-min
10 F —+— adaptive inexact Newton-min 1
0.015 b
8 L
S 5
B 6f B
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3 2| ©
0.005 1
0 L
_2 L Il Il 0 L 1 L
0 50 100 150 200 0 50 100 150 200
abscissalml abscissalml

@ |. BEN GHARBIA J. DABAGHI, V. MARTIN, M. VOHRALIK, A posteriori error estimates for a compositional two-phase flow
with nonlinear complementarity constraints. Computational Geosciences (2020).
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Conclusion
@ We proposed several numerical schemes for variational inequalities.

@ We devised a posteriori error estimates with P, finite elements distinguishing the error
components.

@ Adaptive stopping criteria = reduction of the number of iterations.

@ Our a posteriori analysis works for unsteady problems (Two-phase flow with phase
transition).
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Conclusion and perspectives

Conclusion
@ We proposed several numerical schemes for variational inequalities.

@ We devised a posteriori error estimates with P, finite elements distinguishing the error
components.

@ Adaptive stopping criteria = reduction of the number of iterations.

@ Our a posteriori analysis works for unsteady problems (Two-phase flow with phase
transition).

Perspectives

@ Extension of the stationary contact problem to a hyperbolic contact problem between
two vibrating membranes.

@ Devise a posteriori error estimators for HHO

@ Construct a posteriori error estimates for a multiphase multi compositional flow with
several phase transitions.
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Discretization flux reconstruction:

k,i,a k,i,a _ J,a a
(ohndem) ,— (V) = = (HavnaVuly®m) , Ve Ve,
Wh

“h

(V-Ui%’isc, ah = (gk”’a, Gh ) van € Qf,

wh
ggv,;?‘" = (fa —(—1 )O‘Xf,’; - rsh’) Yha — uaVug’,’,'-V%a : depends on the residual
For each internal vertex a € V"

V2 .= {’Th € RTp(wf), Tw'n,2 =0o0n &uﬁ}
Qf = Pp(wh)

k,i L k,i,a
Uoch,disc T 2 : erh,disc

acVy
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Strategy for constructing the estimators
k,i . \k,ipos k,i,neg =P
AT \foipos o ylohnee B {(v”,, Van) € XE, % XBy. Vin — Vo > o} c Ky

Nonconformity estimator 1:

thorc = [l = e

Nonconformity estimator 2:

Y

1
. ’ ’
n:f;/nc,aK := hq Cpr < + > H/\/f; i,neg .

po o2

Nonconformity estimator 3:

’
) 1 1\2
nnolrlcS K= ZhQCPF (W + /1/2>

K,i,pos

Ki ki
sO —dd||| .
th hllk



Conclusion
oe

Distinguishing the error components

p=1 1 1
> 5 2 2
Ky k,i K,i, pos
Ndisc -= Z Z (ndisc,K,a + nOSCaK-ﬂ) + | Z 77
a=1KeTh KeTh
1
1 2 g
ki . ki k,i k,i 2 . %
Mhin -= nnonc,1 + nnonc,Z + (nnonc,3) ) nalg = Z Z ‘ ah Jalg ‘K
a=1KeT
p=>2 » ,) 2 1
. k,i K,i,pos Kyi ki K,i 2
ndlsc = Z Z (ndisc,K,a + nosc,K,a) + {2| (Ah — Ay Uy — Uzh)Q |}
a=1KeTh
1 1
~k,i K,i k,i,neg Y k,i,neg k,i,pos 2 | =k,i k,ill]2
+ /|8y — S HA,, -, ‘Q+ (209’“)’)"’ s, — s,
1
Ky . K,i K,i Y k,i,neg k,i,pos 2
i = o= [55=], + (2m ) o~ |

1
ki ki ki 2
+ {2\ <>‘h yUip — U2h)Q|}



Conclusion
oe

Parabolic weak formulation

Weak formulation: For (fi,h) € [L2(0,T;L3(Q))%, u® e HHQ) x Hi(Q), find
(U1, U, \) € L2(0, T; HY(Q)) x L2(0, T; H{(Q)) x L2(0, T; A) s.t. dyu € L2(0, T; H(Q)), and
satisfying Vt € ]0, T|

2 2 2 2
> (Brta(t). Vo) + 3 fa (VUa(t), VVa)g = (A8 i — Vo)g = 3 (Far Va)gs YV € [Hg(n)]
=1

a=1 a=1
(x = A(), us (1) — Us()g > 0 Yx € A,
Discrete formulation: Given (uf,, u3,) € K, search (uf,, ugp, ) € X§, x Xg,, x Aj such
that for all (Z1h,22h, Xh) € X x XP oh X /\p

2

2 2
1 _
N (UZh - ug,ﬂ,zah)Q D 10 (VU VZan)g — (Mh Zth — Zen)p = Y (fas Zan)g
" a=1 a=1

«
{xp—Ap,u, —ul ), >0

a=1
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Min = Yalg = 10_6
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