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Storage of radioactive wastes

Le futur centre de stockage  meuse
Zonede réception  Cing puits menant aux galeries L

s a réaliser (tronsfert du personnel,
des matériels, remontée des débiais,
ventilation...)

des déchet:
nucléaires
(200 ha) B.av—le'llu(
m e

25km
=

QUELS DECHETS ?
de haute activité

Hautement radioactifs, ce sont
des résidus non recyclables de
a combustion nudiéaire

de furanium au sein des
réacteurs nudeaires.

Durée de vie longue : jusqu'a pusieurs
centaines de milfiers d'années.

Principalement des objets
métalliques (gaines, coques.)
entourant les combustibles
utilisés dans les réacteurs
nucléaires (uranium parfois

associé 3 du plutonium),
Durce de vie: de quelques millers
1 quelques centaines de milliers d années.

Descente inclinée
pour acheminement
des déchets vers

la zone de stockage

Zone de stockage
des déchets
(270 km de
galeries)

Can we estimate each error compo-
nent?

Can we reduce the computational cost?

Model: System of PDE’s with comple-
mentarity constraints

AU)=0
K(U) >0, G(U) >0, L(U)"G(U) =0.

Space/Time discretisation: Finite vol-
umes/Backward Euler scheme

S"(U]) =0 Uj : unknowns
Resolution: semismooth Newton

nk—1 pyn.k,i nk,i _ m@nk—1
Amk=t ki 4 gIKT g

= | A posteriori error estimates
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Compositional two-phase flow with phase transition
{ ol + V- (Pg' = Jdi) = Qu, Unknowns:S', P!, x}

Oth + V- (phd' + pEdE + Jy) = Qi
1-8'>0, HP: — gL >0, (1 - 8)" (HP: — Bix}) =

Darcy’s law: ' = 7k,1(8) [VP' - p'gVz], gt = krg( ) [VPE —pEgV 2]
Amount of components: I, = ¢p., S' + ¢p S, h = ¢pLSl + ¢p; St

Fick flux: J! = —¢oM,S'C,DL VL

Capillary pressure: P = P' + P,,(S')

Algebraic closure: S' + 82 =1, L4+, =1, =1

The water is incompressible and is only present in liquid phase and the gas is
slightly compressible

p{vzcst, pE =0, p2 =[P, ok = B, xi=1, x%=0.




Model problem and its discretization
0®000

Discretization by the finite volume method

Numerical solution:
U" = (UR)keTs, Uz .= (Sk, Pk, xx) one value per cell and time step
Time discretization: Consider: Hp =0 < t; < --- < Iy, = tr = NiAt
with constant time step At.
I b I In,
o—— — —e

fo t t cee th_1 th IEEE (YRR (YA

Space discretization: 7, a superadmissible family of conforming simplicial
meshes (Ciarlet) of the space domain Q.

VL — Vk
dkL

(Vv-ng,,1), =|o] o=KnlL,
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Discretization of water equation

vk (UT) = KOk + D Fuko(U") = [KIQ) x =0,

oefk

Total flux

Fw,K,U(Un) = plv(gﬁl)g(d}l)n - (JL)Z oc gi?t g=KnL

o
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Discretization of water equation

vk (UT) = KOk + D Fuko(U") = [KIQ) x =0,

o€k
Total flux

Foka(UT) = o, (M)5(0); = (n)s o €& T=KnL
Discretization of hydrogen equation

Sik(U") = [K|Ofhk + D Fuk.o(U") = |KIQlk =0,

o€EK

Total flux

Fiio(U") = Bxg ()7 (47 + ()5 (ME)G(p*)g + ()g. o €& a=KnL
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Discretization of water equation
7 k(U = [KIOf ks + Y Fuko(U") — [K|QDx =0,
oEcEk
Total flux
Foka(UT) = o, (M)5(0); = (n)s o €& T=KnL
Discretization of hydrogen equation

Sik(U") = [K|Ofhk + D Fuk.o(U") = |KIQlk =0,

o€EK
Total flux
Fik.a(U") = Bxg (M5 (01)5 + (8)5(ME)5(05); + ()g. o €& a=KnL
@ 9": mobility of liquid phase
(upwind approx)
@ 9n&: mobility of gas phase
(upwind approx)
@ ' potential of liquid phase

@ ¢&: potential of gas phase
@ j: discrete Fick term

@ Q) k, Qfx: source term
constant in space and time



Model problem and its discretization
000e0

Discrete complementarity problem

To reformulate the discrete constraints:

Definition (C-function)

V(a,b) e R" xR", f(a,b)=0 < a>0,b>0,a’ b=0

min-function: min(a,b) =0 < a>0,b>0,a b=0.
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Discrete complementarity problem

To reformulate the discrete constraints:

Definition (C-function)

V(a,b) e R" xR", f(a,b)=0 < a>0,b>0,a’ b=0

min-function: min(a,b) =0 < a>0,b>0,a b=0.
Application: complementarity constraints for the two-phase model
1-8k >0, H(PR+Pop(SR)) — B'xk =0, (1 = SR)T(H(Pk + Pep(SR)) — 5'xk) =0
)
min (1 — S, H(Pg + Pep(SR)) — B'xk) =
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Inexact semismooth Newton method

For1 < n < N;and U™° ¢ R®» fixed, the semismooth Newton algorithm
generates a sequence (U™"),>1 € R satisfying:

nk—1pn,k _ gnk—1
APK=Tynk = gnr=t

@ AMK=1 ¢ R3N»x3Ns: Jacobian matrix "in the sense of Clarke" at step k — 1
e B™*~1 ¢ R3: right hand side vector at step k — 1

Next, we use an iterative algebraic solver at the semismooth Newton step k > 1,
starting from an initial guess U™"0 generating a sequence (U™""');~1 satisfying

An7kf1 Un,k,i _ Bn,k71 o Rn,k,i
@ R™% ¢ R3Nw: algebraic residual vector.
Can we estimate the semismooth linearization error?

Can we estimate the iterative algebraic error?
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Weak solution
X = L2((0,); H'(Q)), Y :=H'((0,%);L3(Q)), Y :=H'((0,t):L>(Q)),
Z:={vel®(0,);L=(Q)), v>0on Qx(0,t)}.
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Weak solution
X = L2((0,); H'(Q)), Y :=H'((0,%);L3(Q)), Y :=H'((0,t):L>(Q)),
Z:={vel®(0,);L=(Q)), v>0on Qx(0,t)}.

Assumption (Weak formulation)
SeY, 1-8€ezZ IeY, heY, PeX  eX,

. 2
(@ = pd' = Ji, @1 = phd' + pid + J;) € [L3((0, t); H(div, )],
tF tF tF
/ (Do, ), (1) dt —/ (@, Vo) (£ dt :/ (Qe, )q (1) dt Vo € X, Ve € {w, h}
0 0 0

g
/ (A= (1= 8 HIP' + Po(S)] = B'xh)o ()t > 0 VA€ Z,
0

the initial condition holds.
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Weak solution
X = L2((0,); H'(Q)), Y :=H'((0,%);L3(Q)), Y :=H'((0,t):L>(Q)),
Z:={vel®(0,);L=(Q)), v>0on Qx(0,t)}.

Assumption (Weak formulation)

SeY, 1-8€ezZ IeY, heY, PeX  eX,
. 2
(@ = pd' = Ji, @1 = phd' + pid + J;) € [L3((0, t); H(div, )],

/ Ok 9)g (1)1 | @ Ve 0= [ (@ola(haivie € X, voefw.h}
0 0 0

/tF (A= (1= 8), HP' + Po(8)] — B'xb), (Dt >0 WA e Z,
0

the initial condition holds.

2 N, 2 2
ol = Sty Il dt el = J;, e, lolx dt
Define space-time functions:
PR(7) = PR € PY(Th), PR (17) = PR € B5(Th), 10, (1) = Iy € B(Th),

~nk,i ~nk,i

Syl (") = SpT e BY(Th), Xl (1) = X € PY(Th), R (1T) = X € PY(Th).
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Error measure

Dual norm of the residual for the components

[Re(Shrs PhryXnr)llx, = sup /(Qc Otle,nrs £)g (1) + (Po,pr, Vio)g (1) dt.
o€Xn.llellx, =1 1n

Residual for the constraints

Re(Shrs Phrs X)) = / (1= Sprs H[Phr + Pep(She)] — Bynr) g, (£)dt.

n

Error measure for the nonconformity of the pressure

Shr

Np(Phy;) := inf { Z / h)
51€Xn I
ce{w,h} "

P
w
Error measure for nonconformity of the molar fraction

1
Ny(xhr) = elenf,, {//,, B

1

2 2
dt} |
2 3
dt} |
1

% 2
= {Z HRC(ShT7 Ph‘raXh‘r)”?(é} + {ZNS +-/\/XZ} +Re(shra PthXh‘r)

ceC peP

PV (Pny — 1) (1)

My, (MW + o XhT) DL (e — 0) (1)

Definition (Error measure)
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Finite volume linearization

The finite volume scheme provides
K| lok + > Foko(U") = |KIQLk,
o€k
Inexact semismooth linearization

Ikl T,

Unk 1\ ln71 + I’),k,l I’),k,i _ |K|QgK + Rn,k,/' _ O
At c,K K,o s c,K

o.eglnl

Linear perturbation in the accumulation

£kl _ Z m alg,K (Un,k—1) [Un,k,i _ Un,k—q
c,K — At 8un/ K’ K’ K’ ’
Kleﬁ K

Linearized component flux

g;; _ Z 8§LKU (un) [U’r},/k,i B U;},/k—q + Foka (UMY
K'eTh K’
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Raviart Thomas spaces

Definition
The lowest-order Raviart—Thomas space is defined by

RTo(Q) = {Wh € H(diV,Q)7 Wh‘K € RTo(K) VK e 77,}

RTo(K) = [Po(K)J? + X - Po(K)

Degrees of freedom RTj:

Vi =(v-ng,1)e, € €K, j={1,23}.
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Phase pressure reconstruction

P5(Th) PS5 (Tn) P5(Tn)
~_ T~ 7

solving local problems Oswald interpolation
in each cell operator

%108

@@ constant pressure
@ disc quadratic pressure
@ cont quadratic pressure

1.08

1.06

1.04

1.02

0 50 100 150 200
abscissa[m]
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Component flux reconstructions

Discretization error flux reconstruction:
(@"vk” Nk, 1) = Fox.o (U™™) VK eTh

¢,h,disc
Linearization error flux reconstruction:
n,K,i _ rnk,i n,k,i
( c,hlin ~ MK 1)0 =Foko — Foko (U™ VK € Tp,

Algebraic error flux reconstruction:

@k . gnkiity + @ity _ (G)n,k,i + Qi ) VK € T,

c,h,alg ¢, h,disc c,h,lin c,h,disc ¢,h,lin
Total flux reconstruction:

@ﬁ,k,f,)/ o @ﬁ,k,f + @H,k,f + @n,k,i,z/
ch  —

¢, h,disc ¢,h,lin c,h,alg

Proposition (Equilibration property)

nk—1 n—1 nk,itv
n le.k (U ) —lox + LK _v.@nkiv | — grkity
c,K — Tn “Meh o — ek
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Error estimators

Otle+V - @71 % Qs and @7 )" # @gf,'(tn) and1— SI'*' #0 and
H [Prt+Po (Sh')]- 8 BRI % 0 and P ¢ X and 5 ¢ X

Discretization estimator

— k,i
c,K(Un’k 1) /n 1 + En L
oh — -Vl

Tn

nk,j,v . -1
MR K.e = min {pr,s Z}hK

K

n,k,i, 1/ _ n,K,i,v n,
KL (1) = ||ey — el

nsﬁ;,os(>=({1—s,",;k”} (0. {H [P+ P (s5)] - 8} )
k(S

/!

K

kel = || K AV (PR = Bt ) ()

i i 6 ; . _ /
W)= |- omsp (e + bl ) o9 (3 5) 0

K
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Error estimators

Linearization estimator

- 1 -1
77{\71’:://(,0 =¢e zhk (T”)

/C7K(Un,k,i) _ /c,K(Un’k_1) _ ng:/;(,l

K
nsﬁgeg(t)—({1—sz;“}(t>,{H[Pﬁ;k”’+Pcp (Sh)] = ot} (t))

Algebraic estimator

K

nk, . nklu
nangc chalg

nk,i,v . -1 -1 n,K,i+v
nrem K,c hK|K| € 2 HRQK

K

j n,k,i n,k,i n,k,i
NPT < e+ min ™+

disc alg
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Adaptivity

Algorithm 1 Adaptive inexact semismooth Newton algorithm

Initialization: Choose an initial vector U"° € RN, (k = 0)
Do
k=k+1
Compute An7k—1 c ]RstSN”, Bn,k—1 c RSNh
Consider the system of linear algebraic equations A™*~ U< = Bm/<—1
Initialization for the linear solver: Define U0 = U™*~1 (i = 0) as
initial guess for the linear solver
Do
i=i+1
Compute Residual: R/ = B™<—1 — Ank-Tymki
Compute estimators

nk,i _nk,i

. n,k,i
While nalg ! > “Yalg MaXx {ndisc s Thin }

P WK Ko
Whlle nlri’n I 2 ’Vlinngiscl
End
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Numerical experiments

Q: one-dimensional core with length L = 200m. We consider the semismooth
Newton-min solver in combination with the GMRES algebraic solver.
At = 5000 years, Ny, = 1000 cells, & = 5 x 10° years.

@ @ ® @ ®
—e——-—"F——e%—"F——o——&—|
Gas injection Liquid

Van Genuchten—Mualem model:

1
a

Po(S) = P (5.7 — 1)

KS) = VSe (1- (- s) . k(S =i e (1-8)

with
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Solution at t = 1.05 x 10° years

Numerical experiments
0@0000000

6
0.012 1002, x10
0.01 !
—e—gas saturation
—e— liquid saturation [{0.998 1.15
0008
0.996
0.006 14
0,994
0004
0992
1.05
0002 0.99
0 0988 1
0 50 100 150 200 0 50 100 150 200
abscissa[m] abscissalml
4
12 210
—4— molar fraction of liquid hydrogen
1
08
06
04
0.2
0
0 50 100 150 2
abscissa[m]

Complementarity constraints at k =4 and / =2

106
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Phase transition estimator

t = 2500 years t = 1.25 x 10* years
B b 1E [—*—Phase transition estimator
1084

1015
5 507
g g
= . 9 =
ij 16 Iﬁ 10-12

107

101
10 50 100 150 200 10 0 50 100 150 200
abscissa[m] abscissa[m]
t = 4.25 x 10* years

108
g This estimator detects the error caused
- by the appearance of the gas phase
w

whenever the gas spreads throughout
0% the domain.
10716

50 100 150 200
abscissalml
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Newton-min adaptivity

Exact Newton-min

Inexact Newton-min

10° 105
10° 10°
@ 10° 5
g 10 g 10
2 s
E £
Z 40-10 =
10 1010 1
1071° 1015
10720 1020
0 2 4 6 8 10 0 2 4 6 8 10 12 14

Newton-min iterations Newton-min iterations

Adaptive inexact Newton-min

10°
—=—total estimator
—e—discretization estimator
: —A—linearization estimator
10° —#—algebraic estimator
——linearization residual
2] —4—algebraic residual
i<}
T 105 A
E *
k7
w
10710
*
10°18
0 1 2

Newton-min iterations
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GMRES adaptivity

Exact Newton-min

Inexact Newton-min

5 1
10 10 ¥
10° °
S —
10
107

Estimators
>
b
Estimators
>
®
-

10
10710
104
10719 106 A
1 3 0 1 2

2
GMRES iterations GMRES iterations

Adaptive inexact Newton-min

Estimators
3

—=—total estimator
1010 | —e—discretization estimator 4
—A— linearization estimator
—#— algebraic estimator
s —4— algebraic residual

10 1 2 3
GMRES iterations
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Overall performance

—4—exact Newton-min
—e—inexact Newton-min
—+—adaptive inexact Newton-min

——exact Newton-min
—e—inexact Newton-min
—+—adaptive inexact Newton-min

n
=}
15}

Number of Newton-min iterations

150

Number of GMRES iterations
=)
o

50
0
Time x10°
«» 1200 6000
2 - %)
5 +ﬁ:;2§m:&m:m s ——exact Newton-min
$ 1000 ; . '® 5000 —e—inexact Newton-min
2 —+—adaptive inexact Newton-min 2 —+— adaptive inexact Newton-min
= 2
‘E 800 & 4000
< [
2 =
2 600 © 3000
z 5
5 3
5 400 -g 2000
o =3
E c
2 200 B 1000
3 g
€ o E o ; !
€ O 0 1 2 5
3 Time «10° Time «10°
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t =1.05 x 10° years, yiin = Yag = 1073

6
1o x10° 125 110
——exact Newton-min
10 —+—adaptive inexact Newton-min 121
c 8 e s
S 2115
g
2 =
& 4 2 11
@ =
« g
G 2 3
1.05
0
2 1
0 50 100 150 200 0 50 100 150 200
abscissalml abscissa[m]
5 J— _ -3
x 10° years, Yiin = Yae = 10 .
0.02 1.03 x10
e:act{New{on'n:i:‘ " . ‘ —&— exact Newton-min
adaptive Inexadt Mewlon-min 1.025 —+—adaptive inexact Newton-min
0.015
s o 1.02
S 5
® 2
5 oo £ 1015
b )
§ & 101
0.005 -
1.005
0 1
0 50 100 150 200 0 50 100 150 200

abscissalml

abscissa[m]
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Accuracy

t=1.05 x 10° years, 7n = 1076, 74, = 1072

0.012 : : ‘ 1 x10° ‘
q —&—exact Newton-min —&— exact Newton-min
0.01 - —+—adaptive inexact Newton-min | —+—adaptive inexact Newton-min

~ 0.008 o
L2 >
5 2
= 0.006 - o
e S

k]
12} =
© 3
& 0.004 _‘g

0.002

0 50 100 150 200 0 50 100 150 200
abscissalml abscissalm]

("Yatg> Vin) Cumulated Newton-min iterations Cumulated GMRES iterations

(10=",107") 100 366

(1073,107%) 113 427

(107%,1079) 108 967

(1073,1075) 351 1682

(1075,1079) 308 2019

Exact resolution 600 6000
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Complements: Newton—Fischer—Burmeister

[fFB(a,b)],:\/a,2+b,2—(a/+b/) /_1,.‘.,ng.

Cumulated number of Newton—Fischer—  Cumulated number of GMRES

(vatg, Yin) Burmeister iterations iterations
10-",10~" 100 428
1073,1073 119 751
1073,1078 482 2074
106,103 117 1694

Exact resolution 757 10089

e Adaptive inexact Newton-Fischer—Burmeister is faster than exact
Newton—Fischer-Burmeister. It saves roughly 90% of the iterations

e Adaptive inexact Newton-min is faster than Adaptive inexact
Newton—Fischer-Burmeister. It saves roughly 40% of the iterations.
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Conclusion

@ We devised an a posteriori error estimate between the exact and
approximate solution for a wide class of semi-smooth Newton methods.

@ This estimate distinguishes the error components.

Ongoing work:
@ Devise space-time adaptivity
@ Optimize the code

@ |. BEN GHARBIA, J. DABAGHI, V. MARTIN, AND M. VOHRALIK, A posteriori error estimates and adaptive
stopping criteria for a compositional two-phase flow with nonlinear complementarity constraints. HAL
Preprint 01919067, submitted for publication, 2018

@ J. DABAGHI, V. MARTIN, AND M. VOHRALIK, Adaptive inexact semismooth Newton methods for the contact
problem between two membranes. HAL Preprint 01666845, submitted for publication, 2018

@ J. DABAGHI, V. MARTIN, AND M. VOHRALIK, A posteriori error estimate and adaptive stopping criteria for a
parabolic variational inequality. In preparation.



Thank you for your attention!
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