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Study a simplified mathematical model for the storage of radioactive waste
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Oth(S") + V - (S, P, x}) = Qu
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The gas emission involves the environment degradation.
Prediction by the numerical analysis.

Study by mathematical tools this model.
Propose robust algorithms resolution and save computational time.

Strongly non linear problem, an incomplete mathematical analysis, very complicated
problem...

We study 2 problems of increasing difficulty.
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Consider the system of PDEs with nonlinear complementarity constraints:
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This model is used in various physical phenomena: economy, fluid mechanics, elasticity,
multiphase flow.



Introduction
(o] Jelele]

Motivation

Consider the system of PDEs with nonlinear complementarity constraints:
Ot (p(u)) + A(u) = F
Ku)>0 Gu)>0 K(u)-G(u)=0
This model is used in various physical phenomena: economy, fluid mechanics, elasticity,

multiphase flow.
Numerical resolution:



Introduction
(o] Jelele]

Motivation

Consider the system of PDEs with nonlinear complementarity constraints:
O (p(u)) + A(u) =
Ku)>0 Gu)>0 K(u)-G(u)=0
This model is used in various physical phenomena: economy, fluid mechanics, elasticity,
multiphase flow.
Numerical resolution:
@ Discretization: Finite elements /finite volumes + backward Euler scheme in time

(pun —QOUn 1
( l;’z_tn( 1/7 )+A(uh) fn 1

K(up) =0 G(up) >0 K(up)-G(up) =0




Introduction
(o] Jelele]

Motivation

Consider the system of PDEs with nonlinear complementarity constraints:
O (p(u)) + A(u) =
Ku)>0 Gu)>0 K(u)-G(u)=0
This model is used in various physical phenomena: economy, fluid mechanics, elasticity,
multiphase flow.
Numerical resolution:
@ Discretization: Finite elements /finite volumes + backward Euler scheme in time

(pun —QOUn 1
( l;’z_tn( 1/7 )+A(uh) fn 1

K(up) =0 G(up) >0 K(up)-G(up) =0

@ Nonlinear resolution: inexact semismooth Newton algorithm
nk—1 pgn,k,i nk, _ pnk—1
A U " +R" =F
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Motivation

A posteriori error estimate:

nkK,i

Jo- ] <

’ < n(u,
Three components of the error:
@ discretization error: numerical scheme (finite elements, finite volumes...)
@ linearization error: semismooth Newton method (k)
@ algebraic error: iterative algebraic solver (/)

where |||-|| is some norm

Questions:
Can we estimate each component of the error? yes!
nk,i n,k,i n,k,i n,k,i
o W” —uy < Ngise T Min Tt Marg

Can we reduce the number of iterations? yes! . .
@ Adaptive stopping criterion: semismooth linearization: ”gﬁk’, < fy]inn”i’skc”

@ Adaptive stopping criterion: algebraic: n;’l’g"” < Yalg {n(’l’lskc’ ! }
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Main contribution
Stationary linear variational inequality

Find ueKy, a(u,v—-u)>(fv-u)

Error estimates for the finite element solution Refld“al typea ‘poftermn CHEOE On the unilateral contact between two
of variational inequalities. Numer.Math (1977) i el membranes. Part 2. IMA Journal of
problems. Numer.Math (2000) . - -
Numerical Analysis (2012)

Local a posteriori error estimates for variational — q
a o a . q A posteriori error estimators for
inequalities Numer.Methods Partial Differential . PR
E G (1993) obstacle problems-another look- Residual based a posteriori error

quations Numer.Math (2005) estimation for contact problems approximated by
Nitsche's method IMA J. Numer. Anal (2018)

213 . o Efficient and reliable a posteriori
A posteriori error estimates for elliptic error estimators for elliptic A posteriori error control of hp-finite elements,
obstacle problems. for variational inequalities of the first and
SIAM J. Numer. Anal (2001) second kind. Comput. Math.Appl (2015)
IMA J. Numer. Anal (2018).

variational inequalities,
Comput.Math.Appl (1996)

J. DABAGHI, V. MARTIN, AND M. VOHRALIK, Adaptive inexact semismooth Newton methods for the contact problem
between two membranes. HAL Preprint 01666845, submitted for publication, 2018
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Two-phase compositional flow in porous media
Othy(S") + V- @ (S, P xi) = Qu,
Find Sla Pla XL 8tll1(sl7 XL) +V. @h(sla Pla X%’l) = th
K(SY >0, G(S, Pxt) >0, £(S)-G(S, P,xl)=0

1 E Numerical methods for two-phase

E Mathematical dels and finite
incompressible flows Springer-Verlag

for reservoir simulation, North Holland
(1986) (2011)

N

ﬁ Discontinuous Galerkin methods for
solving elliptic and parabolic equations,
Frontiers in Applied Mathematics SIAM
(2008)

E Multiphase flow and transport processes N
in the subsurface-A contribution to the E A new approach for phase transitions in
modeling of hydrosystems, Springer- miscible multiphase flow in porous media
Verlag (1997) Advances in Water Ressources (2011)

ﬁ A posteriori error estimates, stopping
criteria and adaptivity for two-phase
flows, Comput. Geosci (2013)

E Gas phase appearance and disappearance
as a problem with complementritty constraints
math. Comput. Simulation (2014)

A posteriori error estimates, stopping
criteria, and adaptivity for multiphase
compositional Darcy flows in porous
media, J. Comput. Phys. (2014)

|. BEN GHARBIA, J. DABAGHI, V. MARTIN, AND M. VOHRALIK, A posteriori error estimates and adaptive stopping criteria
for a compositional two-phase flow with nonlinear complementarity constraints. HAL Preprint 01919067, In revision, 2019
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Model problem and settings: contact between two membranes

— AU — A= f1 in Q,
— o Als + )\ = I in Q,
Find uy, us, A such that (U4 —)A=0, uy—w>0, A>0 in Q,
uy=g>0 on 09,
up, =0 on 0Q.

-0.05
1
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Continuous problem

o Hy()={ue H'(Q), u=gondQ} A= {xecl?Q), x>00nQ}

Saddle point type weak formulation: For (f;, f) € [L2(§2)]2 and g > 0 find
(s, Uz, A) € H() x HJ(R) x A such that

2 2

1 2
> ha (Ve Via)g = (i = Va)g = D (favada ¥(u1, v2) € [H3(9)]
a=1 a=1
(X =AU —U2)g 20 VxEA (S)

equivalent to
Variational inequality:
® Kg={(v1,2) € H}(Q) x H}(Q), vi — v» > 0 on Q}

2 2
Z“a (VUa, V (Vo — Ua))g > Z (fosVa — Ua)q YV =(v,2) € Ky (R)
a=1

a=1
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Discretization by finite elements

For any p > 1
Spaces for the discretization:
gh = {vh € C%Q), vhix € Pp(K), VK € Th, Vh=g on 9Q}

Oh = {Vh € CO( ); Vh|K € le(K), VK € 7;1} n H(1)(Q)

15 = { (vin, ven) € X5, x Xb, van(xi) — van(x)) 2 0 Vxi € VL 7Kg Wp =2



Stationary variational inequality
00e000000000000000000000

Discretization by finite elements

For any p > 1
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Discretization by finite elements

For any p > 1
Spaces for the discretization:
gh = {vh € C%Q), vhix € Pp(K), VK € Th, Vh=g on 9Q}

Oh = {Vh € CO( ); Vh|K € le(K), VK € 7;1} N H(1)(Q)
Kon = {(V1h7 Van) € X5y, x Xy Vin(X1) — von(X)) > 0 VX € Vf} 7Kg Vp=2
Discrete variational inequality: find uy, = (uqp, Uap) € Icgh such that

2 2
> 110 (VUan, V (Vah = Uan))g = D (fas Vah — Uan)g YV = (Vin, Van) € Kg (DR)

a=1 a=1

Resolution techniques: Projected Newton methods (Bertsekas 1982), Active set Newton
method (Kanzow 1999), Primal-dual active set strategy (Hintermuller 2002).
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Saddle point formulation

Characterization of the discrete lagrange multiplier: Define A1, and Ayp, in X,‘,’ by

Mmzin)y = w1 (VUuin, Vin)g — (fi,Zin)g  Vzin € X5,
(Aon, Zon)p = —p2 (Viop, Vzop)g + (f2, Zon)q  VZon € X&t,
(M Yax)h = (Aen, Yhx)h =0 vx; € VP,

where for all (W, vi) € X x X

(Wh, Vi = > wh(@)va(@)Ma if p=1 and (Wh, Vp), = (Wh Vh)q if p=>2

acyVy
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Saddle point formulation

Characterization of the discrete lagrange multiplier: Define A1, and Ayp, in X,‘,’ by

Mmzin)y = w1 (VUuin, Vin)g — (fi,Zin)g  Vzin € X5,
(Aon, Zon)p = —p2 (Viop, Vzop)g + (f2, Zon)q  VZon € X&t,
(M Yax)h = (Aen, Yhx)h =0 vx; € VP,

where for all (W, vi) € X x X

(Wh, Vi = > wh(@)va(@)Ma if p=1 and (Wh, Vp), = (Wh Vh)q if p=>2

acyVy

p=1: /\}7 = {Vh € X(]h vph(a) > 0Vac V('lo’mt} C A Ben Belgacem, Bernardi, Blouza, and Vohralik (2008)

p > 2 (new): /\’/3 = {Vh € X/’? <Vh7¢h,x,>h >0 VX/ S Vg’im <Vha¢h,xl>h = OVX/ S Vg’eXt} §Z A



Discrete saddle point type formulation Find (uyp, Usp, Ap) € Xgh x X5, x A such that
V(z1h, Z2n) € [X51?
2 2
> tta (VUah, VZap)g = (n Zth — Zonyp = Y (fas Zan)q — (DS),

a=1 a=1

(Xh— An, Uth — Uop)p >0 Vxp € AL
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Discrete saddle point type formulation Find (uyp, Usp, Ap) € Xgh x X5, x A such that
Y(Z1n, Z2n) € [X51?
2 2
> tta (VUah, VZap)g = (n Zth — Zonyp = Y (fas Zan)q — (DS),

a=1 a=1

(Xh— An, Uth — Uop)p >0 Vxp € AL

(DR) equivalent to (DS)

@ p = 1: Ben Belgacem, Bernardi, Blouza, and Vohralik (2008)



Discrete saddle point type formulation Find (uyp, Usp, Ap) € Xgh x X5, x A such that
Y(Z1n, Z2n) € [X51?
2 2
> tta (VUah, VZap)g = (n Zth — Zonyp = Y (fas Zan)q — (DS),

a=1 a=1

(Xh— An, Uth — Uop)p >0 Vxp € AL

(DR) equivalent to (DS)

@ p = 1: Ben Belgacem, Bernardi, Blouza, and Vohralik (2008)
@ p > 2: New — Construction of the basis (©p,x,) ;. y» Of XE, dual to (vn.x)
SISV

<eh,X/7 wh,X,/>h = 5//
(U1h, Usp, >\h) solution of (DS) = <Xh7 Up — U2h>h >0 VXh S /\z. Take Xh = @fLX/’ X c Vf’im

> (Uth — ten) (X)) (O Y, )y = (Uth — Uzn) (X]) > 0 = up € Ky
x eVP

1<ISNP:
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Discrete complementarity problems

2
o (VUah, VZon)q = (Any Z1h — Zon)p = Z (fas Zah)q  Y(Z1n, Z2n) € [X5]2,
1 a=1

(Uih — Uzp) (X)) > 0 VX € V™ (Xp, tonx ), > 0 VX € V™ (N, Uiy — Usn)p, = 0.

M

Q
Il

Expression of the discrete problem in the Lagrange basis and in the dual basis:

p = 1: Lagrange basis: u;, = u;, + g where u;, € X}, and g > 0.

Nfi7m sz N;’nt
Uth = Z (Xin); vy +9, Uop= Z (Xon), ¥nx € X5, An= Z (Xan); Vna € XD,
=1 =1 =1
E4 X, = F, . __[MS 0 -D
Xin+ g1~ Xon >0, Xan>0, (Xin+gl—Xon) - Xapn=0. = 0 S +D
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Discrete complementarity problems

M

2

fia (VUah, VZan)g — Ans2th — Zon)p = Y (fay Zan)q  (Z1n, 22n) € [XE]P
1 . a=1 .
Uip — Ugh) (X/) >0 VX € Vf’mt, <)\h7wh,xl>h >0 VX € Vé)’mt, </\h7 Uip — U2h>h =0.

Q
Il

Expression of the discrete problem in the Lagrange basis and in the dual basis:

p > 2: Lagrange basis: The discrete lagrange multiplier Ay, is decomposed in the full space
XP as
'/\/’dp
Ap = Z (y(Sh)l"ﬂh,x/ with Xgh € RNf.
I=1
EpXy = F, 5 [mS 0 _1\:41
Xin+ 91— Xop >0, MXgp>0, (Xip+gl—Xop) MXsp=0. | 0 pS +M
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Discrete complementarity problems

2 2
> tta (Vian VZan)g = (Mns Zth = Zonhp = Y (T Zan)q (210, Z2n) € [XG12,

a=1 a=1

(Uth — Up) (X)) > 0 VX € V™, (A, ¥hx)p > 0VX € VR, Usp — Uop)p, = 0.
Expression of the discrete problem in the Lagrange basis and in the dual basis:
p > 2: Dual basis: The discrete Lagrange multiplier A, is decomposed in the basis ©, x, as

Nj),im |
An=>_ (Xsn)Onx, With Xzpe RN
=1

E,th = F7 E, — /,618 0 —Hd
X1h + 91 - X2h > 07 X3h > 0, (X1h + g1 — Xgh) . X3h =0. p: 0 ,qu +14
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Resolution
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C-functions

Definition
f:(R™M? — R™(m > 1) is a C-function or a complementarity function if

v(x,y) € (R™) fx,y)=0 < x>0, y>0, xy=0.

Examples of C-functions are the min function
(min{x,y}), = min{x;, y;} I=1,...,m,
the Fischer—Burmeister function
(fa(x.Y) = /X2 +y2 (K +y) I=1....m,
or the Mangasarian function
(m(x,y)); =X —yil) =&y —&(x) 1=1,....m,
where ¢ : R — R is an increasing function satisfying £(0) = 0.
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Let € be any C-function, i.e., satisfying (for m = N”™™)

C(Xin+ g1 — Xop, Xap) =0 <= Xip+ 91 — Xop >0, X3, > 0, (Xip+ 91 — Xop) - Xzp = 0.

Then, introducing the function C : R¥&™ — RM™ defined as

C(Xh) = C(Xip + 91 — Xon, Xzp)
Our problem can be equivalently rewritten as

C(X,) =o0.

The C-function is not Fréchet differentiable.

How can we solve the nonlinear problem?
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Inexact semismooth Newton method

Newton initial vector: X? := (X2, X3, X3,)" € R¥V™, on step k > 1, one looks for
X/ € R3Mi™ such that

Ak—1x/7< — Bk—1
where

AT = [ Ei 1 } B .= [ k-1 kF1 k-1
JC(Xh_ ) 1’ JC(Xh_ )Xh_ _C(Xh_ )
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Inexact semismooth Newton method

Newton initial vector: X0 := (X0, X2, X3,)" € R3&™, on step k > 1, one looks for
X/ € R3Mi™ such that
Ak 1xk Bk 1
where
Ep F

AT 1:[ k—1 }, B! 12[ k=1 yk—1 k-1
JC(Xh ) JC(Xh )Xh _C(Xh )

Inexact solver initial vector: X/ ¢ R3V™, often taken as X/“° = X/, this yields on
step / > 1 an approximation X,’;” to X,’; satisfying

k—1 yk,i _ pgk—1 K, i
A Xh =B —Rh,

; p,int . .
where R,f” € R%" is the algebraic residual vector.
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Inexact semismooth Newton method

A posteriori error estimates
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A posteriori analysis

1

) o= (3 )

KeTh

K,i
o=

. 2 .
o (v (- )

° nK(u,f”) local estimator depending on the approximate solution
@ 7! <l + i +nljy: identification of the error components

o nc(uy) < [|u—up’

‘ : local efficiency
Ck

@ adaptive inexact stopping criteria based on the error components
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A posteriori analysis

ll= (Sl ())<= (5 i)
a=1

K,i
o=
KeTh

° nK(u,f”) local estimator depending on the approximate solution

o 1ol <l 4l + nfflg: identification of the error components

® nk(uy') < H‘U - uy’

‘ : local efficiency
Ck

@ adaptive inexact stopping criteria based on the error components

We employ the methodology of equilibrated flux reconstruction to obtain local error
estimators.
Destuynder & Métivet (1999) Braess & Schéberl (2008), Ern & Vohralik (2013)
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Component flux reconstruction

Motivation:
110V Uy € H(div,Q), —pa VU ¢ H(div,Q), V- (_Mang;;) £ £, — (—1)2A0
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Component flux reconstruction

Motivation:
110V Uy € H(div,Q), —pa VU ¢ H(div,Q), V- (_Mang;;) £ £, — (—1)2A0

Flux reconstruction:
ohy e H@v, Q) (V-olp 1) = (= (1) 1)
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Component flux reconstruction

Motivation:
110V Uy € H(div,Q), —pa VU ¢ H(div,Q), V- (_Mang;;) £ £, — (—1)2A0
Flux reconstruction:
ki . ki _ gy ki
ohy e H@v, Q) (V-ohp1) = (f—(=1)"301)
Decomposition of the flux:

K ki + k,i
Ouh = chh,alg Uah,disc
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Component flux reconstruction

Motivation:
110V Uy € H(div,Q), —pa VU ¢ H(div,Q), V- (_Mang;;) £ £, — (—1)2A0
Flux reconstruction:
ki . ki _ gy ki
ohy e H@v, Q) (V-ohp1) = (f—(=1)"301)

Decomposition of the flux:
ki _ ghol 4 ko
Ouh = chh,alg Uah,disc

Algebraic flux reconstruction:

ki : ki _ ki ki : - ki
Oohae € HAIV,Q) Voo 3 =1, where r,; isthe functional representation of R,

Papez, Ride, Vohralik and Wohlmuth. Submitted for publication (2017).
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Component flux reconstruction

Motivation:
110V Uy € H(div,Q), —pa VU ¢ H(div,Q), V- (—MQVUQ;;') £ £, — (—1)2A0
Flux reconstruction:
ki . ki _ gy ki
ohy e H@v, Q) (V-ohp1) = (f—(=1)"301)

Decomposition of the flux:
ki _ ghol 4 ko
Tah = chh,alg ah disc

Algebraic flux reconstruction:

ki ki - - ki
OCha]geH(dw Q) V%halg r., where r . isthe functional representation of R_}

Papez, Ride, Vohralik and Wohlmuth. Submitted for publication (2017).

Discretization flux reconstruction'
ah disc e H(le Q) (V 0'2;7 dlSC7 1)K = (fa - (_1)‘1)\,;;/ - rs”;’ 1)K
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Discretization flux reconstruction

k,i,a k,i,a _ k,i,a a
(ohntem) , = (n® Vo) = = (iatnaVuiy® ) Ve VE,
h

“h

(Vb ) , = (g0t a),, Van € QF,
h

acyn

Va = {Th € RTp(wf), Thne = 00N awh}

Q= Pg(wﬁ)
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Discretization flux reconstruction

k,i,a k,/,a \v@ _
Uah disc’ Th wd “\Yah s V'Th wd
Wh

(V U(i)#dalSC’ ah il =
“h

acyn

V3= {Th € RTp(w), To'N wa =00on 8wh}

Qf == Pp(wf)

K,i L Z k,i,a
Uah,disc T Uah,disc

acVy

(5

k,i,a

gah 7q

- (:ua¢h,avua

).

7I7a
h »Th

).

V1 € Va,

Vqp € Qg,
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Estimators

Violations of physical properties of the numerical solution

W AT v (fﬂawg;;')w (—1)*AL
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Estimators

Violations of physical properties of the numerical solution
ol £ - v-( 1a VU );«éf (—1)*AL

Flux estimator:
EER
'uavuah + Ha 2 af;

)

K

ki .
nF,K,a :
Residual estimator:

_ hx

7 k,i k,i
”R,IK,a = T Hao Vo= (=1)%A,

)

K
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Estimators

Violations of physical properties of the numerical solution
W AT v (fﬂawg;;')w (—1)*AL

Flux estimator:
—35 _Kk,i
'uavuah + Ha 2 Tah

)

K

ki .
nF,K,a :
Residual estimator:

hk -3

ki . k,i ar ki
IRK,o = T Ha Vo, —(=1)%A,

)

K
Violations of the complementarity constraints

p=1:(ufp—uz)@ 20 A(@) 20 A(a)- (uf — ugy)(@) #0 Yae Vi
p=2 (U1h - “2h)(xl) 20, (Ah’/ﬂ/’h,x/)ﬂ ¥ 0vx e VP ()‘th U1i7/ - Uzivl)Q 70
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Strategy for constructing the estimators

K,i k k =P
)\h’l = /\ //pos + /\ ,/,neg Kon = (V1h, V2h) e XP oh X XOh’ Vip— Vop >0} C ’Cg
g
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Strategy for constructing the estimators
AR = AR AR Ky = {(V1h, Von) € X5y x X, Vin — Von > 0} C Kg.
Contact estimator:

k,i,pos . _ k,i,pos ki K,i
ek =2 (Ah Uip — U2h>K7
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Strategy for constructing the estimators
AR = AR AR Ky = {(V1h, Von) € X5y x X, Vin — Von > 0} C Kg.

Contact estimator:
k,i,pos . _ k,i,pos ki K,i
ek =2 <)‘h sUih — Uzn)

Nonconformity estimator 1:

K7

K,i Mk ki
nnonc1 K msh —u ‘

)

K
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Strategy for constructing the estimators
AR = AR AR Ky = {(V1h, Von) € X5y x X, Vin — Von > 0} C Kg.

Contact estimator:
K,i,pos . _ Kk,i,pos  Kk,i K,i
ek =2 <)‘h sUih — Uzn)

Nonconformity estimator 1:

K7

7i L— K b
Thone,1,K -— msh —u ‘ K

Nonconformity estimator 2:

K,i 1 ,
Mhone,2,k = N2 Cer (m " Mz) HA e

Y

K
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Strategy for constructing the estimators
AR = AR AR Ky = {(V1h, Von) € X5y x X, Vin — Von > 0} C Kg.

Contact estimator:
K,i,pos . _ Kk,i,pos  Kk,i K,i
ek =2 <)‘h sUih — Uzn)

Nonconformity estimator 1:

K7

7i L— K b
Thone,1,K -— msh —u ‘ K

Nonconformity estimator 2:

K,i 1 ,
Mhone,2,k = N2 Cer (m " Mz) HA e

Nonconformity estimator 3:

.
1 AT
nnonc K = 2aCrr <M1 * M2> H)\h,/,pos

Y

K

s —Uu .
ol =l
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Theorem (A posteriori error estimate)

1 2 2
2

. 2 . .
N K,i K,i ,/,pos
H‘U uh m < E : E : (nFKa nR,K,a) +nnonc,1 +nnonc,2 +77n0n03 +§ :77
KeTh a=1 KeTh
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Theorem (A posteriori error estimate)

1 2 2
2

. 2 . .
N K,i K,i ,/,pos
H‘U uh m < E : E : (nFKa nR,K,a) +nnonc,1 +nnonc,2 +77n0n03 +§ :77
KeTh a=1 KeTh

Corollary (Distinction of the error components)

Jla =i

< ndlSC + 771m + nalg
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Theorem (A posteriori error estimate)

1 2 2
2

. 2 . .
N K,i K,i ,/,pos
H‘U uh m < E : E : (nFKa nR,K,a) +nnonc,1 +nnonc,2 +77n0n03 +§ :77
KeTh a=1 KeTh

Corollary (Distinction of the error components)

Jla =i

< ndlSC + 771m + nalg

Adaptive algorithm

i ki
If nalg < Yalg max {77dlsc7 nhn }

Stop Ilnear solver

If n, k i
771m — ’ylmndlsc

Stop nonlinear solver
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Theorem (A posteriori error estimate)

1 2 2
2

. 2 . .
N K,i K,i ,/,pos
H‘U uh m < E : E : (nFKa nR,K,a) +nnonc,1 +nnonc,2 +77n0n03 +§ :77
KeTh a=1 KeTh

Corollary (Distinction of the error components)

Jlu =i

< ndlSC + 771m + nalg

Adaptive algorithm

Local efficiency (shown only for
] k
If nalg < Yalg MaX {77dlslc7 nhnl} p=1):

Stop Ilnear solver

Qo=

Kk,i
n,k,i M <
If nlm < 71m77d1sc ndlSC,K ~ HM

Stop nonlinear solver acVh

\% (uafufy’,;)

]

H ' (w?)
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Numerical experiments

@ Q=unitdisk, J =3, 1 = pp =1, g = 0.05, jn = 0.3 7y = 0.3
@ semismooth solver: Newton-min. Linear solver: GMRES with ILU preconditionner.

10° 10° 104 :
—4— total estimator
——o— - - ) “"’* —e— discretization estimator
—4—total estimator - v 10° * * —=— linearization estimator
—e— discretization estimator —4—total estimator —A—algebraic estimator
108 linearization estimator 104 —e— discretization estimator k| » 1
4 —4— algebraic estimator » —=— linearization estimator ” 10
S 1 —A— algebraic estimator 5
g T 4ot 1%
7} ] 2
w ool wo it}
10 10 1078
10 -10 4
45 . . . . . .
10 10712 4
0 05 1 15 2 25 3 35 0 05 1 15 2 25 3 a5 107 05 p s > 75 3 35
Number of elements %104 Number of elements x10* Number of elements x10*

Quality and precision are preserved for adaptive inexact semismooth Newton
method.
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GMRES adaptivity

Exact/Adapt inexact Newton

adaptive stopping criterion

classical stopping criterion | 1

—4— total estimator
0 —e— discretization estimator
10°" [|—m—linearization estimator ]

—k— linearization residual
—A— algebraic estimator
—#— algebraic residual

0 50 100 150 200 250
Algebraic iteration

Estimators
>

10-15
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Newton-min adaptivity

Estimators

1071°

Exact/Adapt inexact Newton

Newton iteration

Adaptive stopping
criterion
—4— total estimator
| | —e&—discretization estimator |
—#— |inearization estimator
—k— linearization residual
—A— algebraic estimator Classical stopping
L criterion
0 5 10

Estimators

1042

Inexact Newton

—4— total estimator

—e— discretization estimator
—a— linearization estimator
—A— algebraic estimator

T Tvvvvw

20

30 40

Newton iteration

50
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Overall performance

180 T T T T T T 3000
160 —=—exact t
L ) B —=—exac
inexact 2500 || —_e—inexact 1
| —A— adaptive inexact ] -
140 —&— adaptive inexact

2]
c
]
©
2
2 pu
o g
5 120 | S 2000 - R
I w
= (&)
c 100 T
S 51500 | 1
5 e0f 5
=z ©
S 60} S 1000 1
@ 3
€ 40t g
5 S 500 f 1
=z c
20 f c
I
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Effectivity indices

o5 . i 1.09 !
e inexat e
ct 1.08 | —®— inexact b
o
wl —A— adaptive inexact —A— adaptive inexact
1.07 + J
< x
(0]
S5 1 ©1.06
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> 2
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Z10t 1 B
2 8
= 5104 ¢
| | S
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0 10 20 30 40 0 05 ! 15 2 29 ° 50
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Newton iteration Number of elements x10



Stationary variational inequality
0000000000000 000000000e0

Local distribution of the error Local error estimator
<10 x107*
16
12 14
10 12
lg 110
8
16
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4
4
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Contact estimator
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e Two-phase compositional flow
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Model problem for the storage of radioactive wastes

8t/W(S]) + V . (ﬁw(sla Pla XL) = OW’
Oth(S', P xi) + V- @4(S' Pl y) = Qi,
1-8'>0, H(P' + Pp(S) = Bix}, >0, (1= 8") - (H(P'+ Pyp(S") — Bixh) =0

0.012

1.002

0.01 | 1

—@— gas saturation
—e—liquid saturation |

10.996

0.998
0.008

0.006 |
10.994
0.004
10.992
0.002 | 0.99
0 - 0.988
0 50 100 150 200

abscissa[m]
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Discretization by the finite volume method

Numerical solution:
U™ = (UR)keTs, Uk .= (Sk, Pr.xk) one value per cell and time step
Discretization of the water equation

wk(U") = KOk + D Fuko(U") - |KIQhk =0,

oelk
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Discretization by the finite volume method

Numerical solution:
U™ = (UR)keTs, Uk .= (Sk, Pr.xk) one value per cell and time step
Discretization of the water equation

Wk (U") = KOk + D Fuko(U") = [KIQk =0,
oelk
Discretization of the hydrogen equation
SH(U") = [K|ofhk + > Foko(U") = |K|Qx =0,

o€k
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Discretization by the finite volume method

Numerical solution:
U™ = (UR)keTs, Ug = (SR, P, xk) one value per cell and time step
Discretization of the water equation
Wk (U7) = K10k + D Fukeo(U") = [KIQk =0,
oelk
Discretization of the hydrogen equation
SH(U") = [K|ofhk + > Foko(U") = |K|Qx =0,
o€k

At each time step, for each components, we obtain the nonlinear system of algebraic
equations
ck(Up) =0
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Discrete complementarity problem and semismoothness

Discretization of the nonlinear complementarity constraints

K(UR) =1~ Sk G(UR) == H(PRg+Pey(Sk)) — B'xkk
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Discrete complementarity problem and semismoothness

Discretization of the nonlinear complementarity constraints
K(Ug) :=1-8k G(UR) := H(PR+Pep(SR)) — B'xkk
The discretization reads

ex(Up) =0
K(UR) 20, G(Ug)=>0, K(Ug)-G(Ug)=0
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Discrete complementarity problem and semismoothness

Discretization of the nonlinear complementarity constraints
K(Ug) :=1-8k G(UR) := H(PR+Pep(SR)) — B'xkk
The discretization reads

ex(Up) =0
K(UR) 20, G(Ug)=>0, K(Ug)-G(Ug)=0

@ We reformulate the complementarity constraints with C-functions
@ We employ inexact semismooth linearization
@ Can we estimate each error component?



A posteriori error estimates
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Weak solution
Motivation: Define rigorously the dual norm of the residual

Nk, phk, _ nk,i
HRC(S/'IT ’PhT » Xhr )

— _ g,k > <q)n,k,i ) dt
Xp ngn In (QC Hlepr 2 Q(t)+ ot VP Q(t)
llellx, =1
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Weak solution
Motivation: Define rigorously the dual norm of the residual

HRC(SZ‘,FK /’ Pnk /’ XZTk /)

= sup (Qc lg,’,‘T’,ap> (t)+< Z,’;T’,Vga) (t)dt

S e
X = L2((0, 1) HI(), ¥ = HI((0, 1) L2(Q)), Z = 13((0, ); L¥(%))

2
lellx, = /Z lolZ ke dt Il i = e llell + 1Vl
"KeT
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Weak solution
Motivation: Define rigorously the dual norm of the residual

nk, pnk,i nk/
HRC(S/-,T 7Ph7— ’ hT )

= sup (Qc atl”,’,‘T’,ap> (t)+< Z,’;T’,Vga) (t)dt

S e
X = L2((0, 1) HI(), ¥ = HI((0, 1) L2(Q)), Z = 13((0, ); L¥(%))
lellx, :== / > HSOHXKdt HSOHXK =eh? llell% + IVellk

"KeT
Assumption:
e1-SezZ lbeY, PeX, xi €X, & ¢ L?((0,t); H(div,Q))

te Ig
° /O (Dtler 0)q () dt — /0 (@6, Vo) (1) dt = /0 (Qor9)q (Bt Wi € X

i
° / (A= (1= 8),HIP' + Pyp(S)] = B'xh) (dt >0 VA€ Z
0
@ the initial condition holds
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Approximate solution

ST e B(Th)  PRM e PA(TH) xR € P(Th)
The discrete liquid pressure and discrete molar fraction do not belong to H'(Q)
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Approximate solution

S € BY(Th) PR € BY(Th) Xk € B§(Th)

The discrete liquid pressure and discrete molar fraction do not belong to H'(Q) We
construct a conforming solution:

P§ () PS () P5(Tn)
~_ T~ 7

solving local problems Oswald interpolation
in each cell operator
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Approximate solution

S € BY(Th) PR € BY(Th) Xk € B§(Th)

The discrete liquid pressure and discrete molar fraction do not belong to H'(Q) We
construct a conforming solution:

P§ () PS () P5(Tn)
~_ T~ 7

solving local problems Oswald interpolation
in each cell operator

Space-time functions:
SheY, PR EPNTH) ¢ X, xp €P(Th) ¢ X
Pricl e B5(Th) € X,
K e Py(Tr)EX.
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Error measure
@ Dual norm of the residual for the components
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Error measure

@ Dual norm of the residual for the components
@ Residual for the constraints

Re(Spi, PR xp) = // (1= Sp H PR+ Po(Sp0] = B (1) a
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Error measure

@ Dual norm of the residual for the components
@ Residual for the constraints

Re(Spi, PR xp) = // (1= Sp H PR+ Po(Sp0] = B (1) a

e Error measure for the nonconformity of the pressure AVp(PL"")
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Error measure

@ Dual norm of the residual for the components
@ Residual for the constraints

Re(Spi, PR xp) = // (1= Sp H PR+ Po(Sp0] = B (1) a

e Error measure for the nonconformity of the pressure AVp(PL"")
@ Error measure for nonconformity of the molar fraction NX(XZ’TK”)
3 2
NPT = {Z [Re(Sh PR x| } FADNEHNE b RS PR )

X/
ceC n PEP

n,k,i

n,K,i n,K,i n,kK,i
NEE < mgise + in Mg

disc lin

How do we construct each error estimators?
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Component flux reconstructions

The finite volume scheme provides
|K|07 Ie.k + Z Fek.o(U") = IK|QZ

o€k
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Component flux reconstructions

The finite volume scheme provides
KIOflek + D Foko(U") = |KIQDk
o€k
Inexact semismooth linearization
IK|

a lloae (U01) — 00+ 22K+ 3 R - IKIQ+ RE <0

UEE}?
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Component flux reconstructions

The finite volume scheme provides
KIOflek + D Foko(U") = |KIQDk
o€k
Inexact semismooth linearization

K _ .
it Lo (UP) =il 2]+ 3 7ok, IKIQE + RO =0
065;?

Linear perturbation in the accumulation

nk/__ |K‘8ICK n,k—1 n,k,i n,k—1
=2 At UL, (Ui )[UK’ —Ue }
K'eTh
Linearized component flux
nk,i . aFc,K,a
]:C,K,o T aoun
KT, K’

<Un,k—1) [U}ré,/k,i - U}r},/k%} + Foko (Un,k_1)
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Discretization error flux reconstruction:

O™ |k € RTo(K) (@”ﬁkv’ -nK,1)U:: C7K70(unyk»") VK € T,

¢,h,disc c¢,h,disc
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Discretization error flux reconstruction:
n,k,i n,k,i L n,k,i
O hielic € RTo(K)  (©27 - P 1)0 = Foxo (U™) vKeT,
Linearization error flux reconstruction:

O hialk € RTo(K) (71 .nK,1>U = oy = Fora (UM)) WK e T,

C h,lin ¢,h,lin



0000000000000 0
Discretization error flux reconstruction:
n,k,i n,k,i L n,k,i
O hielic € RTo(K)  (©27 - P 1)0 = Foxo (U™) vKeT,
Linearization error flux reconstruction:
n k,i RT(K @ﬁ,k,f 1 . rhk,i F Un,k,i VK € T;
|k € RTo(K) in M 1) = Sekle — Feke €Th

C h,lin ¢,h,lin

Algebraic error flux reconstruction:

ki K,i+v K,i+v K,i kol
el .— @mluitr | gmioity <@g:h:<liisc +O%h ) VK ETh

¢,h,alg ¢,h.disc ¢,h,lin ¢,h,lin



Discretization error flux reconstruction:
O ek €RTo(K)  (O0hlc 1) = Foxo (UM) WK e Th
Linearization error flux reconstruction:

O hialk € RTo(K) (71 .nK,1>U = oy = Fora (UM)) WK e T,

C h,lin ¢,h,lin

Algebraic error flux reconstruction:

ki K,i+v K,i+v K,i kol
el .— @mluitr | gmioity <@g:h:<liisc +O%h ) VK ETh

¢,h,alg ¢,h.disc ¢,h,lin ¢,h,lin

Total flux reconstruction:

nK,iv . @k, n.k,i nk,iv .
eh = Ochase T Ochlin T Ocha, € H(dIV,Q)
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Error estimators

Violation of physical properties of the approximate solution

atlc + V . @Z:Z,i,l/ # QC @Z:Z,f,l/ # (I)n,k,i(tn)

c,hr

Violation of the complementarity constraints

1= SP£0 H PR 4 Py (SPE)] - Bp £ 0

Nonconformity of the approximate solution

PREE X ¢ X
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Error estimators

Violation of physical properties of the approximate solution
Otlo +V - O £ Qe @Fp £ BTI(")
Violation of the complementarity constraints
1= Sp £ 0 PR Py (S1) | - g 0
Nonconformity of the approximate solution

PREE X ¢ X

@ Discretization estimator
@ Linearization estimator
© Algebraic estimator
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Numerical experiments

Q: one-dimensional core with length L = 200m.
Semismooth solver: Newton-min

Iterative algebraic solver: GMRES.

Time step: At = 5000 years,

Number of cells: N, = 1000,

Final simulation time: t =5 x 10° years.

o o 6
—e—F——~e—1—=

Gas injection ' Liquid
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Phase transition estimator

10714

‘—i— Phase transition estimator

10-15 L

Estimator

10—16 L

0 50 100 150 200
abscissa[m]

t = 2500 years



Two-phase compositional flow
000000000000 e00

Phase transition estimator

106
‘+ Phase transition estimator

1078 ]
— -10 4
5 10
©
£
D 14-12 ]
4 10

10724 ]

1016 S

0 50 100 150 200

t = 1.25 x 10% years abscissa[m]
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Phase transition estimator

\—*— Phase transition estimator

Estimator

10 -14 [ J

10 -16 ! !
0 50 100 150 200

t = 4.25 x 10* years abscissalm]



Overall performance 7, = Yag = 1073

1200 : .

—&— exact Newton-min
1000 | |—®—inexact Newton-min
—+— adaptive inexact Newton-min

800
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Cumulated number of Newton-min iterations

Time

Cumulated number of GMRES iterations
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4000
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Two-phase compositional flow
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—4— exact Newton-min
—e— inexact Newton-min
—+— adaptive inexact Newton-min
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Accuracy Nin = Yalg = 1073

—=1.05 x 10° years t =3.5 x 10° years
4o x107° 0.02 : : :
! — —4— exact Newton-min
4—exact Newton-min ) —i+— adaptive inexact Newton-min
10 |- —+—adaptive inexact Newton-min J
0.015 |
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T 6F o
5 2 o0.01 1
= ©
3 4r "
g 8
O© 2f 0.005 ]
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Conclusion

@ Variational inequality: we devised a posteriori error estimates with IP,, finite elements.

@ Two-phase flow with phase transition: a posteriori error estimates for a cell centered
finite volume discretization.

@ Formulations with complementarity constraints and semismooth algorithms.
@ We distinguished the different error components.
@ Adaptive stopping criteria = reduction of the number of iterations.

@ Extension of the stationary problem to a parabolic inequality:
J. DABAGHI, V. MARTIN, AND M. VOHRALIK, A posteriori error estimate and adaptive stopping criteria for a parabolic
variational inequality. In preparation, 2019

Implementation

@ contact problem between two membranes: MATLAB code. Collaboration with Jan
Papez (INRIA Paris).

@ Two phase flow: MATLAB code. Collaboration with Ibtihel Ben Gharbia (IFPEN).



Thank you for your attention
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