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Motivation
Study a simplified mathematical model for the storage of radioactive waste

Potential serious environmental hazard. Need for accurate simulation.

Quantify the error, propose robust algorithms, and save computational time.

Oth(S', xh) + V - ®u(S, Pxh) = Qw

Ihe(S) + V- ®,(S, P xL) = Q,
K(8") >0, G(S', P,x}) >0, £(S")-G(S,P,x})=0

System of coupled partial differential equations, unsteady problem, strongly
nonlinear and degenerate problem, heterogeneous data, phase change: nonlinear
complementarity constraints

We study 3 problems of increasing difficulty. s
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Motivation

Consider the system of PDEs with nonlinear complementarity constraints:
O (p(u)) + A(u) = F
Ku)>0 Gu)y>0 K(u)-G(u)=0

This model is used in various physical phenomena: economy, fluid mechanics, elasticity,
multiphase flow.
Numerical resolution:

@ Discretization: Finite elements / finite volumes + backward Euler scheme in time

—1
p(up) — e(up ) 1
T A(up) = Ff

K(up) >0 G(up) >0 K(up)-G(up) =0
@ Nonlinear resolution: semismooth Newton algorithm

An,k—1 Un,k _ Fn,k—1
=
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Motivation

Consider the system of PDEs with nonlinear complementarity constraints:
O (p(u)) + A(u) = F
Ku)>0 Gu)y>0 K(u)-G(u)=0

This model is used in various physical phenomena: economy, fluid mechanics, elasticity,
multiphase flow.
Numerical resolution:

@ Discretization: Finite elements /finite volumes + backward Euler scheme in time

—1
p(up) — e(up ) 1
T A(up) = Ff

K(up) >0 G(up) >0 K(up)-G(up) =0
@ Inexact semismooth Newton algorithm
AH,K—‘I U’f;,/(,l' + R,r;,k,l' _ Fn,k—1
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A posteriori error estimate:

nkK,i nk,i
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< n(uy, where |||-|| is some norm
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Motivation

A posteriori error estimate:

nkK,i

H‘u —uf n,k,/)

’ < n(u,
Three components of the error:
@ discretization error: numerical scheme (finite elements, finite volumes...) (h, 7)
@ linearization error: semismooth Newton method (k)
@ algebraic error: iterative algebraic solver (/)

where |||-|| is some norm

Questions:
Can we distinguish each component of the error? yes!
nK,i n,k,i nk,i n,k,i
o H‘u —u, < Ngise T Min ™ T Talg

Can we reduce the number of iterations? yes! . .
@ Adaptive stopping criterion: semismooth linearization: ngﬁk” < fy]inn”i’skc”

@ Adaptive stopping criterion: algebraic: n;’l’g"” < Yalg {77(,1715/::, ! }
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Chapter 1: Stationary linear variational inequality

Find ueky a(uv—u)>(f,v—u) Vvelk,

Error estimates for the finite element solution Refldunl pea .po§termr| SHEOE On the unilateral contact between two
of variational inequalities. Numer.Math (1977) oL Dhatacle membranes. Part 2. IMA Journal of
problems. Numer.Math (2000) S o
Numerical Analysis (2012)

Local a posteriori error estimates for variational S q

N o . " " A posteriori error estimators for

inequalities Numer.Methods Partial Differential

E 5 1993 obstacle problems-another look-
uations( ) Numer.Math (2005)

Residual based a posteriori error
estimation for contact problems approximated by
Nitsche's method IMA J. Numer. Anal (2018)

Efficient and reliable a posteriori
A P?S'_eriori.e"or e.sfimates for elliptic error estimators for elliptic A posteriori error control of hp-finite elements,
variational inequalities, obstacle problems. for variational inequalities of the first and
Comput.Math.Appl (1996) SIAM J. Numer. Anal (2001) second kind. Comput. Math.Appl (2015)
IMA J. Numer. Anal (2018).

J. DABAGHI, V. MARTIN, AND M. VOHRALIK, Adaptive inexact semismooth Newton methods for the contact problem
between two membranes. HAL Preprint 01666845, submitted for publication, 2018
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Chapter 2: Parabolic linear variational inequality

Find ueiC, (dw,v—u)+a(uv-u)>(fv-—u) Vvek

B B o]
A Sty q
Applications of variational inequalities . . pOStel:w" errd?r estlfnates ﬁ,n:
in stochastic control. Studies in Mathematics cstimatesffogamonconforming PRI DevE O el i
and its Applicatiuns’ (1982) finite element discretization of the J.Sci.Comput (2008)
heat equation. M2AN (2005)

A posteriori error

. . A ) o ﬁ E Guaranteed, locally space-time efficient,
) NGl Tl s @ vt e | ey e it A posteriori error analysis for and polynomial-degree robust a posteriori error
Studies in Mathematics and its Applications

parabolic variational inequalities estimates for high-order discretizations of
(1981) ESAIM: Mathematical Modelling and parabolic problems.
Numerical Analysis (2007) SIAM J. Numer. Anal (2017)

J. DABAGHI, V. MARTIN, AND M. VOHRALIK, A posteriori error estimate and adaptive stopping criteria for a parabolic
variational inequality. In preparation, 2019
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Chapter 3: Two-phase compositional flow with phase change

Oth(S) + V - ®(S', P!, x}) = Qu,
Oth(S', xh) + V - (S, P, x1) = Qh,
K(S') >0, G(S, P, xL) >0, K(S)-G(S, P, xl)=0

Find S, P x;

N
E Mathematical dels and finite

for reservoir simulation, North Holland
(1986)

E Multiphase flow and transport processes
in the subsurface-A contribution to the
modeling of hydrosystems, Springer-
Verlag (1997)

E Numerical methods for two-phase
incompressible flows Springer-Verlag
(2011)

E Discontinuous Galerkin methods for
solving elliptic and parabolic equations,
Frontiers in Applied Mathematics SIAM
(2008)

ﬁ A new approach for phase transitions in
miscible multiphase flow in porous media
Advances in Water Ressources (2011)

E A posteriori error estimates, stopping
criteria and adaptivity for two-phase
flows, Comput. Geosci (2013)

E Gas phase appearance and disappearance
as a problem with complementritty constraints
math. Comput. Simulation (2014)

B
A posteriori error estimates, stopping
criteria, and adaptivity for multiphase

compositional Darcy flows in porous
media, J. Comput. Phys. (2014)

|. BEN GHARBIA, J. DABAGHI, V. MARTIN, AND M. VOHRALIK, A posteriori error estimates and adaptive stopping criteria
for a compositional two-phase flow with nonlinear complementarity constraints. HAL Preprint 01919067, In revision, 2019
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Stationary variational inequality
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Model problem and settings: contact between two membranes

— AU — A= f1 in Q,
—ppAUs + A=y in Q,
Find uq, us, A such that uy—utpr >0, A>0, (uy—w)A=0 in Q,
uy=g>0 on 09,
U, =0 on 0Q.

0.05

il

-0.05
1
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Continuous problem

° Hy(Q)={ue H'(Q), u=gondQ} A={xel?Q), x>0ae inQ}

Saddle point type weak formulation: For (f;, f) € [LZ(Q)]2 and g > 0 find
(ug, Uz, A) € H)() x H{ () x A such that

2 2

2
E tto (VUa, VVa)g — (M, V1 — V2)q E (fr,Va)g  V(vy, Vo) € [HS(Q)} )
a=1 a=1

X—/\,U1—U2)QZO Vx €\

equivalent to
Variational inequality:
0 Kg={(v1,v2) € H}(Q) x H{(Q), vi — . > 0 a.e.in Q} convex
2
Find u = (ur, Uz) € Kgst. D pia (Ve V (Vo — Ua))g > Z (foy Vo — Ua)q YV EKq (R)

a=1
qQ/42
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Discretization by finite elements

For any p > 1
Spaces for the discretization:
gh = {vh € C%Q), vhix € Pp(K), VK € Th, Vh=g on 9Q}

X5, = {vh € CO(Q); vhlk € Pp(K), VK € Th, V=0 on 9Q}

K:Zh = {(V1h7 V2h) S X X XOh’ V1h(X/) — Vgh(X/) > 0 VX/ c Vf} §Z ICQ V,O > 2

10/42
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Discretization by finite elements

For any p > 1

Spaces for the discretization:
gh = {vh € C%Q), vhix € Pp(K), VK € Th, Vh=g on 9Q}

X5, = {vh € CO(Q); vhlk € Pp(K), VK € Th, V=0 on 9Q}

K:Zh = {(V1h7 V2h) S X X XOh’ V1h(X/) — Vgh(X/) >0 Vx ¢ Vf} §Z ICg V,O > 2

Discrete variational inequality: find uy = (uyp, U2p) € Icgh such that

2
> 10 (Vo V (Van — Q2> Z (fas Vah = Uah)g  YVh = (Vin, Van) € Kf,  (DR)

Well-posed problem (Lions—Stampacchia)

10/42
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Discretization by finite elements

For any p > 1
Spaces for the discretization:
gh = {vh € C%Q), vhix € Pp(K), VK € Th, Vh=g on 9Q}

X5, = {vh € CO(Q); vhlk € Pp(K), VK € Th, V=0 on 9Q}
K:Zh = {(V1h7 V2h) X X XOh’ V1h(X/) — Vgh(X/) >0 Vx ¢ Vf} ¢ ICQ Vp>2

Discrete variational inequality: find uy = (uyp, U2p) € Icgh such that

2 2
> 1o (Viap, V (Vah — Uan))g = Z (fas Vah = Uah)g  YVh = (Vin, Van) € Kf,  (DR)

Well-posed problem (Lions—Stampacchia)

Resolution techniques: Projected Newton methods (Bertsekas 1982), Active set Newton method

(Kanzow 1999), Primal-dual active set strategy (Hintermuller 2002). o
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Saddle point formulation

Recall A = {x € L3(Q), x > 0a.e.inQ}

p=1: /\}, = {Vh € X(;h vph(a) > 0Va e V:jmt} C A Ben Belgacem, Bernardi, Blouza, and Vohralik (2012).

p =2 (new): Ay := {Vh € XE (Vntbnn)g > 0 € VE™ (vh,tonx ) o = 0V € Vc’l”e’“} 7 A

(Wh, Vi) = Y Wh(@)va(a) (Uha1),e it p=1 and (Wn Vi)p:= (Whvn)g if p=>2
acVy

11/42



Stationary variational inequality
0000000000000 00000

Saddle point formulation

Recall A = {x € [3(Q), x > 0a.e.inQ}

p=1: /\}7 = {Vh € X(}h vp(a) > 0Vva e V;’im} C A Ben Belgacem, Bernardi, Blouza, and Vohralik (2012).

p > 2 (new): AD:= {vh € XE (VhWhx) g = 0VX € VP™ (Vi oy ) g = 0VX) € Vé”e’“} 7 A

(Wh, Vi == > Wh(@)Vh(@) (Vna 1), wa T p=T1 and (Wh V)= (Wh vh)g if p=2
acVy
Continuous weak formulation

2 2
Y 0 (VUa, VVa)g — (v = a)g = 3 (s Va)g V(1 12) € [Hg(mr
a=1

a=1

(X =AU —U2)g >0 VxeA

(S)

11/42
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Saddle point formulation

Recall A = {x € [3(Q), x > 0a.e.inQ}

p=1: /\}7 = {Vh € X(}h vp(a) > 0Vva e V;’im} C A Ben Belgacem, Bernardi, Blouza, and Vohralik (2012).

p > 2 (new): AD:= {vh € XE (VhWhx) g = 0VX € VP™ (Vi oy ) g = 0VX) € Vé”e’“} 7 A

(Wh, Vi) =Y Wh(@)Vh(@) (¢Vha, 1 )g it p=1 and (Wh Vh)p:=(Wh Vh)q it p=2

acVy
Discrete weak formulation Find (u1p, Usp, M) € XP oh ¥ X5, < N .. V(21p, 22n) € [X5,)2

2 2
> it (Vlah, VZan)g = (Ans Zth = Zen)y = Y (Fas Zan)g
a=1

oa=1

(Xh— Any Uth — Uop)p >0 Vxp € AL

(DS)

11/42
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Discrete complementarity problems

2 2
D tta (VUan, VZan)g = (A 2th — Zendp = Y (fas Zan)g Y(21n, Z2n) € (X512,

a=1 a=1

(Uih — Uzn) (X1) = 0 VX € V™, (A, onx ), = 0VX € V™, (\p, Uiy — Usp), = 0. (DS2)

12/42
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Discrete complementarity problems

2 2
D tta (VUan, VZan)g = (A 2th — Zendp = Y (fas Zan)g Y(21n, Z2n) € (X512,

a=1 a=1

(Uih — Uzn) (X1) = 0 VX € V™, (A, onx ), = 0VX € V™, (\p, Uiy — Usp), = 0. (DS2)

Matrix representation of (DS2)

12/42
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Discrete complementarity problems

2 2
D tta (VUan, VZan)g = (A 2th — Zendp = Y (fas Zan)g Y(21n, Z2n) € (X512,

a=1 a=1

(Uih — Uzn) (X1) = 0 VX € V™, (A, onx ), = 0VX € V™, (\p, Uiy — Usp), = 0. (DS2)
Matrix representation of (DS2)

-p,int -p,int -p,int
N N N

p=1:iuin= Y (Xin)thx+9: Uh= Y (Xen)¥nx A= Y (Xan) Onx
1= 1= 1=

]EXhZF, E = |: M1S 0 -D
Xin+91—Xop >0, Xgnh>0, (Xip+9g1—Xop)-Xzp=0. 0 S +D

12/42
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Resolution

19 /49
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C-functions

Definition
f: (IR’")2 — R™ (m > 1) is a C-function or a complementarity function if

vix,y) € (R™?  f(x,y)=0 <— x>0, y>0, xy=0.

12/42
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C-functions

Definition
f: (IR’")2 — R™ (m > 1) is a C-function or a complementarity function if

vix,y) € (R™?  f(x,y)=0 <— x>0, y>0, xy=0.

min function: (min{x,y}), .= min{x;, y;} I=1,....,m

12/42
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C-functions

Definition
f: (IR’")2 — R™ (m > 1) is a C-function or a complementarity function if

vix,y) € (R™?  f(x,y)=0 <— x>0, y>0, xy=0.

min function: (min{x,y}), .= min{x;, y;} I=1,....,m
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C-functions

Definition
f: (IR’")2 — R™ (m > 1) is a C-function or a complementarity function if

vix,y) € (R™?  f(x,y)=0 <— x>0, y>0, xy=0.

min function: (min{x,y}), .= min{x;, y;} I=1,....,m
Fischer—Burmeister function: (fes(X,y)), := /X2 +y? —(x+y;) [I=1,....m
X=Xip+ gl — Xop, ¥ = Xapn (m=NP™), C(Xp) = €(Xip, + 91 — Xop, Xap).

EX, =F,
C(X,) =0.
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C-functions

Definition
f: (IR’")2 — R™ (m > 1) is a C-function or a complementarity function if

vix,y) € (R™?  f(x,y)=0 <— x>0, y>0, xy=0.

min function: (min{x,y}), .= min{x;, y;} I=1,....,m
Fischer—Burmeister function: (fes(X,y)), := /X2 +y? —(x+y;) [I=1,....m
X=Xip+ gl — Xop, ¥ = Xapn (m=NP™), C(Xp) = €(Xip, + 91 — Xop, Xap).

EX, =F,
C(X,) =0.

The C-function is not Fréchet differentiable.

12/42
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C-functions

Definition

f:(R™M?2 — R™(m > 1) is a C-function or a complementarity function if

vix,y) € (R™?  f(x,y)=0 <— x>0, y>0, xy=0.

min function: (min{x,y}), .= min{x;, y;} I=1,....,m
Fischer—Burmeister function: (fes(X,y)), := /X2 +y? —(x+y;) [I=1,....m
X = Xin+ g1~ Xon, ¥ = Xan (m=NJ™), C(Xp) = €(Xi + 91 — XonXan).
{ EX, =F,
C(X,) =0.
The C-function is not Fréchet differentiable.

We will use semismooth Newton algorithms.
Facchinei and Pang (2003), Bonnans, Gilbert, Lemaréchal, and Sagastizabal (2006).

12/42
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Inexact semismooth Newton method

Newton initial vector: X0 := (X2, X3, X3,)" € R¥V™, on step k > 1, one looks for
X/ € R3M™ such that
Ak—1x/7< — Bk—1

where
Ak = E Bk—1.— F
T e | T L deGTXT - e

14/42
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Inexact semismooth Newton method

Newton initial vector: X0 := (X0, X2, X3,)" € R3&™, on step k > 1, one looks for
X/ € R3M™ such that
Ak 1xk Bk 1

where
E F

AT 1:[ k—1 }, B! 12[ k=1 yk—1 k-1
JC(Xh ) JC(Xh )Xh _C(Xh )

Inexact solver initial vector: X/ ¢ R3V™, often taken as X/“° = X/, this yields on
step / > 1 an approximation X,’;” to X,’; satisfying

k—1 yk,i _ pgk—1 K, i
A Xh =B —Rh,

i p,int . .
where R,f” € R%" is the algebraic residual vector.

14/42



Inexact semismooth Newton method

A posteriori error estimates
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A posteriori analysis

vl <= (35 b))

KeTh

K,i
-,

2
Q = <Z Ko
a=1

° nK(u’,;”) local estimator depending on the approximate solution
@ 1l < n(’;;’c +l 4 77:1},53 identification of the error components

° nK(u,’;”) < local error + local contact term: local efficiency

typicallyﬁvrery small
@ adaptive inexact stopping criteria based on the error components

15/492
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A posteriori analysis

K,i
-,

vl <= (35 b))

KeTh

2
Q = <Z j27eY
a=1

° nK(u’,;”) local estimator depending on the approximate solution

o il <l plil 77:1};[3 identification of the error components

° nK(u,’;”) < local error + local contact term: local efficiency

typicallyﬁvrery small
@ adaptive inexact stopping criteria based on the error components

We employ the methodology of equilibrated flux reconstruction to obtain local error
estimators.
Destuynder & Métivet (1999) Braess & Schéberl (2008), Ern & Vohralik (2013)

15/42
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Component flux reconstruction

Motivation:
1o VU, € H(div,Q), —pa VU ¢ H(div,Q), V- (_uang;;) £ £, — (—1)2AK

1R /42
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Component flux reconstruction

Motivation:
1o VU, € H(div,Q), —pa VU ¢ H(div,Q), V- (_uang;;) £ £, — (—1)2AK

Flux reconstruction:
oy e H@iv, @) (Volin1) = (f— (=10 1)

1R /42
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Component flux reconstruction

Motivation:
1o VU, € H(div,Q), —pa VU ¢ H(div,Q), V- (_uang;;) £ £, — (—1)2AK
Flux reconstruction:
oy e H@v, Q) (Vealp 1) = (h— (1) 1)

Decomposition of the flux:
ki _ ghol ki
Ouh = chh,alg Uah,disc

1R /42
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Component flux reconstruction

Motivation:
1o VU, € H(div,Q), —pa VU ¢ H(div,Q), V- (—uawg;;') £ £, — (—1)2AK
Flux reconstruction:
ki . ki . gy ki
oy e H@v, Q) (Vealp 1) = (h— (1) 1)
Decomposition of the flux:

ki ki +o ki
Tah = chh,alg ah disc

Algebraic error flux reconstruction:
ki ki - - ki
ah alg € H(div, Q) V- %h alg = Tah Where r . is the functional representation of R}

Papez, Riide, Vohralik and WohImuth (2017).

1R /42
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Component flux reconstruction

Motivation:
1o VU, € H(div,Q), —pa VU ¢ H(div,Q), V- (—uawg;;') £ £, — (—1)2AK
Flux reconstruction:
ki . ki . gy ki
oy e H@v, Q) (Vealp 1) = (h— (1) 1)
Decomposition of the flux:

ki ki +o ki
Tah = chh,alg ah disc

Algebraic error flux reconstruction:

ki ki - - ki
OCha]geH(dw Q) V%halg r., where r . isthe functional representation of R_}

Papez, Riide, Vohralik and WohImuth (2017).
Discretization flux reconstruction:

ahdlSCEH(dIV Q) (Vag,;dlst)K (f —(=1)° k/_(fh/J)K

1R /42
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Estimators

Violations of physical properties of the numerical solution

=V, wn# T — (=1)A

17/42
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Estimators

Violations of physical properties of the numerical solution

wh 7 = VUL, ah 7 = (1)
Flux estimator:
771/:(:;{’& = ’ Vuah—i_uo‘ al ’
K
Residual estimator:
hg -1

k,i ok,
fo— Voo — (=1)*A"

nR:K’a = 7#04

)

K

17/42



Stationary variational inequality
00000000000 e000000

Violations of the complementarity constraints

1Q/42
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Violations of the complementarity constraints
p =1: at convergence:

(uth—Uop)(@) > 0=upe Ky, Ap(@)>0=ApeN, Ap(@)-(U1h—Uop)(8) =074 Ap- (U1 —Uop) =0

1Q/42
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Violations of the complementarity constraints
p =1: at convergence:

(uth—Ugp)(@) > 0= UL €Ky, Ap(a) > 0= Ap €N, Ap(@):(Uih—Uzp)(@) =074 Ap- (Uth— Uop) =0
p = 1: at each inexact semismooth step:
(U —us)@ 20 MA@ #0 A(a)- (ufy — us) (@) #0 vae Vit

1Q/42
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Violations of the complementarity constraints
p =1: at convergence:

(U1h—Uzp)(@) > 0= Up € KCg, Ap(a)>0=ApeN, Ap(@)-(Uih—Uzn)(@) =074 Ap-(U1p—Uz2p) =0
p = 1: at each inexact semismooth step:
(U —us)@ 20 MA@ #0 A(a)- (ufy — us) (@) #0 vae Vit
p > 2: at convergence:
(Uth — Ugp) (X)) > 0 A Uup € g, (An,¥hx)gq =07 Ap €N
(Any Uth — Ugp)g = 0 # Ap - (Uth — Uzp) = 0
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Violations of the complementarity constraints
p =1: at convergence:

(tp—Uzp)(@) > 0= upcICq, Ap(a)>0=Ap A, Ap(@)-(Uth—Uzn)(@) =07 Ap-(U1h—Uz2p) =0
p = 1: at each inexact semismooth step:
(U —us)@ 20 MA@ #0 A(a)- (ufy — us) (@) #0 vae Vit
p > 2: at convergence:
(Uth — Ugp) (X)) > 0 A Uup € g, (An,¥hx)gq =07 Ap €N
(A, Uth = Uz2n)gq = 0 7 Ap - (Uth — U2p) = 0
p > 2: at each inexact semismooth step:

(uf;{ — ug;f)(x,) 20, ()\Z”, 1/”“')9 # 0 vx e VP (Aﬁ’/, ufh’ - uS;,')Q #0
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Violations of the complementarity constraints
p =1: at convergence:

(uth—ugp)(@) > 0= Uup e Kg, Ap(@)>0= Ay A, Ap(@)-(U1p—Uzp)(@) =07 Np- (Ut —Uz2p) =0
p = 1: at each inexact semismooth step:

(U —us)@ 20 MA@ #0 A(a)- (ufy — us) (@) #0 vae Vit
p > 2: at convergence:

(Uth — Ugp) (X)) > 0 A Uup € g, (An,¥hx)gq =07 Ap €N
(A, Uth = Uz2n)gq = 0 7 Ap - (Uth — U2p) = 0

p > 2: at each inexact semismooth step:

(Ul — ushx) 20, ()\Z”, 1/”“')9 # 0 vx e VP (Aﬁ’/, ul — ué‘;,’)ﬂ #0
Contact estimator: o P

ek =2 ()‘h7 P g — Uzh)Kv
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Violations of the complementarity constraints
p =1: at convergence:

(tp—Uzp)(@) > 0= upcICq, Ap(a)>0=Ap A, Ap(@)-(Uth—Uzn)(@) =07 Ap-(U1h—Uz2p) =0
p = 1: at each inexact semismooth step:
(ufy — ugp)(@) 20 M) 20 Ny'(a) - (uf — ugp)(@) #0 Vae Vi
p > 2: at convergence:
(Uth — Ugp) (X)) > 0 A Uup € g, (An,¥hx)gq =07 Ap €N
(A, Uth = Uz2n)gq = 0 7 Ap - (Uth — U2p) = 0
p > 2: at each inexact semismooth step:

Ki ki ki pint (ki ki ki
(ufp = U (x) 2 0, (A ) 2 0vx e VE™ (W, uly — i) #0
Contact estimator:
ki k,ipos . ki k,i
77CK-:2()‘ " ’U1h_u2h)K’

Nonconformity estimators: We construct ICg,, C KCg, AL = Al pes

+>\ e 3 astimators.
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Theorem (A posteriori error estimate)

1 2 2
2

. 2 . .
K,i K,i K,i /,pos
H‘U uh H’ < E : E : (nFKa nR,K,a) +nnonc,1 +nnonc,2 +77n0n03 +§ :77
KeTh a=1 KeTh

10/49



Stationary variational inequality
000000000000 e00000

Theorem (A posteriori error estimate)

1 2 2
2

. 2 . .
N K,i K,i ,/,pos
H‘U uh H’ < E : E : (nFKa nR,K,a) +nnonc,1 +nnonc,2 +77n0nc3 +§ :77
KeTh a=1 KeTh

Corollary (Distinction of the error components)

Jla =i

+ 771m + 77alg
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Theorem (A posteriori error estimate)

1 2 2
2

. 2 . .
N K,i K,i ,/,pos
H‘U uh H’ < E : E : (nFKa nR,K,a) +nnonc,1 +nnonc,2 +77n0n03 +§ :77
KeTh a=1 KeTh

Corollary (Distinction of the error components)

Jla =i

+ 771m + nalg

Adaptive algorithm

i ki
If nalg < Yalg max {T/dlsc7 nhn }

Stop Ilnear solver

If n, k i
771m — ’ylmndlsc

Stop nonlinear solver
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Theorem (A posteriori error estimate)

1 2
2

. 2 . .
E E o) K,i k,i
H‘U uh m < (nF K,a nR,K,a) +nnonc,1 + nnonC,Z +77n0nc 3 +

KeTh a=1 KeTh

Z 77 ,pos

Corollary (Distinction of the error components)

Jlu=ui

< ndlSC + 771m + nalg

Adaptive algorithm

Stop nonlinear solver

Hy ' (wd )

P Theorem (Local efficiency under adaptive stopping criteria :
If nalg < Yalg max {77dlsc7 nhn } . i
7’ 7I
Stop linear solver M K NZ <HV (Ua h) "wa+“‘)‘_)‘h (a)H
If T’ 'Yl nn k i n
1‘“ — disc + contact term

TS TAo>
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Numerical experiments

@ semismooth solver: Newton-min. Linear solver: GMRES with ILU preconditionner.

Exact Newton | ekx/a t Nexv/ton o Adaptive Inexact Newton
(‘ Rrkell.ala <1071 ) Rrkel,hn <1071 (‘ el clhule ‘ = ‘ Rfel lin]|’ ‘ Rfel ] < 1077) (fin = 1071, ygy = 1077)
1° ‘ o —4—total estimator

—e— discretization estimator

——o— - - N —— o
o ¢ ¢ 102 *> o = —=—linearization estimator
—4—total estimator v . N
" . " i —&— algebrai imator
—e— discretization estimator —4—total estimator algebraic estimato
5 ||—=—linearization estimator 404 || @ discretization estimator 1 102 J
10 i i —=— linearization estimator

—A—algebraic estimator N N
—A—algebraic estimator

10710 108 1078
\///\/ . ‘\W"‘\\/

10718
0

Estimators
3
Estimators

Estimators

0.5 1 15 2 25 3 35 1077 05 1 15 2 25 3 35 0 05 1 15 2 25 3 35

4
Number of elements %10 Number of elements 104 Number of elements x10*

Precision is preserved for adaptive inexact semismooth Newton method.
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Adaptivity

Exact Newton/Adaptive inexact Newton

102 - - - -
—r—r—r—
100 1
0% \ ]
‘ adaptive stopping criterion ‘
4 “4E 1
s 10 : ——
g | classical stopping criterion |
% 10°F 3
it
108 i E
—4— total estimator
4o [|—®discretization estimator
107" £| —s—linearization estimator H
—A— algebraic estimator
10 -12 L L L L
0 50 100 150 200 250

Algebraic iteration

Estimators

10710

10712

1071
0

—4—total estimator
—e—discretization estimator

Adaptive .

stopping criterion

—=—linearization estimator Classical stopping
—A—algebraic estimator criterion

Newton iteration
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Overall performance

- — — —_
n B [o2] @
o o o o

—_
o
o

Number of Newton iterations
N B [¢2] [o2]
o o o o

o

—s—exact

| |—®—inexact
—A— adaptive inexact

1 1.5 2

Number of elements

3000

2500

2000

1500

1000

Total number of algebraic solver iterations
()]
o
o

—#— exact

[ |—@—inexact
—&— adaptive inexact

1 1.5 2

Number of elements

25

35
x10*
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s e .
Effectivity indices: L = W contact estimator
U*Uh’
%1010
1.4
25
—a—exact
—&—inexact 1.2
—A— adaptive inexact
20 -
3
E M 0.8
2
=
E 10 + 0.6
i}
5 0.4
0.2
0 L " " "
0 10 20 30 40

Newton iteration
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Parabolic model problem with linear complementarity constraints

Oty — 1Ay —)\:f1 in QX]O, T[,

Otlo — o Als + A = fo in Qx ]0, T[,

Uy — s >0, A>0, /\(U1—U2):O in QX]O,T[,

u=g on 002 x]0,T[,

u=0 on 0Qx]0,T[,
[ ur(x,0) = ud(x), up(x,0) = ud(x), u(x)— ud(x) >0 in Q.
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Parabolic model problem with linear complementarity constraints

Oy — pyAuy — A = f
Otlo — o Als + A = fo

U1—U220, /\ZO, /\(U1—U2):O
=g
U2:O

\ U1 (X,O) = u10(x)7 UZ(X7 O) - US(X), U?(X) - Ug(x) >0
Two possibilities to characterize the weak solution
Recall A = {x € L3(Q), x > 0a.e.inQ}

@ Saddle point formulation (u1, u, A) € L2(0, T; Hj(2)) x L2(0, T; H{(Q)) x L3(0, T; A)

@ Parabolic variational inequality: u € IC

Qx]0, T,
Qx10,T],
Qx]0, T,
o x 10, T[,
00 x10, T,

K = {v € L2(0, T; H}(Q)) x L3(0, T; H}(Q)), v(t) e KKy a.ein]o, T[}

247142
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Discrete complementarity problems
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Discrete complementarity problems

n>1, p>1:

EnXﬁ = Fn7 ]En-: ljf]S—f—ALtnM 0 -D
X{h+91-X3, >0 Xz, >0 (X{}+91-XZ})- Xz, = 0. . 0 “2S+ALtnM +D
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Discrete complementarity problems

n>1, p>1:
EnXﬁ = Fn7 ]En-: ljf]S—f—ALtnM 0 -D
X{h+91-X3, >0 Xz, >0 (X{}+91-XZ})- Xz, = 0. . 0 “2S+ALtnM +D

Employing a C-function our problem reads

EX? = F",
C(X?) =o.
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Discrete complementarity problems

n>1, p>1:
EnXﬁ = Fn7 ]En-: ljf]S—f—ALtnM 0 -D
X{h+91-X3, >0 Xz, >0 (X{}+91-XZ})- Xz, = 0. . 0 “2S+ALtnM +D

Employing a C-function our problem reads

EX? = F",
C(X?) =o.

Inexact semismooth Newton method:

An,k—1x”,k,i _ Bn,k—1 _ Rn,k,/
h - h

o5 /149



A posteriori error estimates



Parabolic variational inequality

[e]e]e] le]elele]e]

A posteriori analysis

We employ the methodology of equilibrated flux reconstructions

Theorem (Guaranteed upper bound)

Vp>1, Yk >0, Vi >0, mu—u,k,;"

<
[2(0,T;H}(Q)) —

Corollary (Distinction of the error components)

K,i
o=

K,i Kk,i k.i
< ) _|_ b + 9 + -
[2(0,T;H} () — Taisc ™ Min T Tlaig T "init
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A posteriori error at convergence for p = 1

Theorem (Guaranteed upper bound)

llu— Uhr\”iZ(o () U= ZH\iz(o,T;Hg(Q)) + | (u—up) (-, TG < 51

P

"KeTh

2 2
( (MRKa T M ka) T 778,/() () dt+ ||(u — up;) (-, 0)l|g -
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A posteriori error at convergence for p = 1

Theorem (Guaranteed upper bound)

llu— Uhr\”iZ(o () U= ZH\iz(o,T;Hg(Q)) + | (u—up) (-, TG < 51

P

"KeTh

2 2
( (MRKa T M ka) T 778,/() () dt+ ||(u — up;) (-, 0)l|g -

Auxiliary problem: Given u € Cy and up, € Ky, let z € Ky be such that Vv € IC,

.
/a(z uv—2z)(t)dt> — /Zat o — Uahr) — (=1)Apry Vo — Zo) (1) dt
0

27149
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A posteriori error at convergence for p = 1

Theorem (Guaranteed upper bound)

llu— Uhr\”iZ(o () U= ZH\iz(o,T;Hg(Q)) + | (u—up) (-, TG < 51

P

"KeTh

2 2
( (MRKa T M ka) T 778,/() () dt+ ||(u — up;) (-, 0)l|g -

Auxiliary problem: Given u € Cy and up, € Ky, let z € Ky be such that Vv € IC,

/Ta(z U v—2)(t)dt > — /Z@t(uauahT)(1)a)\hT,vaza>(t)dt
0

1
5 1

T , 2
+</0 [Anr = Allf-1) (1) dt)

7 TAD

= 2l 20,713 ) S (/ Z 10 (Ua — Uahr ”H o) ( )dt>




Numerical experiments



Parabolic variational inequality
000000800

Numerical experiments p = 1

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner

0.05

0.04

0.03
0.02
0.01
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Numerical experiments p = 1

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner
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Numerical experiments p

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner

1

0.06
0.5

0.04
0.02 0
0 -0.5
-0.02 -1
1 1

1 1
0 0 0 0

11 -1 -1
5Q /40



Parabolic variational inequality
000000800

Numerical experiments p

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner
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Numerical experiments p = 1

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner

1
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Numerical experiments p

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner

0.8
0.1

0.05
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Numerical experiments p

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner

3
0.1
N .
0.05 ) R v
AR AT
0
-0.05
1
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Numerical experiments p

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner
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Numerical experiments p

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner

3

0.1

0.05 . ‘j i Sl / l’M h\“
0
-0.05
1

1 1
0 0 0 0
174 -1 -1
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Numerical experiments p = 1

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner

0.1

W‘l"

;(u.ll‘m‘}‘n

0.05

-1 1
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Numerical experiments p = 1

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner

0.08
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0.04
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Numerical experiments p = 1

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner

0.08
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0.06 ggw

0.04
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Numerical experiments p = 1

@ semismooth solver: Newton—Fischer—Burmeister
@ iterative algebraic solver : GMRES with ILU preconditionner

3
0.08
0.06 W gmum!%‘mmmm ”"W‘hw
i / X ‘I \{L‘ ““
0.04 ¥y A i
*- L
0.0 | U1
0
' L 1

e

A
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Numerical experiments p =

@ semismooth solver: Newton—Fischer—Burmeister
iterative algebraic solver : GMRES with ILU preconditionner

3
0.08
“NI“WIWI'I"""
N i
i i !
0.04 I ’('Im M il
it
0.02 HIHJU
0 . fﬁ%’ﬁ'{y ‘"ﬁ", e
1 i

!
i
i

yiy
i)
i
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Newton—Fischer—Burmeister adaptivity

Estimators

10710

10712

10714

i adaptive stopping criterion ‘ 1
E classical stopping criterion ‘ E
——total estimator
—e—discretization estimator
[ |—=—linearization estimator 4
—A—algebraic estimator
—*— algebraic residual
5 10 15 20 25 30 35

Algebraic iteration

Estimators

10710

10712

10714

° . . - M
¢ ¢ ¢ * *
— 0 N
adaptive stopping /
criterion
classical stopping
E criterion
—4—total estimator
| —@—discretization estimator
—=— linearization estimator
—&— algebraic estimator
L|—de—linearization residual
2 A &
I . .

2

3 4 5 6 7

Newton iteration
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Newton—Fischer—Burmeister performance

4

23000 ‘ : : 35 210 : : :

S —e—exact Newton Fischer-Burmeister —e—exact Newton Fischer-Burmeister

© —A—adaptive inexact Newton-Fischer-Burmeister > —A— adaptive inexact Newton-Fischer-Burmeister

[}

= 3 |-

52500 1 »

K2 5

[} =

£ Sas5¢

£2000 ] b

5 w

2 c of

3} =

R 0]

41500 |- ] 5

c o

g 515F

: £

Z1000 | 1 2

> 3 7

3 k&

E g

2 500 - ] 505

ko] (@]

2

©

2 ‘ ‘ ‘ ‘ ‘ 0 ‘ : :

3 o 50 100 150 200 250 300 0 %0 100 150 200 20 300
Time Time
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e Two-phase flow with phase appearance and disappearance
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Two-phase flow with phase appearance and disappearance

(S, P xh) + V- ®4(S, P Ad) = Qu,

Oth(S') + V- @ (S', P! xh) = Qu,
1-820, H[P'+ Pep(S)] = Bixgy 20, [1 =S+ [H [P+ Pyp(S)] — Bix;,] =0
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1-820, H[P'+ Pep(S)] = Bixgy 20, [1 =S+ [H [P+ Pyp(S)] — Bix;,] =0

Unknowns: liquid saturation S', liquid pressure P!, mole fraction of liquid hydrogen x|

Linear functions: amount of water /,, amount of hydrogen k
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Two-phase flow with phase appearance and disappearance

(S, P xh) + V- ®4(S, P Ad) = Qu,

Oth(S') + V- @ (S', P! xh) = Qu,
1-820, H[P'+ Pep(S)] = Bixgy 20, [1 =S+ [H [P+ Pyp(S)] — Bix;,] =0

Unknowns: liquid saturation S', liquid pressure P!, mole fraction of liquid hydrogen x|

Linear functions: amount of water /,, amount of hydrogen k

Nonlinear function: capillary pressure P,
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Two-phase flow with phase appearance and disappearance

(S, P xh) + V- ®4(S, P Ad) = Qu,

Oth(S') + V- @ (S', P! xh) = Qu,
1-820, H[P'+ Pep(S)] = Bixgy 20, [1 =S+ [H [P+ Pyp(S)] — Bix;,] =0

Unknowns: liquid saturation S', liquid pressure P!, mole fraction of liquid hydrogen x|

Linear functions: amount of water /,, amount of hydrogen k
Nonlinear function: capillary pressure P,

Nonlinear fluxes: water flux ~ ®,, , hydrogen flux &y
~—~ ~~

Darcy+-Fick Darcy+Fick
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Two-phase flow with phase appearance and disappearance

(S, P xh) + V- ®4(S, P Ad) = Qu,

Oth(S') + V- @ (S', P! xh) = Qu,
1-820, H[P'+ Pep(S)] = Bixgy 20, [1 =S+ [H [P+ Pyp(S)] — Bix;,] =0

Unknowns: liquid saturation S', liquid pressure P!, mole fraction of liquid hydrogen x|

Linear functions: amount of water /,, amount of hydrogen k
Nonlinear function: capillary pressure P,

Nonlinear fluxes: water flux ~ ®,, , hydrogen flux &y
~—~ ~~

Darcy+-Fick Darcy+Fick

Nonlinear complementarity constraints: = Phase change
Ben Gharbia and Jaffré (2014)
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Discretization by the finite volume method

Numerical solution:
U™ = (UR)keTs, Ug .= (Sk, P, xk) one value per cell and time step
Discretization of the water equation

vk (U") = [K0fhk + Y Fuko(U") - KIQhk =0,

o€k
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Discretization by the finite volume method

Numerical solution:
U™ = (UR)keTs, Ug .= (Sk, P, xk) one value per cell and time step
Discretization of the water equation

Vi (UT) = KoMk + Y Fuko(U") = [KIQx =0,
o€k
Discretization of the hydrogen equation
St k(U") = |K[0f bk + Z Foko(U") — |K|Qlx =0,

o€k
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Discretization by the finite volume method

Numerical solution:
U™ = (UR)keTs, Ug .= (Sk, P, xk) one value per cell and time step
Discretization of the water equation

Vi (UT) = KoMk + Y Fuko(U") = [KIQx =0,
o€k
Discretization of the hydrogen equation
St k(U") = |K[0f bk + Z Foko(U") — |K|Qlx =0,
o€k

At each time step t", we obtain the nonlinear system of algebraic equations
ex(U") =0 VK e Ty Vee {wh}
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Discrete complementarity problem and semismoothness

Discretization of the nonlinear complementarity constraints

K(UR) =1~ Sk G(UR) == H(Pg +Pep(Sk)) — B'xk
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Discrete complementarity problem and semismoothness

Discretization of the nonlinear complementarity constraints
K(Ug) :=1-S8k G(UR) := H(PR+Pep(Sk)) — B'xk
The discretization reads

Sek(U)=0 VYKec Ty Yece{w,h}
K(UZ) >0, G(UR) >0, K(UR)-GUZ)=0 VKeT,
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Discrete complementarity problem and semismoothness

Discretization of the nonlinear complementarity constraints
K(Ug) :=1-S8k G(UR) := H(PR+Pep(Sk)) — B'xk
The discretization reads

ex(U) =0 VYKeT, Vce{w,h}
K(UZ) >0, G(UR)>0, K(UR)-G(UR)=0 VYKeTs

@ We reformulate the complementarity constraints with C-functions
@ We employ inexact semismooth linearization

@ Can we estimate the error?

@ Can we distinguish the error components?
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Two-phase flow with phase appearance and disappearance
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Weak solution

X = L2((0,t); H'(Q)), Y := H'((0, t); L3(Q)), Z := LZ((0, t); L>(R))

Assumption: There exists a unique weak solution satisfying
e1-SezZ lbeY, PeX, x| €X, & ¢ L?((0,t); H(div,Q))

g

g lig
O/O (8tlc,g0)9(t)dt—/0 (q)C,VQO)Q(t)dt:/O (Qc, @) ()dt Ve X

° /IF (A= (1 =8, HIP' + Pyp(S] = B'xh) g (dt >0 VAeZ
0

@ the initial condition holds
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Error measure

@ Dual norm of the residual for the components

\X, = s | <Qc ”’ﬁ;CsO) (t)+(‘I’Zj§¥aVs0)Q(t)dt
n weAXn n
lell, =1

HRC( K,i Pnk/ ZTk/)
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Error measure

@ Residual for the constraints

Re(S,'; i Pn n;_k,/) ::/ (1 782;/(7/’,_, PnkI+PCp(SZTkI)i| 61 nk,)Q(t)dt

n
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Error measure

© Error measure for the nonconformity of the pressure Np(Pp")
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Error measure

© Error measure for nonconformity of the molar fraction AV, (x}’ . ’)

|
Nl=

. 2
N ZHRC Snk/ nkI7XZTkI)HX, i ZN[?_'_N)? R, (Snk/ PnkI7XZ—rk/)
ceC n pEP
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A posteriori error estimate distinguishing the error components

n,K,i n,K,i n,k,i n,k,i
N S Mdisc + Mhin + nalg

Construction of the estimators:
@ Equilibrated component flux reconstruction in H(div, Q2)
@ Potential reconstruction in H'(Q)
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Numerical experiments

Q: one-dimensional core with length L = 200m.
Semismooth solver: Newton-min

Iterative algebraic solver: GMRES.

Time step: At = 5000 years,

Number of cells: N, = 1000,

Final simulation time: t =5 x 10° years.

o o 6
—e——F——e—1—=e

Gas injection ' Liquid

27/49
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Phase transition estimator

t = 2500 years

10714 , , ,
—#— Phase transition estimator

1 T

—e—gas saturation

10 -15 | 4

i
Estimator

=
o
=
o
L

05 1

50 100 150 200
abscissa[m]

0 50 100 150 200
abscissalml
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Phase transition estimator

t =1.25 x 10% years

7 x10% ‘ 10° ‘
i ‘—A-— Phase transition estimator
6 i
1083 E
<
5 i
4 | 51070 ]
g
£
3 1 & 1012 ]
2 i
101 1
1 i
1 —
0 10716 ‘
0 50 100 150 200 0 50 100 150 200

abscissa[m]

abscissa[m]
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Phase transition estimator

t = 4.25 x 10% years

-3
8 x10 : : . 106 : : :
. | \—*—Phase transition estimator
-8 [ 4
10 -
- -10 | ]
s 10
I
£
? an-12 ]
4 10
1074 F E
0 50 100 150 200 0 50 100 150 200
abscissa[m] abscissalml
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Overall performance 7, = Yag = 1073

«» 1200 T T T T 6000

c ‘ i [%2]

2 o ﬁ);iic’;‘?\lv;x&:;:in 5 —4— exact Newton-min

© 1000 | o ) ‘© 5000 | —e—inexact Newton-min 1
9 —+— adaptive inexact Newton-min ot o X

= = —+— adaptive inexact Newton-min

‘E 800 & 4000

< o

IS S

& 600 © 3000

z 5]

S 9]

5 400 g 2000

Qo S

€ c

2 200 3 1000

3 S

(9]

8 E o

§ 3 o 1 2 3 5
o Time %«10° Time %«10°
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Accuracy Nin = Yalg = 1073

t =1.05 x 10° years t =3.5x 10° years
12 x1073 0.02 ; ‘ :
! — —4— exact Newton-min
¢ exacthe\_/vton—mm ) —+— adaptive inexact Newton-min
10 |- —+—adaptive inexact Newton-min J
0.015 |
s | 5
T 6f &
5 2 0.01 1
3 4r §
2 ®©
S 2l O
0.005 1
0 L
-2 L L L 0 L L L
0 50 100 150 200 0 50 100 150 200
abscissalml abscissalml
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Conclusion and perspectives

Conclusion
@ Variational inequality: we devised a posteriori error estimates with IP,, finite elements.
@ Two-phase flow with phase transition: a posteriori error estimates for a cell centered
finite volume discretization.
@ Formulations with complementarity constraints and semismooth algorithms.
@ We distinguished the different error components.
@ Adaptive stopping criteria = reduction of the number of iterations.
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Conclusion and perspectives

Conclusion
@ Variational inequality: we devised a posteriori error estimates with IP,, finite elements.
@ Two-phase flow with phase transition: a posteriori error estimates for a cell centered
finite volume discretization.
@ Formulations with complementarity constraints and semismooth algorithms.
@ We distinguished the different error components.
@ Adaptive stopping criteria = reduction of the number of iterations.
Perspectives
@ Extension of the stationary contact problem to a hyperbolic contact problem between
two vibrating membranes
@ Devise a proof for the convergence of the semismooth Newton scheme
@ Chapter 2: Improve the time derivative a posteriori error
@ Construct a posteriori error estimates for a multiphase multi compositional flow with
several phase transitions.

a41/42



Conclusion and perspectiv
oe

Acknowledgements

Ibtihel Ben Gharbia (IFPEN) Simulation in Chapter 3 on the basis of her MATLAB code.
Soleiman Yousef (IFPEN)

Jean-Charles Gilbert (INRIA Paris)

Michel Kern (INRIA Paris)

Jan Papez (INRIA Paris) Simulation in Chapter 1 on the basis of his MATLAB code.

Adel Blouza (Université Rouen)

Thank you for your attention

49 /40



Conclusion and perspectiv
oe

Discretization flux reconstruction:

k,i,a k,i,a o ,/,a
(%hdisc’Th)wa - ( , V- Th) 2 = (Mawh aVu, ) , VmheVq,

“h “h

(V'US}?’isc,qn o = (gk”’a,q) van € @7,

~k,,a .

g,y = (fa — (-1 )"‘XZ:; — rsh’) Yha — uaVug’,’,'-V%a : depends on the residual

For each internal vertex a V”“

V3= {7 € RTp(wh), Tyen e = 0 on 0wt}
Qf = Pp(wh)

k,i L k,i,a
Uoch,disc T 2 : erh,disc

acVy
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Strategy for constructing the estimators
A = APOS g \Johnee fCZh = {(Vm, Vop) € Xgh X X5, Vin — Vop > 0} C Kg.

Nonconformity estimator 1:

nnonc,1,K - m ‘ ’K,
Nonconformity estimator 2:
1 1\z
Kk,i K,i,ne;
noon = haCer (——+— )|l
nnonc,Z,K Q“PF </J,1 + H2> h K
Nonconformity estimator 3:
1 1\2
k,i k,i,pos k,i K,i
o= 2hoCep [ — + — H)\ » H‘S’—U’ .
nnonc,S,K Q“PF <M1 + NZ) h Q h h K
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Parabolic weak formulation

Weak formulation: For (fi,f) € [L2(0,T;L3(Q))%, u® e HY(Q) x Hi(Q), find
(U1, U, \) € L2(0, T; HY(Q)) x L2(0, T; H{(R)) x L(0, T; A) s.t. dyu € L2(0, T; H'(Q)), and
satisfying Vt € ]0, T|

2

2 2
D (0ra(t), Vo) + > 1o (VUa(t), VVa)g — (A1), vi = V2)g = > (fasVa)q» YV € [Hg(n)r
=1

a=1 a=1
(x = A(), us (1) — Us()g > 0 Vx € A,
Discrete formulation: Given (19, u3,) € K°
that for all (Z1h,22h, Xh) € X x XP oh X /\p

n o .n \n P P p
gh» S€arch (ufy,, gy, AR) € Xpp, x X, x Ny, such

2 2 2
1 _
N> (UZh - ug,ﬂ,zah)Q + ) 1 (VU VZan)g — (A, Z1h = Zon)p = Y, (fay Zan)g
" a=1 a=1

a=1

a=
n o, n n
<Xh - )\h’ usp — U2h>h >0 45745
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Post-processing

The discrete liquid pressure and discrete molar fraction are piecewise constant

Pn,k,/ c Po(Ts ( nk/> c Po(T:
( i )KGTh o(7h)  (xk ke o(7h)
Piecewise polynomial reconstruction:

PP e Po(Th), XxP € Pa(Th)
Conforming reconstruction:

PP e Po(Th) N HY(Q), %1 € Po(Th) N HY(Q).

Po (7n) Py(Tn)  Po(Tn) MH'(Q)
~__ T~ 7

solving local problems Oswald interpolation
in each cell operator o an
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Min = Yalg = 10_6

0.006

0.004

Gas saturation

0.002

t =1.05 x 10° years

—&— exact Newton-min

—+— adaptive inexact Newton-min

50

100
abscissalm]

150

200

Gas saturation

0.015

0.005

t = 3.5 x 10° years

—4—exact Newton-min
—+— adaptive inexact Newton-min

50

100 150
abscissalml

200

a42/42



	Introduction
	Stationary variational inequality
	Parabolic variational inequality
	Two-phase flow with phase appearance and disappearance
	Conclusion and perspectives

